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PREFACE TO THE 
LIBRARY OF CHINESE CLASSICS 


Yang Muzhi 

The publication of the Library of Chinese Classics is a matter of 
great satisfaction to all of us who have been involved in the production of 
this monumental work. At the same time, we feel a weighty sense of 
responsibility, and take this opportunity to explain to our readers the mo¬ 
tivation for undertaking this cross-century task. 

1 

The Chinese nation has a long history and a glorious culture, and it has 
been the aspiration of several generations of Chinese scholars to trans¬ 
late, edit and publish the whole corpus of the Chinese literary classics so 
that the nation’s greatest cultural achievements can be introduced to 
people all over the world. There have been many translations of the Chi¬ 
nese classics done by foreign scholars. A few dozen years ago, a West¬ 
ern scholar translated the title of A Dream of Red Mansions into “A 
Dream of Red Chambers” and Lin Daiyu, the heroine in the novel, into 
“Black Jade.” But while their endeavours have been laudable, the re¬ 
sults of their labours have been less than satisfactory. Lack of knowledge 
of Chinese culture and an inadequate grasp of the Chinese written lan¬ 
guage have led the translators into many errors. As a consequence, not 
only are Chinese classical writings widely misunderstood in the rest of 
the world, in some cases their content has actually been distorted. At one 
time, there was a “Jin Ping Mei craze” among Western scholars, who 
thought that they had uncovered a miraculous phenomenon, and pub¬ 
lished theories claiming that China was the “fountainhead of eroticism,” 
and that a Chinese “tradition of permissiveness” was about to be laid 
bare. This distorted view came about due to the translators of the Jin 
Ping Mei (Plum in the Golden Vase) putting one-sided stress on the 
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raw elements in that novel, to the neglect of its overall literary value. 
Meanwhile, there have been many distinguished and well-intentioned 
Sinologists who have attempted to make the culture of the Chinese nation 
more widely known by translating works of ancient Chinese philosophy. 
However, the quality of such work, in many cases, is unsatisfactory, of¬ 
ten missing the point entirely. The great philosopher Hegel considered 
that ancient China had no philosophy in the real sense of the word, being 
stuck in philosophical “prehistory.” For such an eminent authority to 
make such a colossal error of judgment is truly regrettable. But, of course, 
Hegel was just as subject to the constraints of time, space and other 
objective conditions as anyone else, and since he had to rely for his knowl¬ 
edge of Chinese philosophy on inadequate translations it is not difficult to 
imagine why he went so far off the mark. 

China cannot be separated from the rest of the world; and the rest of 
the world cannot ignore China. Throughout its history, Chinese civiliza¬ 
tion has enriched itself by absorbing new elements from the outside world, 
and in turn has contributed to the progress of world civilization as a whole 
by transmitting to other peoples its own cultural achievements. From the 
5th to the 15th centuries, China marched in the front ranks of world civi¬ 
lization. If mankind wishes to advance, how can it afford to ignore China? 
How can it afford not to make a thoroughgoing study of its history? 
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Despite the ups and downs in their fortunes, the Chinese people have 
always been idealistic, and have never ceased to forge ahead and learn 
from others, eager to strengthen ties of peace and friendship. 

The great ancient Chinese philosopher Confucius once said, “Wher¬ 
ever three persons come together, one of them will surely be able to teach 
me something. I will pick out his good points and emulate them; his bad 
points I will reform.” Confucius meant by this that we should always be 
ready to leam from others. This maxim encapsulates the principle the Chi¬ 
nese people have always followed in their dealings with other peoples, not 
only on an individual basis but also at the level of state-to-state relations. 

After generations of internecine strife, China was unified by Emperor 


Qin Shi Huang (the First Emperor of the Qin Dynasty) in 221 B.C. The 
Han Dynasty, which succeeded that of the short-lived Qin, waxed pow¬ 
erful, and for the first time brought China into contact with the outside 
world. In 138 B.C., Emperor Wu dispatched Zhang Qian to the western 
regions, i.e. Central Asia. Zhang, who traveled as far as what is now 
Iran, took with him as presents for the rulers he visited on the way 10,000 
head of sheep and cattle, as well as gold and silks worth a fabulous amount. 
In 36 B.C., Ban Chao headed a 36-man legation to the western regions. 
These were missions of friendship to visit neighbours the Chinese people 
had never met before and to learn from them. Ban Chao sent Gan Ying 
to explore further toward the west. According to the “Western Regions 
Section” in the Book of Later Han, Gan Ying traveled across the terri¬ 
tories of present-day Iraq and Syria, and reached the Mediterranean Sea, 
an expedition which brought him within the confines of the Roman Em¬ 
pire. Later, during the Tang Dynasty, the monk Xuan Zang made a jour¬ 
ney fraught with danger to reach India and seek the knowledge of that 
land. Upon his return, he organized a team of scholars to translate the 
Buddhist scriptures, which he had brought back with him. As a result, 
many of these scriptural classics which were later lost in India have been 
preserved in China. In fact, it would have been difficult for the people of 
India to reconstruct their own ancient history if it had not been for Xuan 
Zang’s A Record of a Journey to the West in the Time of the Great 
Tang Dynasty. In the Ming Dynasty, Zheng He transmitted Chinese cul¬ 
ture to Southeast Asia during his seven voyages. Following the Opium 
Wars in the mid- 19th century, progressive Chinese, generation after gen¬ 
eration, went to study the advanced scientific thought and cultural achieve¬ 
ments of the Western countries. Their aim was to revive the fortunes of 
their own country. Among them were people who were later to become 
leaders of China, including Zhu De, Zhou Enlai and Deng Xiaoping. In 
addition, there were people who were to become leading scientists, liter¬ 
ary figures and artists, such as Guo Moruo, Li Siguang, Qian Xuesen, 
Xian Xinghai and Xu Beihong. Their spirit of ambition, their struggles and 
their breadth of vision were an inspiration not only to the Chinese people 
but to people all over the world. 

Indeed, it is true that if the Chinese people had not learned many 



things from the surrounding countries they would never have been able to 
produce the splendid achievements of former days. When we look back 
upon history, how can we not feel profoundly grateful for the legacies of 
the civilizations of ancient Egypt, Greece and India? How can we not 
feel fondness and respect for the cultures of Europe, Africa, America 
and Oceania? 

The Chinese nation, in turn, has made unique contributions to the com¬ 
munity of mankind. Prior to the 15th century, China led the world in sci¬ 
ence and technology. The British scientist Joseph Needham once said, 
“From the third century A.D. to the 13th century A.D. China was far 
ahead of the West in the level of its scientific knowledge.” Paul Kennedy, 
of Yale University in the U.S., author of The Rise and Fall of the Great 
Powers, said, “Of all the civilizations of the pre-modem period, none was 
as well-developed or as progressive as that of China.” 

Foreigners who came to China were often astonished at what they 
saw and heard. The Greek geographer Pausanias in the second century 
A.D. gave the first account in the West of the technique of silk produc¬ 
tion in China: “The Chinese feed a spider-like insect with millet and reeds. 
After five years the insect’s stomach splits open, and silk is extracted 
therefrom.” From this extract, we can see that the Europeans at that 
time did not know the art of silk manufacture. In the middle of the 9th 
century A.D., an Arabian writer includes the following anecdote in his 
Account of China and India : 

“One day, an Arabian merchant called upon the military governor of 
Guangzhou. Throughout the meeting, the visitor could not keep his eyes 
off the governor’s chest. Noticing this, the latter asked the Arab mer¬ 
chant what he was staring at. The merchant replied, ‘Through the silk 
robe you are wearing, I can faintly see a black mole on your chest. Your 
robe must be made out of very fine silk indeed!’ The governor burst out 
laughing, and holding out his sleeve invited the merchant to count how 
many garments he was wearing. The merchant did so, and discovered 
that the governor was actually wearing five silk robes, one on top of the 
other, and they were made of such fine material that a tiny mole could be 
seen through them all! Moreover, the governor explained that the robes 
he was wearing were not made of the finest silk at all; silk of the highest 


grade was reserved for the garments worn by the provincial governor.” 

The references to tea in this book (the author calls it “dried grass”) 
reveal that the custom of drinking tea was unknown in the Arab countries 
at that time: “The king of China’s revenue comes mainly from taxes on 
salt and the dry leaves of a kind of grass which is drunk after boiled 
water is poured on it. This dried grass is sold at a high price in every city 
in the country. The Chinese call it ‘cha.’ The bush is like alfalfa, except 
that it bears more leaves, which are also more fragrant than alfalfa. It 
has a slightly bitter taste, and when it is infused in boiling water it is said 
to have medicinal properties.” 

Foreign visitors showed especial admiration for Chinese medicine. 
One wrote, “China has very good medical conditions. Poor people are 
given money to buy medicines by the government.” 

In this period, when Chinese culture was in full bloom, scholars flocked 
from all over the world to China for sightseeing and for study. Chang’an, 
the capital of the Tang Dynasty was host to visitors from as far away as 
the Byzantine Empire, not to mention the neighboring countries of Asia. 
Chang'an, at that time the world’s greatest metropolis, was packed with 
thousands of foreign dignitaries, students, diplomats, merchants, artisans 
and entertainers. Japan especially sent contingent after contingent of 
envoys to the Tang court. Worthy of note are the accounts of life in 
Chang'an written by Abeno Nakamaro, a Japanese scholar who studied 
in China and had close friendships with ministers of the Tang court and 
many Chinese scholars in a period of over 50 years. The description 
throws light on the exchanges between Chinese and foreigners in this 
period. When Abeno was supposedly lost at sea on his way back home, 
the leading poet of the time, Li Bai, wrote a eulogy for him. 

The following centuries saw a steady increase in the accounts of China 
written by Western visitors. The Italian Marco Polo described conditions 
in China during the Yuan Dynasty in his Travels. However, until advances 
in the science of navigation led to the opening of east-west shipping routes 
at the beginning of the 16th century Sino-Western cultural exchanges 
were coloured by fantasy and conjecture. Concrete progress was made 
when a contingent of religious missionaries, men well versed in Western 
science and technology, made their way to China, ushering in an era of 
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direct contacts between China and the West. The experience of this era 
was embodied in the career of the Italian Jesuit Matteo Ricci. Arriving in 
China in 1582, Ricci died in Beijing in 1610. Apart from his missionary 
work, Ricci accomplished two historically symbolic tasks — one was the 
translation into Latin of the “Four Books,” together with annotations, in 
1594; the other was the translation into Chinese of Euclid’s Elements. 

The rough translations of the “Four Books” and other Chinese classical 
works by Western missionaries, and the publication of Pfere du Halde’s 
Description Geographique, Historique, Chronologique, Politique, 
et Physique de l’Empire de la Chine revealed an exotic culture to West¬ 
ern readers, and sparked a “China fever,” during which the eyes of many 
Western intellectuals were fixed on China. Some of these intellectuals, 
including Leibniz, held China in high esteem; others, such as Hegel, nursed 
a critical attitude toward Chinese culture. Leibniz considered that some 
aspects of Chinese thought were close to his own views, such as the 
philosophy of the Book of Changes and his own binary system. Hegel, 
on the other hand, as mentioned above, considered that China had devel¬ 
oped no proper philosophy of its own. Nevertheless, no matter whether 
the reaction was one of admiration, criticism, acceptance or rejection, 
Sino-Western exchanges were of great significance. The transmission of 
advanced Chinese science and technology to the West, especially the 
Chinese inventions of paper-making, gunpowder, printing and the com¬ 
pass, greatly changed the face of the whole world. Karl Marx said, “Chi¬ 
nese gunpowder blew the feudal class of knights to smithereens; the 
compass opened up world markets and built colonies; and printing be¬ 
came an implement of Protestantism and the most powerful lever and 
necessary precondition for intellectual development and creation.” The 
English philosopher Roger Bacon said that China’s four great inventions 
had “changed the face of the whole world and the state of affairs of 
everything.” 
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Ancient China gave birth to a large number of eminent scientists, such 
as Zu Chongzhi, Li Shizhen, Sun Simiao, Zhang Heng, Shen Kuo and Bi 


Sheng. They produced numerous treatises on scientific subjects, includ¬ 
ing The Manual of Important Arts for the People's Welfare, Nine 
Chapters on the Mathematical Art, A Treatise on Febrile Diseases 
and Compendium of Materia Medica. Their accomplishments included 
ones whose influence has been felt right down to modem times, such as 
the armillary sphere, seismograph, Dujiangyan water conservancy project, 
Dunhuang Grottoes, Grand Canal and Great Wall. But from the latter 
part of the 15th century, and for the next 400 years, Europe gradually 
became the cultural centre upon which the world’s eyes were fixed. The 
world’s most outstanding scientists then were England’s Isaac Newton, 
Poland’s Copernicus, France’s Marie Curie, Germany’s Rontgen and 
Einstein, Italy’s Galileo, Russia’s Mendelev and America’s Edison. 

The Chinese people then began to think: What is the cause of the rise 
and fall of nations? Moreover, how did it happen that gunpowder, in¬ 
vented in China and transmitted to the West, in no time at all made Eu¬ 
rope powerful enough to batter down the gates of China herself? 

It took the Opium War to wake China from its reverie. The first gen¬ 
eration to make the bold step of “turning our eyes once again to the rest 
of the world” was represented by Lin Zexu and Wei Yuan. Zeng Guofan 
and Li Hongzhang started the Westernization Movement, and later intel¬ 
lectuals raised the slogan of “Democracy and Science.” Noble-minded 
patriots, realizing that China had fallen behind in the race for moderniza¬ 
tion, set out on a painful quest. But in backwardness lay the motivation 
for change, and the quest produced the embryo of a towering hope, and 
the Chinese people finally gathered under a banner proclaiming a “March 
Toward Science.” 

On the threshold of the 21st century, the world is moving in the direc¬ 
tion of becoming an integrated entity. This trend is becoming clearer by 
the day. In fact, the history of the various peoples of the world is also 
becoming the history of mankind as a whole. Today, it is impossible for 
any nation’s culture to develop without absorbing the excellent aspects 
of the cultures of other peoples. When Western culture absorbs aspects 
of Chinese culture, this is not just because it has come into contact with 
Chinese culture, but also because of the active creativity and develop¬ 
ment of Western culture itself; and vice versa. The various cultures of 
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the world’s peoples are a precious heritage which we all share. Mankind 
no longer lives on different continents, but on one big continent, or in a 
“global village.” And so, in this era characterized by an all-encompassing 
network of knowledge and information we should learn from each other 
and march in step along the highway of development to construct a brand- 
new “global village.” 

Western learning is still being transmitted to the East, and vice versa. 
China is accelerating its pace of absorption of the best parts of the cul¬ 
tures of other countries, and there is no doubt that both the West and the 
East need the nourishment of Chinese culture. Based on this recognition, 
we have edited and published the Library of Chinese Classics in a Chi- 
nese-English format as an introduction to the corpus of traditional Chi¬ 
nese culture in a comprehensive and systematic translation. Through this 
collection, our aim is to reveal to the world the aspirations and dreams of 
the Chinese people over the past 5,000 years and the splendour of the 
new historical era in China. Like a phoenix rising from the ashes, the 
Chinese people in unison are welcoming the cultural sunrise of the new 
century. 


August 1999 
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INTRODUCTION 

by Guo Shuchun and Guo Jinhai 


The Si Yuan Yu Jian ( Jade Mirror of the Four Unknowns > 1 was writ¬ 
ten in three parts by Zhu Shijie and published in 1303 during the Yuan dynasty. 

It is the most advanced work of traditional Chinese mathematics. 

1 

In order to understand its status in the history of mathematics in China 
and internationally, we first need to introduce briefly the general situation of 
traditional Chinese mathematics before the Jade Mirror of the Four Unknowns 

was written. 

Traditional Chinese mathematics is one of the most advanced basic dis¬ 
ciplines in ancient China, and from the 3rd century BCE to the beginning of 
the 14th century CE, was the leading and most advanced in the world for 
more than 1700 years. Compared with the state of mathematics in the medi¬ 
eval West, the Jade Mirror certainly represents one of the leading and most 
significant mathematical developments on the world mathematical scene. 

Although Chinese history written in characters is very early, no math¬ 
ematical works have survived from three of the earliest dynasties, including 
the Xia, Shang, and Western Zhou, nor from the Spring and Autumn period 
as well. Therefore, the nature of the development of Chinese mathematics 
during these periods is not clearly understood. At present, we know that the 
Chinese created the most convenient means of numeration in the world: the 




decimal place-value system, accompanied by what at the time was the most 
advanced calculation method as well: counting-rods. These are two of the 
world’s most significant accomplishments. The character of traditional Chi¬ 
nese mathematics is different from ancient Greek mathematics, but the num¬ 
ber system and method of computation are two innovations that have an in¬ 
separable connection. 

The Warring States period and the Qin and Han dynasties established 
the foundations for unifying China with respect to systems of organization, 
business practices, territorial boundaries, cultural products, intellectual matters, 
etc. Furthermore, they established the foundations for Chinese civilization 
and also for traditional Chinese mathematics. The Suun Shu Shu ( Book of 
Arithmetic )' 2 , the Zhou Bi Suan Jing ( Arithmetical Classic of the Gnomon 
and the Circular Paths of Heaven ) l3i , and the Jiu Zhang Suan Shu ( The 
Nine Chapters of Mathematical Procedures ) 4 were finished between the 
Warring States period and the beginning of the Western Han dynasty. Many 
aspects of Chinese mathematics were ahead of the world’s leading levels, 
and some exceeded them for more than a thousand years, including computa¬ 
tions with the four basic arithmetic operations for fractions, the arithmetic of 
proportion and proportional distribution, the rule of excess and deficiency, 
the approximation of square and cube roots, solutions of simultaneous 
equations, rules of addition and subtraction for positive and negative numbers, 
finding so-called “Pythagorean” triples, etc. The Nine Chapters of Math¬ 
ematical Procedures established the basic framework for traditional Chinese 
mathematics. It closely relates theory and practice. Focusing on computations, 
the character of its arithmetic is structural and mechanical, which influenced 
the development of Chinese and oriental mathematics for the next two thou- 


sand years or so thereafter. It also shows that alongside the significant math¬ 
ematical developments in the Mediterranean, China ( and later India and the 
Islamic Near East) were also important centres of mathematical activity. Chi¬ 
nese mathematics also represents a different emphasis, one employing the 
relationships between quantities rather than geometric space and logical 
deduction. It reflects as well mathematics turning away from an emphasis 
primarily upon deductive logic to an arithmetic tendency combining induc¬ 
tive and deductive logic. 

From the end of the Eastern Han dynasty to the Wei, Jin and Southern 
and Northern dynasties, economy and politics were based upon a system of 
manorial serfdom. The practice among scholars of debating the “three 
mysteries” (these were the san xuan , which mainly included the Book of 
Changes, the Lao Zi and Zhuang Zi) replaced the trivial jing xue ( classical 
studies ) in the two Han periods. Chinese society developed into a new phase. 
The accumulation of mathematical knowledge, the spirit of debate among 
scholars, and the influence of Mohist thought spurred Liu Hui of the Wei 
period to write his Commentary on “The Nine Chapters of Mathematical 
Procedures ”. He “analyzed the principles, and used the diagrams to display 
their components," and gave many rigorous mathematical definitions. He 
used deductive logic as his main method to prove the mathematical principles 
of The Nine Chapters of Mathematical Procedures, the most comprehensive 
work of traditional Chinese mathematics. His proof of the formula for the 
area of a circle and Liu Hui ’ s theorem ' 5 * were the first in China to intro¬ 
duce the concept of limit and the method of infinitesimals into mathematical 
proofs. His method of cutting the circle without limit and his idea of “solving 
with infinitesimals” ( qiu wei shu ) provided the foundation for the calcula- 
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tion of it in Chinese mathematics. In fact, Liu Hui ’ s theorem for determin¬ 
ing the volumes of solids is related to the third problem brought forward by 
David Hilbert ( 1862— 1943 ), who presented his famous list of 23 
“unsolved problems for the 20th century" at the International Congress of 
Mathematicians held in Paris in 1900. 6 Liu Hui’s Hai Dao Suan Jing 
( Sea Island Mathematical Manual) 71 was devoted to Chinese techniques 
for measuring heights and distances, for which the method of double differ¬ 
ences was the main method used, one that was not surpassed for more than 
1300 years, until the introduction of Western methods for the measurement of 
heights and distances at the end of the Ming dynasty. 8 J Another landmark 
contribution to Chinese mathematics was the Zhui Shu by Zu Chongzhi ( 429 
— 500 CE ), a more profound book written in the Southern dynasty. It is a 
pity that officers at the Suan Xue Guan ( Mathematics Bureau ) during the 
Sui and Tang dynasties were unable to understand it, and as a result, it was 
eventually abolished. Subsequently, the book was lost. At present, we 
only know two of its contributions advanced by Zu Chongzhi and his son Zu 
Gengzhi based on the foundations of Liu Hui ’ s achievement. One of these 
was the computation of the value of it to eight decimal places, as well as a 
more accurate ratio for it : -yy|- ; the second was Zu Gengzhi ’ s theorem 
( equivalent to Cavalieri ’ s theorem in the West), by which Zu Gengzhi de¬ 
termined the correct formula for the volume of a sphere. Other classic texts 
of ancient Chinese mathematics gave solutions for expressions of congruence 
of first degree, as did the Sun Zi Suan Jing ( Master Sun’s Mathematical 
Manual) ( 4th century CE ) 10 \ and the method of the “Hundred Fowls” in 
the Zhang Qiujian Suan Jing ( Zhang Qiujian’s Mathematical Classic ) ( 5th 
century CE ) [ 11 ', among others. 



With the great development of agriculture, handicraft industry, and 
commerce, many new factors influenced Chinese economy and politics be¬ 
ginning in the middle period of the Tang dynasty. During the Song and Yuan 
dynasties, these influences became more mature. Moreover, the atmosphere 
within the circle of intellectuals was comparatively free. Ancient Chinese 
science and technology developed to new heights. In the first half of the 11th 
century, Jia Xian composed the Huang Di Jiu Zhang Suan Jing Xi Cao 
( Detailed Explanation of the Ancient Classic, Nine Chapters ) ( first half of 
11th century CE ) l 12 •, in which he made the solution methods of The Nine 
Chapters of Mathematical Procedures more abstract. He created the method 
of kai fang zuo fa ben yuan ( origin of the method for extracting roots ), that 
is, Jia Xian’s triangle and the method of z eng cheng kai fang fa ( a method 
for extracting roots using addition and.multiplication, similar to Horner’s 
method ), which represents the apex of Chinese mathematics in the Song and 
Yuan dynasties. 

The 13th century was a period during which the most important math¬ 
ematical works were handed down to the present. At that time, there were two 
mathematical centres, one in the south, another in the north. The lower reaches 
of the Yangtze River were governed by the Southern Song dynasty, where a 
centre emerged which included Qin Jiushao and Yang Hui. They advanced 
solutions for equations of higher powers, for linear indeterminate equations, 
and improved the simple methods of calculation for multiplication and divi¬ 
sion among their main contributions. Qin Jiushao ( ca. 1202— 1261 CE ) 
composed the Shu Shu Jiu Zhang ( Mathematical Treatise in Nine Sections ) 
( 1247 ) c 13 ! , in which he put forward the method da yan zong shu shu ( general 
da yan method ), thereby consummated the method for expressions of con- 
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gruence of first degree, and improved the numerical solutions of equations of 
higher powers. Yang Hui composed the Xiang Jie Jiu Zhang Suan Fa 
( Detailed Explanations of the Algorithms in the Nine Chapters )( 1261 ) [ 14 ', 
and the Yang Hui Suan Fa ( Yang Hui’s Mathematical Methods ) ( 1247 — 
1275 ) [ 15 J , among other works. Yang achieved considerable success with his 
duo ji shu ( methods for summing series ), and improved the simple methods 
of calculation for multiplication, division, etc. The northern mathematical 
centre governed by the Jin and Yuan dynasties developed the tian yuan shu 
( celestial element method ) for solving equations of higher degree, er yuan 
shu (two elements method ), and san yuan shu (three elements method ), 
for solving quadratic and cubic equations, the knowledge of gou gu rong yuan 
( measurements of right triangles and circles ), and duo ji shu ( methods for 
summing series ). Li Ye ( 1192— 1279 ) wrote the Ce Yuan Hai Jing ( Sea 
Mirror of Circle Measurements )( 1248 ) : 16 and the Yi Gu Yan Duan ( Old 
Mathematics in Expanded Sections ) ( 1259 ) : 17 ', both of which are devoted 
to the method of tian yuan shu ( celestial element method ). Wang Xun 
( 1235 —1281 ) and Guo Shoujing( 1231 —1316) used the duo ji zhao cha 
method ( for summation of finite series ) in the Shou Shi Calendar. Zhu 
Shijie, at the end of the 13th century, studied and accepted the best results and 
methods from the two mathematical centres in the south and the north, and as 
a result, his mathematical achievements were even greater than those of his 
predecessors. 



Zhu Shijie, also know as Hangqing and Songting, resided in Yan ( or 


Yan Shan, today Beijing or its near vicinity ). Neither the dates of his birth or 
death are known. Indeed, virtually no details of his personal life have survived, 
except for the fact that he was well-known as a great mathematician, having 
traveled throughout the country for more than 20 years. The number of people 
coming from all directions to see him increased daily. ! 18 His Suan Xue Qi 
Meng ( Introduction to Mathematical Studies ) 19 and the Jade Mirror of 

the Four Unknowns were both successively published at Yangzhou in 1299 
and 1303, respectively. Zhu is one of the few professional mathematicians 
and mathematical educators in the history of China. 

There is some introductory information at the beginning of the Suan Xue 
Qi Meng. Then the work is divided into three books which include 20 sections 
and 259 problems. Its contents concern many aspects of the mathematics of the 
Yuan dynasty, such as the operations and simple calculating methods of multi¬ 
plication and division, root extraction methods, the tian yuan shu ( celestial 
element method ), finding solutions for simultaneous equations, methods for 
summing finite series, and so on. The contents range from the simple to the 
profound, and represent a more or less integrated system. It served no doubt as 
a teaching manual for Zhu Shijie to teach his students. The methods improving 
the rod arithmetic for multiplication and division were an important aspect of 
mathematics in the Song and Yuan dynasties. Because this sort of mathematics 
was a mundane activity related to commerce, some great scholarly mathemati¬ 
cians such as Li Ye disdained it. However, Yang Hui, Zhu Shijie and others 
regarded it as very important. Zhu Shijie evem turned all kinds of useful for¬ 
mulas for simple calculations of multiplication and division into rhymed verses 
that were easy to memorize and much easier to use than Yang Hui ’ s. Some of 
these were especially suited for calculating with the abacus, and the develop- 
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ment of simpler calculating methods for multiplication and division helped bring 
the abacus into prominence. In the Ming dynasty, the abacus ultimately took 
the place of counting rods, and it remains a very useful tool in China, Japan, and 
Southeast Asia even today. 

The Jade Mirror of the Four Unknowns , consisting of three books di¬ 
vided into 24 sections, contains 288 problems. The principles of both ancient 
and modem methods of elimination including four kinds of diagrams are in¬ 
cluded at the beginning of the work. And there are four introductory prob¬ 
lems in the si xiang xi cao jia ling zhi tu ( a chart of the detailed solutions for 
the four exemplary problems with one to four unknowns ), which demon¬ 
strate the solutions for the “celestial element method" (tian yuan shu ), the 
“two elements method” ( er yuan shu ), the “three elements method" ( san 
yuan shu ), and the“four elements method”! si yuan shu ). The main achieve¬ 
ments of the Jude Mirror of Four Unknowns are the“four elements method" 
for the solution of a group of simultaneous equations of higher degree in as 
many as four unknowns and the procedure for computing the sum of arith¬ 
metic series of higher degree and the method of higher power finite differences. 

The Si Ku Quan Shu( an encyclopedic collection of classic texts ) com¬ 
piled during the Qian Long period, did not include the Introduction to Math¬ 
ematical Studies or the Jade Mirror of the Four Unknowns , both of which had 
been lost. At the beginning of the Jia Qing period, Ruan Yuan ( 1764 
1849 ) saw a copy of the Jade Mirror of the Four Unknowns in Zhejiang. 
Thereafter, among those who studied this text were Li Rui ( 1768— 1817 ), 
Shen Qinpei ?201 , Luo Shilin ( 1789—1853 W Dai Xu ( 1805— 1860 ) l22 \ 
Li Shanlan ( 181 1 — 1882 ) 123 1 Ding Quzhong ; 24 , Hua Hengfan (1833 

— 1902 ) [2Sl , and Zhou Da : 26 . They did significant work for the method of 
elimination applied to the four elements and for the duo ji zhao cha method. 


3 


The numerical solution of equations of higher degree is one of the ad¬ 
vanced branches of traditional Chinese mathematics. The fang cheng 
( rectangular arrays ) method of ancient China is closely related to the modern 
theory of linear equations. The methods for solving equations with one un¬ 
known were all called kai fang shu ( method of extracting roots ). The ping 
fang shu ( method of extracting square roots ) and li fang shu ( method of 
extracting cube roots ) as applied in the shao guang ( diminishing breadth ) 
chapter of The Nine Chapters of Mathematical Procedures are the earliest 
methods for the extraction of roots in the history of Chinese mathematics. 
With the improvements introduced by Liu Hui. in the Sun Zi Suan Jingf. Master 
Sun’s Arithmetical Manual ), and by others, increasingly accurate methods 
were used to solve quadratic and cubic equations down to the time of Zu 
Chongzhi 1271 and Wang Xiaotong 28 ( 7th century ). Zu Chongzhi could 
even solve equations with negative coefficients. Jia Xian extended the tra¬ 
ditional methods to solve equations of higher degree, which was called li 
cheng shi suo fa( table of binomial coefficients and methods for equations 
of higher degree ), in the course of which he introduced the Jia Xian Tri¬ 
angle as the li chengi table ). He also created the zeng cheng kai fang fa, a 
method by which the coefficients of the JiaXian Triangle were generated 
through successive additions and multiplicati-ons. 129 During the Song and 
Yuan periods, Qin Jiushao, Li Ye, Zhu Shijie and others took the zeng cheng. 
kai fangfai the method of extracting roots by addition and multiplication ) 
as a central result, and used the zeng fu kai fang shu( a method for extract- 
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ing roots with positive and negative coefficients ) as a means of providing 
complete solutions in extracting positive roots of equations of higher degree. 
Zhu Shijie modified the lian zhi tong ti shu ( previously used by Qin Jiushao 
and Li Ye ), and called this the zhi fen method ( for solving equations of the 
form <u" - a 0 = 0, o / 1 ). 

There was no uniform way of writing equations before the Song and 
Yuan dynasties. In order to lay out equations on the counting board, clever 
methods were usually needed with respect to different problems. Mathemati¬ 
cians created the tian yuan shu ( celestial element method ) in the Jin and 
Yuan periods. The so-called “celestial element method" is the method 
whereby solutions are obtained from equations of any degree in one unknown. 
This process is called the elimination of ruji. 

As Zu Yi explained in the Preface to the Jade Mirror." Later we find the 
element tian in the book Yi Gu written by Jiang Zhou of Pingyang, in the 
book Zhao Dan by Li Wenyi of Bolu, in the Qian Jing by Shi Xindao of 
Luquan, in the Ru Ji Shi Suo by Liu Ruxie of Pingshui. and in the work of Yuan 
Yu of Jiang." This roughly describes the progress of the origin, development, 
and eventual perfection of the tian yuan shu. Li Ye also employed a method 
using tian and di for the positive and negative powers of the element tian [ 30 
By canceling the element di which expressed negative powers, Le Ye only 
used the element tian. He ascertained its power according to its relative posi¬ 
tion with respect to yuan or tai, which expressed constant terms. Li Ye at first 
placed the positive powers at the top and the negative powers at the bottom of 
the counting board in his Ce Yuan Hai Jing ( Sea Mirror of Circle 
Measurements, 1248, 1298 CE ). He subsequently revised this in his Yi Gu 
Yan Duan ( Old Mathematics in Expanded Sections, 1259 ), which then be- 


came the standard format for the tian yuan shu. Zhu Shijie always used this 
layout in his Suan Xue Qi Mengi Introduction to Mathematical Studies )and 
Si Yuan Yu Jian ( Jade Mirror of the Four Unknowns ). 

It was doubtless under the influence of the fang cheng shu ( rectangular 
arrays method ) in The Nine Chapters of Mathematical Procedures that the 
tian yuan shu was generalized to accommodate two, three, and four unknown 
elements. These were called the er yuan shu (two elements method ), the 
san yuan shu (three elements method ), and si yuan shu ( four elements 
method ) for solutions of equations of higher degree in two, three and four 
unknowns, respectively. When Zu Yi referred to this process in his preface to 
the Jade Mirror, he said.'Tt is from these books that Li Dezai of Pingyang 
obtained the materials for his book, Liang Yi Qun Ying Ji Zhen ( A Collec¬ 
tion of Precious Problems in Two Unknowns ), which also contains the un¬ 
known element di. In the Qian Kun Kuo Nang ( A Work on the Two 
Unknowns ) by Liu Dajian Runfu, the brother of Xing Song ( his another 
name is Xing Bugao ) of Huoshan, there arc two problems at the end of the 
book with the unknown element ren. My friend Zhu Hanqing of Yan Shan 
has for many years shown a deep interest in mathematics. He examined vari¬ 
ous studies of the Nine Chapters, especially with respect to the four elements 
tian, di, ren and wu." [3 ‘ 1 This makes it clear that the creator of the four un¬ 
known elements method is Zhu Shijie, also known as Zhu Hanqing. 

Muo Ruo said, the layout of four unknown elements on the counting 
board is as follows:“The method ( of the four unknown elements ) for solv¬ 
ing equations puts the tLH. yuan qi the zero or empty element )in the centre, 
the element A tian ( heaven ) at the bottom, the element itfe. di ( earth ) on 
the left, the element A ren ( man )on the right, and the element tyl wu (thing ) 





at the top.” f 32 The er yuan shu ( method of two unknown elements ) in¬ 
volves two equations, each of which has two unknown elements; the san yuan 
shu ( method of three unknown elements ) involves three equations, each of 
which has three unknowns; and the si yuan shu ( method of four unknown 
elements ) involves four equations, each of which has four unknown elements. 
If x represents the unknown element tian , y the unknown element di , z the 
unknown element ren, and u the unknown element wu, then the layout for the 
method of four unknown elements is as follows: 
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The product of both powers of two elements that one is border upon the 
other is placed at the cross-point of corresponding rows on the horizon and on 
the verticality. The product of both powers of two elements that one is not 
border upon the other is placed at their crevice. 

The elimination method of the four unknown elements is namely an elimi¬ 
nation method applied to equations of higher degree in more than two 
unknowns. It is the outstanding creation of the Jade Mirror of the Four 
Unknowns , that is, the four unknown elements are reduced to three elements, 
then to two elements, and finally to a single equation of higher degree in one 






unknown. This can then be solved using the zheng fu kaifang method (in 
essence the same as the zeng cheng kai fang method, similar to Horner’s 
method ). However, concerning the actual process of this elimination procedure, 
in discussing the si xiang xi cao jia ling zhi tu (introductory problems ), and 
specifically the third and fourth problems ( san cai yun yuan — operations 
with three unknowns, and si xiang hui yuan — operations with four unknowns ), 
Zhu Shijie only speaks of ti er xiao zhi ( eliminating by reducing the 
degree ), ren yi tian wei( exchanging the positions of tian and ren ), and “wu 
yi tian wei” ( exchanging the positions of tian and wu ). And after reducing 
equations with three or four unknown elements ( san cai yun yuan or si xiang 
hui yuan ) to two expressions each of which has only two unknown elements, 
in reference to the second, third and fourth problems he only said hu yin tong 
fen xiang xiao ( equalizing coefficients for elimination ). All of his explana¬ 
tions are very brief. Zu Yi concluded, “By moving expressions from top to 
bottom, from right to left, by applying multiplication and division, by various 
methods of rearranging the terms, by assuming the unreal for the real, by 
using the imaginary for the true, by using the positive and negative, by keep¬ 
ing some and eliminating others, and then changing the position of the count¬ 
ing rods and by attacking (the problem ) from the front or from one side, as 
shown in the four examples, he finally works out the process of elimination in 
a profound yet natural manner.” 33 Nevertheless, the main points of this 
procedure remained obscure and were not easy to understand. Among those 
who have studied the method of elimination of the four unknown elements, it 
is commonly said that Shen Qinpei’ s understanding as reflected in his un¬ 
published mid-Qing dynasty manuscript. Si Yuan Yu Jian Xi Cao ( Detailed 
Explanation of the Jade Mirror, ca. 1829 ) accords quite closely with the original 
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meaning of the Jade Mirror. 

The method for eliminating three and four unknown elements is called ti 
er xiao zhi. This means that expressions in four or three unknowns are re¬ 
duced to expressions in two unknowns. For example, to eliminate the ele¬ 
ment ti ( or y ) from equations in three unknown elements, consider the 
following: 

+ -V + 4 0 = 0 

B 2 y + B,y + B n = 0 ( 1 ) 

Where all of the coefficients A r A ( , A 0 ; B r B ( , B 0 are polynomials in x 
and z alone. The above two equations can then be rewritten as follows, the 
rearrangement of terms meant to eliminate the element y 2 : 

(A 3 y + A l )y + A 0 = 0 
( By + B,) y + B q = 0 

It is then a simple matter of cross-multiplying the first equation by B 0 
and the second by A n , and subtracting the two expressions which gives: 

( A 2 B 0 - A 0 B 2 ) y + U,B 0 -A 0 B,) =0 (2) 

All the same, it is then a simple matter of cross-multiplying the first 
equation by B, and the second by A„ and subtracting the two expressions, 
which gives: 

( A,B 2 - A 2 B, ) y + ( A 0 B 2 - A 2 B 0 ) = 0 ( 3 ) 

Taking the expressions ( 2 ) and ( 3 ) and one of the two expressions in 
( 1 ) above as simultaneous equations, the same process may be repeated to 
yield the following expression: 

c,y* c„ = o (4) 

As before, C, and C 0 are polynomials in x and z alone. Using the same 
procedure as outlined above, equations which include only x and z, but not y. 


can thus be found. 

After carrying out the above ti erxiao zhi elimintion process in the method 
of four unknown elements, the positions of tian and ren are exchanged on the 
counting board. If the element di (y) is eliminated from an expression of 
three elements, the remaining two expressions with the elements tian ( x ) 
and ren ( z ) need to be rotated 90 degrees ( x ’ s thus move to the former y' 
s positions, and z’s move to the former x’s positions >, thus elements in the 
fourth quadrant are moved to the third quadrant. Similarly, the positions of 
tian ( x ) and wu ( u ) may be exchanged as follows: if the element tian (x ) 
is eliminated from an equation of four elements, the remaining equations with 
the elements di, ren, and h’m need to be rotated on the counting board 180 
degrees, taking the elements wu ( u’s ) to where the tians ( x’s ) were 
previously; this in effect rotates all of the elements from the first and second 
quadrants to the third and fourth quadrants. The equations in question remain 
invariant during this kind of transformation. It is because the third quadrant is 
often used in rod counting that this kind of transformation is done. 

The huyin tong fen ( equalizing coefficients ) method is used to reduce 
expressions in two unknowns whose coefficients are laid out in more than 
two rows on the counting board to expressions whose coefficients only oc¬ 
cupy two rows on the counting board. Take for example the equations of nth 
degree in the two unknowns x and y: 

Ax" + ••• + A^x 2 + A,x + A () = 0 
Bx" + ••• + fl/ + B^x + B 0 = 0 

Here the terms A h , ■■•, A v A ,. A 0 . B n , ■■••, B v fl,, B n are all polynomials in 
which >• occurs as the only unknown element; there is no element x in these 
expressions. Through successive applications of mutual multiplication and 



cancellation, each of the terms x n , x n ,,•••, jt, can be eliminated, finally re¬ 
ducing these expressions to two equations in two rows. : 34 

Zhu Shijie’s method of elimination continues to play a major role in 
contemporary research, even today. Wu Wenjun has said that he was in¬ 
spired in his own work by the fang cheng method in The Nine Chapters of 
Mathematical Procedures , and Zhu Shijie ’ s method of elimination of the 
four unknown elements. Combining these with other theories of modern 
mathematics, Wu Wenjun found the san jiao hua zheng xu method (the 
Well-Ordering Principle of Polynomial System triangulation ), and"deduced 
solutions for completely solving simultaneous equations of higher degree ac¬ 
cording to this method.” : 35 

Among the problems solved by Zhu Shijie using the tian yuan shu 
( celestial element method ), the er yuan shu{ two elements method ), the san 
yuan shu (three elements method ), and the si yuan shu ( four elements 
method ), he often used the duo ji shu (the method of summing arithmetic 
series ) and the zhao cha shu (the method of differences ) to advance various 
hypotheses. Therefore, the duo ji and zhao cha methods represent other im¬ 
portant achievements found in the Jade Mirror of the Four Unknowns. 

There are summation formulas for arithmetic progressions in both the Nine 
Chapters, and in the Zhang Qiujian Suan Jing ( Zhang Qiujian ’s Mathematical 
Manual), which is the more complete of the two. Agriculture and handicraft 
industries were developed in the Song and Yuan dynasties, and a considerable 
amount of grain, fruit, vegetables, pots, bottles, tiles, etc. were produced. Their 
quantities needed to be calculated, and the duo ji method emerged as a very 
useful one as the times required. 

Shen Kuo ( 1031 — 1095 ) was a mathematician in the Northern Song 
dynasty. After studying problems of the summation of finite series, he ob- 


served that a pile in the form of a chu tong ( frustum of a rectangular-based 
pyramid ) could not be analyzed in terms of the chu tong formula found in the 
Nine Chapters because ji eryou xi (literally “the pile has spaces,” meaning 
that computing the volume of a geometric solid like the chu tong is not the 
same as counting a number of discrete objects piled up in the shape of a chu 
tong, the former being a continuous body, the latter a compilation of discrete 
units piled one atop the other ). For the latter pile of discrete objects stacked 
up in the shape of a chu tong, Shen Kuo created the xiji method ( a method 
for summing finite series ). 561 This method actually gives a summation for¬ 
mula for arithmetic series of the second order. During the Southern Song 
dynasty, Yang Hui brought forward several other duoji formulas which also 
concerned problems of summing arithmetic series of the second order. Wang 
Xun, Guo Shoujing, and others solved computational problems involving the 
distances the sun and moon traversed daily in degrees in the Shou Shi Calen¬ 
dar using the duo ji zhao chu method. Moreover, Zhu Shijie raised the duoji 
zhao cha method to a more advanced level. 

Zhu Shijie advanced a number of summation formulas for a sanjiao duo 
( lit.“triangular pile” ). a stack of objects with a triangular base. 37 Its for¬ 
mula for the general term is the sum of the first n terms of Zhu Shijie’s 
formula for a jiao cao duo ( pile of hay, but this also serves as a technical 
mathematical term for the sum of the first n integers ): 

S =£i = I +2 +•••+« =^ 7 " ( n + 1 ) jiao cao duo 

The summation of a san jiao duo ( triangular pile ) or luo yi xing duo 
(lit.“the next level after jiao cao duo’\ again, here this is a technical mathematical 
expression meaning that the sum of the sanjiao duo series involves one iterated 
term more than that for the one just before it, namely the sum for the jiao cao 




duo series ) is: 
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n 1 j 

S n i ( i + 1 ) =-^r n ( n + 1 ) ( n + 2 ) san jiao duo 

This is actually the problem of summing an arithmetic series of the sec¬ 
ond order, which was advanced by Yang Hui in the bie nao problem in the 


chapter on shang gong ( construction consultations ) in his Xiang Jie Jiu 
Zhang Suan Fa ( Detailed Analysis of the Mathematical Rules in the Nine 
Chapters ). Zhu Shijie also used sa xing xing dud, or san jiao luo yi xing duo 
(lit.“the next level after san jiao duo" ), for which the formula is: 

S n =Z±i (» + 1 ) (i + 2) =±n(n + l)(n + 2)(n + 3) 
i«i 3! 4. 

sa xing xing duo 

The san jiao sa xing xing duo ( or sa xing geng luo yi xing duo ): 

S =z4ri (» + l)(i + 2)(/ + 3) 

n feI HI 

=—y n ( n + l)(fi + 2)(/i + 3)(/f + 4) 

The san jiao sa xing geng luo yi xing duo: 

n | 

5 =£ 57 / (1 + 1 ) (1 + 2 ) (/ + 3 ) (i + 4 ) 

=~r n (' n + l)(/i + 2)(n + 3)(« + 4)(n + 5) 

O! 

Among these formulas, the sum of the first n terms of the former is ex¬ 
actly the nth term of the latter formula. Hence, the latter one is called the luo 
yi xing duo ( one rank after the former ). At the same time, all the terms of 
every pile are numbers that can be read off directly from the second, third, 
fourth, fifth, and sixth diagonals of the Jia Xian Triangle. And the sum of 
every pile is the nth number of the third, fourth, fifth, sixth, and seventh 
diagonals, respectively. This is the reason why Zhu Shijie used two groups of 
lines which run parallel to the left and right sides of the Jia Xian Triangle, 
connecting all of the numbers in each sequence. Although the original text of 
the Jade Mirror does not treat these series as systematically as the above 


notation suggests, in fact, Zhu Shijie must have had some such complete sys¬ 
tem in mind, for he was even able to derive the summation formula for the 
first n terms of a san jiao duo (triangular pile ) whose general term is given 
by the formula: i (i + 1 ) (/ + 2 ) — ( / + p - 1 X The summation 

formula is then as follows: 

S =I-t i (i + 1 ) ( i + 2 ) — (i + p - 1 ) 

n m I p\ 

=-?- n ( n + I ) ( n + 2 ) ••• ( n + p). 

(p + 1 )! 

Clearly, when p = 1, 2, 3,4, 5, this gives the number of objects in every 
previous pile. 

Zhu Shijie also used the summation formula of lanfeng xing duo. Mul¬ 
tiplying every term of the san jiao duo by the order of the term gives the Ian 
feng xing duo ’ s formula for the general term, namely: *'(*'+ 1 ) (« + 

2 ) ... (j + p - l ) i. The summation formula of all the former terms is 

then: 

S (i + 1 )(/ + 2 ) ••• (/ + p - 1 ) i = .-~r“r: " < " 

" Zip'. (p + 2)1 

+ \ )(n+ 2) ••'(.n+p)[(p+ l)n + l] . 



When p = 1,2, 3.it is si jiao duo. lanfeng xing duo , san jiao lanfeng 

xing duo, or Ian feng geng luo yi xing duo. and so on. 

Moreover, Zhu Shijie also solved problems concerning more compli¬ 
cated duo ji ( piles ), such as san jiao tai duo, si jiao lai duo, etc. 

In the section called “Ru Xiang Zhao Shu" ( Men Summoned as 
Needed ), Zhu Shijie made use of zhao cha ( difference ) formulas like the 
following: 

/( n )= n A ( « + 1 M, + — H ( »* - 1)(« - 2) A 3 

2 ! • 3 - 

+ -it n in - 1 ) ( n - 2 ) ( n - 3) A . 

4! 


LIBRARY OF CHINESE 
CLASSICS 



In the above formula, A , is the first difference, A , is the second 
difference, A 3 is the third difference, and A 4 is the fourth difference. The 
coefficient of the second difference is the volume of the jiao cao duo 
(triangular haystack ) with n - 1 as its base. The coefficient of the third 
difference is the volume of the san jiao duo (triangular pile ) with n - 2 as 
its base. The coefficient of the fourth difference is the volume of a sa xing 
xing duo with n - 3 as its base. Zhu Shijie’ s formula is exactly the same as 
the modem general formula. ! 38 It is obvious that zhao cha method reduces 
duo ji to the summation of every san jiao duo by the operation for differences. 
And every difference is uniquely determined by given duo ji. ' 39 

Most of these achievements of Zhu Shijie are well in advance of results 
achieved elsewhere only centuries later by European mathematicians, for ex¬ 
ample in the 17th, 18th and 19th centuries. 

After the Jade Mirror of the Four Unknowns , Chinese mathematics suf¬ 
fered a disastrous decline. Regrettably, Qing mathematicians did not under¬ 
stand many of the significant mathematical contributions of the Song and 
Yuan dynasties, such as zeng cheng kai fang fa ( method of extraction of 
roots by addition and multiplication ), tian yuan shu ( celestial element 
method ), or the si yuan shu ( method of the four unknowns ). No one was 
interested in studying the important mathematical works of the Han, Wei, 
Southern and Northern dynasties, or of the Song and Yuan periods. Some 
works were even lost. Islamic mathematics and Western mathematics went 
on to surpass that of China, and China lost its status as a leading country in 
mathematics. But in retrospect, the Jade Mirror of the Four Unknowns may 
be regarded as the last great creative work produced during the most flourish¬ 
ing period of traditional Chinese mathematics, and is the most advanced of 
them all. 


4 


The Chinese text of the Jade Mirror of the Four Unknowns reproduced 
here is taken from a copy collated by Ding Quzhong in 1876, which was 
based on another by Luo Shilin 40 . Guo Shuchun translated the ancient text 
into modem Chinese, and provides some helpful collations and comments. 

For the English text, we rely primarily on the translation by Ch’en Tsai 
Hsin ( 1879—1945 ) in the Library of the Institute for the History of Natu¬ 
ral Science of the Chinese Academy of Sciences. Ch’en Tsai Hsin ( also 
known as Ch’en Huamin ), was born in Nanxin village ( near today’s Fra¬ 
grant Mountain in the Haidian district of Beijing ), Wanping county. As a 
child he studied at a missionary school, then went to Peking University 
( Huiwen Daxue was named Peking University in English before it was merged 
into Yenching University ), from which he graduated in 1901. After teaching 
at the university, where he taught mathematics, he subsequently went to the 
United States where he studied at Columbia University’s Teachers College. 
He obtained his master’s degree from Columbia in 1912. It is known that he 
was awarded the Ph.D. sometime prior to 1913. Consequently, he may well 
be the first Chinese to have obtained a Ph.D. in mathematics. After returning 
to China from America, he continued to teach at Peking University. In 1919, 
Peking University was merged into Yenching University, which was estab¬ 
lished that same year. Ch’en Tsai Hsin was invited by the president of 
Yenching University, John 1 .eighton Stuart ( 1876— 1962 ). to serve as Chair¬ 
man of the Department of Mathematics at the new university, a position Ch ’ en 
held until he retired from teaching due to a serious illness in 1936. In addition 
to mathematics, Ch’en Tsai Hsin was also interested in teaching 
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and studying history of mathematics, and during the period he was chairman 
of the department, he taught two courses on the history of mathematics. One 
was the history of mathematics in general; the other was devoted specifically 
to the history of Chinese mathematics, which is unusual even in present de¬ 
partments of mathematics in China. 

While studying at Teachers College, Columbia University, Ch’ en Tsai 
Hsin was encouraged by Dr. David Eugene Smith, an historian of mathematics, 
to undertake the English translation of the Jade Mirror of the Four Unknowns, 
which Ch’en began to do. With help from Ch’en’s colleague, Emma Louise 
Konantz, in the Department of Mathematics at Yenching University, he even¬ 
tually finished his translation sometime near the end of 1925. The results of 
their collaboration were sent to the Harvard-Yenching Institute in 1929, which 
in turn gave it to George Sarton ( 1884— 1956 ), the famous historian of 
science, for his advice about its publication. Sarton's evaluation was very 
favorable, and he recommended that it should be published with some changes 
chiefly with respect to philological concerns. It is not known why it was not 
subsequently published. Sarton examined the manuscript again in 1940, 
and hoped that it would be possible to publish both the Chinese text and 
Ch’en’s English translation in the Harvard-Yenching series. 141 This too 
never happened, possibly due to the disruption in academic life caused by 
World War II. Nevertheless, based upon Ch ’ en Tsai Hsin ’ s translation and 
explanatory notes, it is clear that he had a deep appreciation for the elimina¬ 
tion method of the four unknowns and the solutions this method made pos¬ 
sible for such problems as those involving the lian zhi tong ti method ( an 
extraction method for equations of the form ax" - a a = 0, for which a# 1 ). 
His results are still valuable for current research on the history of Chinese 


mathematics and for our understanding of traditional Chinese mathematics. 

Guo Jinhai has revised the English manuscript. Because some pages are 
now missing, the translation of some problems cannot be found. These are 
problems 14-20 in the section on Ming Ji Yan Duan ( Problems on Areas ), 
and problem 13 in the section on Bo Huan Jie Tian ( Land Measurements ). 
Guo Jinhai has supplied their English translations. He also translated the 
supplemental commentaries of Guo Shuchun, and together they wrote this 
introduction in English. In addition to Ch’en Tsai Hsin’ s English preface 
and introduction which he translated into Chinese, Guo Jinhai also investi¬ 
gated related materials about the life and work of Ch'en Tsai Hsin. and was 
responsible for comparison for both the Chinese and English parts of the book. 
In what follows, Ch’ en Tsai Hsin’s commentaries are labeled with a C or 
the Chinese character G or the Chinese character denotes Guo 
Shuchun’s supplementary comments. Moreover, Ch’ en Tsai Hsin com¬ 
monly placed the character tai beside an equation’s constant term, but this is 
a mistake that goes back to the middle of the Qing dynasty. As a matter of 
fact, placing tai next to the constant term, or yuan beside the term of the first 
power, expresses a polynomial, but does not express a kai fang shi ( what is 
now called an “equation in one unknown" ). In the tian yuan method, once 
two equivalent tian yuan equations are reduced to the kai fang layout on the 
counting board by ru ji xiang xiao ( a technical term for equalizing and then 
eliminating coefficients ). the characters tai or yuan will be eliminated. 421 
Therefore, we have omitted the characters tai and yuan from the commentar¬ 
ies by Ch’en Tsai Hsin. As for transliterations of Chinese words, Ch’en Tsai 
Hsin always used the Wade-Giles system. Instead, we have preferred to use 
modern Chinese pinyin spellings. 
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Those who have been particularly interested in the history of mathematics 
and in the Eastern culture have known the work of Zhu Shijie. However, no 
complete translation of his great work Jade Mirror of the Four Unknowns has 
ever been made. When studying in Teachers College, Columbia University I 
was encouraged by Dr. David Eugene Smith to undertake such translation and 
at that time made a beginning. As the years have passed 1 have realized the 
importance of this work and am now happy to present it to the public in the 
hope that it may not only fill a long-felt want in the history of the development 
of thought but it may also give an increased appreciation of the old Chinese 
culture. 

I wish to express my great appreciation of the help given by my co¬ 
worker, Emma Louise Konantz, Professor of Mathematics in Yenching 
University, who has put this work into its present English form and has made 
many valuable suggestions. 

We have maintained the Chinese notation wherever feasible. In most 
cases it has seemed best to use the English equivalents. 


Peking, China 
November 22, 1925 
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INTRODUCTION 

by Ch’en Tsai Hsin 

[ Original Text ] 

Toward the end of the 17th century, a treatise on algebra, translated 
from European sources by some of the Roman Catholic missionaries, was 
laid before Emperor Kang Xi, who placed the book in the hand of Mei 
Juecheng, a well known mathematician of the empire. The latter examined 
the book and asserted that the principle was exactly the same as that found in 
the old Chinese Tian Yuan Yi Shu (method by using the element tian ), a 
Chinese algebra known in the 13th century or even earlier. He claimed also 
that the Western world derived this science from the East and the word alge¬ 
bra meant“came from the East." It is not my intention to enter into the origin 
of the science, but rather to give a short account of the history of Chinese 
algebra in connection with the work of Zhu Shijie, a translation of which will 
form the major part of this work. 

Zhu was bom at Yanshan in the 13th century. At that time there were 
living in China many prominent mathematicians such as Qin Jiushao, Guo 
Shoujing, Yang Hui, and Li Ye. A list of names of like note appears in the 
introduction of this book by Zu Yi Ji Xian Fu, where mention is made of men 
like Jiang Zhou of Pingyang, Li Wenyi, Shi Xindao. Liu Ruxie, and many 
others, who contributed much to the science of mathematics by the develop¬ 
ment of algebra. Although the books of these men are lost we learn, 
nevertheless, from the titles which still remain that they were the materials 
which Zhu Shijie obtained for his work. 


Zhu was the author of two books, the first was Suan Xue Qi Meng 
( Introduction to Mathematical Studies ), published in 1299, and the second, 
which appeared four years later, was Si Yuan Yu Jian, the subject of the present 
work. These books were written without any doubt for the use of his pupils 
who came from various places. In his first book, he treats of addition, 
subtraction, multiplication, division, mensuration, rules for measuring vari¬ 
ous geometric forms, both plane and solid , excess and deficiency, the solu¬ 
tion of simultaneous equations and evolution, which means also the solution 
of higher equations of one unknown quantity. The book was divided into 
three parts, containing 20 sections with 259 problems. It disappeared for a 
long period from China but was finally discovered in Korea and has since 
been reprinted several times in China. 

The second book treats entirely of equations of higher degree. The method 
employed will be set forth in the notes. It may be said, however, that it does 
not differ materially from modem method. 
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THE FORMER INTRODUCTION OF 
JADE MIRROR OF THE FOUR UN¬ 
KNOWNS 

by Mo Ruo 

Number is unity for unity is the beginning of all things. In the book of Yi 
(changes) unity is the tai ji (the great extremity). One produces two; two pro¬ 
duces four; four produces eight; and so on to infinity. Is this not the natural 
way of number? The “Tu Shu 11 from He Luo betrays the secret and the 
Nine Chapters of Huang Di [2 ' expresses it in words. These nine chapters 
beginning with fang tian (mensuration) and ending with gun gu (right triangles) 
containing 246 rules, including san cai (three talents or elements) and lead to 
the whole universe, hence those who speak of number arc unable to reach its 
limit. Dayan 131 in the book of Yi, li xiang 4 in the book of Shu. wan, yi and 
zi 51 in the book of Shi, san qian and san hai in the book of Li, and 360 in the 
book of Zhou Guan, all these inform us that numbers are used in the different 
classics as well as in the Nine Chapters. 

For a long period no place was found for the teaching of mathematics, 
therefore the science was almost entirely lost. The discrepancies in the reck¬ 
oning of the calendar, the defects in the mensuration of forms, and in the 
forms of the square, circle, straight, and curved lines, and the disorder occa¬ 
sionally appearing in such common standards as the dnu, sheng, shao, he [bl , 
hao, li, si, and hu 1 \ prove to us the discontinuation of the development of 
the ancient science. 

Zhu Songting [8 of Yanshan is well-known as a great mathematician 
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having traveled throughout the country for more than 20 years. The number 
of people coming from all directions was increasing daily; therefore the mas¬ 
ter wrote this book in order to reveal the secret of the Nine Chapters to his 
pupils. The book is divided into three parts in which there are 24 sections with 
288 problems. It is given the title of Si Yuan Yu Jian ( Jade Mirror of the 
Four Unknowns ). 

His method of solving equations is by putting the yuan qi ( 7U^, ele¬ 
ment of void )in the centre, the element tian ( A, heaven or sky )at the bottom, 
the element di ( iffe, earth ) on the left, the element ren ( A, man ) on the right, 
and the element wu ( , thing ) at the top, by moving the positive and nega¬ 

tive terms from the top to the bottom, from the right to the left, by interchanging 
and alternating their positions, and by many other different ways of arrange¬ 
ment of the terms. The book is used for the solution of problems of excess and 
deficiency, of implicity of numbers, of equations containing positive and nega¬ 
tive terms, and of evolution ( which includes solution of higher equations ). It 
is profoundly wonderful 9 • .It extends the principles which were founded by 
the ancient scholars. By the concentration of many elements into one, by con¬ 
trolling the san cai ( =.A' ), or three talents, under the great extremity, and by 
multiplication and division, addition and subtraction it reaches out to the great 
depth and far distance. It is a book of science in itself. 

Now the science of mathematics is considered very important and an 
examination of the subject will appear gradually. The book of the master will, 
therefore, be of great benefit to the people of the world. The knowledge for 
the investigation of things, the development of intellectual power, the way of 
controlling the kingdom and of ruling even the whole world, can be obtained 



by those who are able to make a good use of the book. Ought not those who 
have great desire to be learned take this with them and study it with great 

care? 

In the day of shang yuan of the year gui mao 10 during the reign of Da 
De, written by Qian Jin Shi Mo Ruo of Linchuan. 

[ Notes J 

[ 1 ] There is an old tradition in China that ancient sage. Fu Xi ( 2852 B. C. ) saw a 
dragon horse emerge from the Yellow River with the tu ( chart ) on its back. Tradition 
also states that Yu, the first emperor of the Xia dynasty observed the shu ( book ) on the 
back of the sacred tortoise. ( C ) 

[ 2 Huang Di, an legendary emperor in the 26th century B. C., caused his minister 
Li Shou to write the The Nine Chapters of Mathematical Procedures. ( C ) 

[ 3 ! Da van ( great extension ) is a rule for the solution of indeterminate problems. 
The general principle is given by Qin Jiushao in the Shu Shu Jiu Zhang. ( C ) 

[ 4 ] Lixiang, calculation of astronomical terms such as the reckoning of the 
calendar. ( C ) 

[ 5 ] Wan, yi, and zi, that is IO.(XK). 100,000,000, and 1,000.000,000,000, are num¬ 
bers mentioned in the collection of classic poems, Shi Jing. ( C ) 

[ 6 J Heaped Measure, see Appendix: Tables of Measures Used by Zhu Shijie in 
His Introduction to Mathematical Studies. ( C ) 

[ 7 ] Linear Measure, see Appendix: Tables of Measures Used by Zhu Shijie in his 
Introduction to Mathematical Studies. ( C ) 

8 J Zhu Songting is another name of Zhu Shijie. ( C ) 

9 The original text changed the xuan ( £ ) into yuan ( jt ) in order to avoid 



Emperor Kang Xi ’s name. In the following text, we directly return the character yuan to 
the former character xuan , and don ’ t annotate anymore. ( G ) 

[ 10 ] The year gui mao means 1303. ( G ) 
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THE LATTER INTRODUCTION OF 
JADA MIRROR OF THE FOUR UNKNOWS 

by Zu Yi 

After the Nine Chapters of Huang Di was published, numerous books 
on mathematics appeared. The Nine Chapters, Zhou Bi, Hai Dao, Sun Zi, 
Zhang Qiu Jian • 1 , Xia Hou Yang, Wu Cuo, Wu Jing Suan. Ji Cu, and Zhui 
Shu were the books used in the examinations of mathematics for the selection 
of scholars to investigate the science of mathematics. But the four elements, 
tian, di, ren and wu 2 are not mentioned in any of these books. Later we find 
the element tian in the book Yi Gu, composed by Jiang Zhou of Pingyang, in 
the book Zhao Dan by Li Wenyi of Bolu, in the Qian Jing by Shi Xindao of 
Luquan, in the Ru Ji Shi Suo by Liu Ruxie of Pingshui, and in the work of 
Yuan Yu of Jiang 3 . It is from these books that Li Dczai of Pingyang ob¬ 
tained the materials for his book Liang Yi Qun Ying Ji Zhen, which contains 
also the element di. In the Qian Kun Kuo Nang by Liu Dajian Run Fu, the 
brother of Xing Song ( his another name is Xing Bugao ) of Huoshan, there 
are two problems at the end of the book with the element ren. 

My friend Zhu Hanqing of Yanshan has for many years shown a deep 
interest in mathematics. He traces out the vestiges of the three talents searches 
into the secret of the Nine Chapters, and considers the four elements tian, di, 
ren and wu. He puts the yuan qi , void, in the middle and lets tian be the gou, 
di the gu, ren the xian, and wu the huang fang. 4! By the aid of geometric 
figures he explains their relations. By moving the expression from top to 
bottom, from right to left, by applying multiplication and division, by various 
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methods in arranging the terms, 5 by assuming the unreal for the real, by 
using the imaginary for the true, by using the signs positive and negative, by 
keeping some and eliminating others and then changing the position of the 
sticks 6 ', and by attacking from the front or from one side, as shown in the 
four examples, he finally works out the expression of evolution in a profound 
yet natural manner. Now that the book is completed he calls it Si Yuan Yu 
Jinn. It contains three books corresponding to the three talents, four elements 
corresponding to the four seasons, 24 sections corresponding to the 24 festi¬ 
vals 17 and 288 problems pretending to correspond to the zhou tian. 8 The 
yu 9 may be considered the virtuous knowledge of Hanqing: when in action 
it gives a very clear and deep tone and when at rest it shines out without 
restraint in beautiful rays in all directions. The jian 10 may be considered of 
use in reflecting the phenomena of the four elements; when hidden it keeps its 
brightness and when exposed it shines in all directions. 

Hanqing’s name is Shijie and his hao is Songting. 11 He has traveled 
through the country and at present is again sojourning in Guangling. People, 
like clouds, come from the four directions to meet at his gate in order that they 
may learn from him. In the year ji hai in the reign of Da De he composed the 
book Suan Xue Qi Meng , which was published by the encouragement of Zhao 
Yuanzhen, a well-educated gentleman, who has given a part of his wealth to 
hire workers for the cutting of the plates for the book in order to make it 
known to the world. He has thus assisted in the work from the beginning, and 
will continue his unlimited generosity until the work is completed. 

These two books are like two sides of the same thing, the inner and the 


outer, each depending on the other. 

When I was asked to write an introduction for this book I read it through 
with great care and found that there were many things that I had never seen or 
heard of before. By not using “yet" it is used, by not using a number the 
number required is obtained. Hence I know that existing quantities come from 
non-existing quantities. This profound work is therefore exceedingly progres¬ 
sive as compared with the work of ancient mathematicians. Those who have 
an interest in the subject may prove my words by working out the problems in 
this book, thus finding the truth of my statement. 

Written by Zu Yi Ji Xian Fu 

In Hu Na Xin Zhai during the day jia zi of the second moon of the year 
deng ke 112 in the reign of Da De. 

[ Notes ] 

[ 1 ] The original text changed the qiu ( Jr. ) into qiu ( fill) in order to avoid 
Confucius’name. ( G ) 

[ 2 ] Tian, di. ren, wu ( heaven, earth, man, and things ) are used as unknown 
quantities like x, y, z, and »e. ( C ) 

[ 3 ] It is not appropriate that Luo Shilin changed xi cao zhi into zhi xi cao .( G ) 

[ 4 ] In a right triangle the vertical side is called the gu (leg ), the horizontal side 



the gou ( hook ), and the hypotenuse the xian. The difference between the sum of the 
two legs and the hypotenuse is called the huangfang. ( C ) 

[ 5 ] By transposing terms and simplifying. ( C ) 

[ 6 ] Sticks used for reckoning. ( C ) The reckoning-sticks were put in two forms. 
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One was vertical, the other was horizontal. 



1 2 3 

the vertical form | || ||| 

the horizontal form — = = 

The vertical form was used for units, the horizontal form for tens, the vertical form 
for hundreds, the horizontal form for thousands, and so on. The vertical alternated with the 
horizontal. 0 was expressed by vacancy. They could express a numeral. And they could 
express a fraction, a decimal fraction, an equation, and a group of equations. ( G ) 

l 7 ] The Chinese divide the year into 24 festivals as eqinoxes, solstices, etc. ( C ) 
[ 8 J The zhou tian (the circumference of the great circle of heaven ) is divided 
into 360 degrees. The earth’s orbit. ( C ) The opinion that 288 is the number of the zhou 
tian needs to be studied. 288 = 24 x 12. 24 is the number of solar terms in one solar year, 
and 12 is the number of months. This opinion would be an explanation. ( G ) 

I 9 ! Yu means jade, gem. or other precious stones. Jade is particularly prized by 
the Chinese because of its many desirable qualities, one of which is its resonance. Jade 
is worn as a pendant or ornament and is considered a good omen. ( C ) 

| 10 | Jian means mirror. ( C ) 

[ 11 j A Chinese often has two or three names, the first is used by parents and 
older persons, the last two by friends. ( C ) 

[ 12 Dai Xu pointed out that gui mao ( 1303 ) was mistaken for deng ke. ( G ) 
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Chart of the Ladder Form of Raising Binomials to the Eighth Power 


Positive is called Zong , Negative is called Yi 

Ding Shi Wei ( i 

(4) 

( Position for the 

Dividend or Absolute ) 

First Position 
( ) 

Zhi Zhi Shu 

<1[*» ) 

( Final Result ) 

fin Dong Shu 
( > 

( Number Not 
Movable ) 

Chu Shi Fa ( ) 

( Divisor ) 

Second Position 

(3R r. 4f) 

Jin Tui Yi 

(iffill -) 

( Forward or Backw ard 
one [ digit ]) 

Fang Wei Fa 

( umt) 

( Position for the 
Divisor) 

Ping Fang Yu ( f-/f 

fS > 

< Comer of the Square ) 

Third Position 
<*-*> 

Jin Tui Er 

( iff ill H ) 

( Forward or Backward j 
two. digit !) 

Di Yi Lion 
( *-* ) 

( 1" Complement) 

U Fang Yu ( jfc Jj 

W) 

( Comer of the Cube ) 

Fourth Position 

) 

Jin Tui San 

(iffili.= ) 

< Forward or Backward 
three « digit ]) j 

Di Er Lion 
< *) 

( 2*° Complement ) 

San Cheng Yu ( V.fy 

PR) 

( Comer of the 4* 
Power ) 

Fifth Position 

( ) 

Jin Tui Si 
( iffifiN ) 

< Forward or Backward 
four. digit ]) 

Di San Lian 
< «5rJH » 

( 3" 1 Complement) 

Si Cheng Yu ( 0* 

PR) 

( Comer of the 5* 
Power ) 

Sixth Position 

Jin Tui Wu 

(iff ifi£) 

( Forward or Backw ard 
five digit 1) 

Di Si Lian 
( Sfcpqitf ) 

( 4 ,h Complement) 

Wu Cheng Yu ( 

PR) 

( Comer of the 6^ 

Power) 

Seventh Position 

( Hit# > 

Jin Tui Liu 

(iffiMA) 

( Forward or Backward 
six digit 1) 

Di Wu Lian 

( I 

( 5“ Complement ) 

Liu Cheng Yu ( /<%. 

PR) 

( Comer of the 7"» 

Power) 

Eighth Position 

( WAI? ) 

Jin Tui Qi 

(iffiftt) 

< Forward or Backward | 
seven [ digit ]) 

Di Liu Lian 

( ) 

(6 fc Complement ) 

Qi Cheng Yu ( L * 

PR) 

( Comer of the 8 ,h 

Power ) 

Ninth Position 
(Hi hM ) 

Jin Tui Ba 

(iff liA) 

( Forward or Backward 
eighi [ digit ]) | 

Di Qi Lian 
< #-t* ) 

( 7 :h Complement ) 
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a 

b 

c 

d 
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In order to understand the diagram we ought to know simpler processes 
used in solving equations or rather the evolution of expressions of different 
degrees. The word equation was never used by the Chinese in ancient times 
though they attained a high degree of efficiency in solving numerical equa¬ 
tions of higher degree as the following pages show. 

They worked by means of a calculating board and suan chou ( calculating 
rods ). The bamboo calculating rods were red and black, the red indicating posi¬ 
tive numbers and the black negative. It was only when they began using paper 
and ink for the solution of problems that the negative sign was created. 

In equations in one unknown quantity the element tian ( ]k. ) was always 
used for the unknown, as x is used in modem times. Although the Chinese had 
the assumed unknown tian ( Jc ), it never appeared in the equation. Its coeffi¬ 
cients and the coefficients of its power were used as we now use them in the 
synthetic method. For example, the equation jt 3 + 4.r + 3.v - 64 = 0, written 
in the Chinese notation, was 

_L Wi -64 

III 3 

meaning 

mi 4 

i i 

The general form of an equation in one unknown letter 
lex" + • • • + dx i + cx 2 + bx + a = 0 
written in the Chinese notation was 

a 

b 

c 

d 


k 
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-2 
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2 x ( -2 ) = -4 


This expression, always understood equal to zero, is called kai fang zhi 
shi ( expression of evolution ) since it is an expression and not an equation. 

In an expression of the first degree the coefficient of the unknown is 
called the chu shi fa ( ) and the absolute term the shi ( dividend ). 

In an expression of higher degree than the first the coefficient of the first 
power of the unknown is called the fang ( fj , side ). 

In an expression of the second degree ( modem form ax 2 + bx + c = 
0 ), a is called yu( PS, comer )or ping fang yu( ^^fPS, comer of a square ), 
b fang , and c shi. 

In an expression of higher degree than the second the first temi is called 
yu, or yu modified by the degree of the expression, that is, cubic yu if it is a 
cubic expression, or the fourth power of yu if it is an expression of the fourth 
degree. The last is always called shi and the second from the last fang; the 
terms between the second from the last and the first are called lian ( $f, 
complementary ), and are distinguished by their order; that is, first lian , sec¬ 
ond lian, and so on. The first lian is also called the upper lian and the last lian 
the lower lian. 

The determination of number of digits in a root is called bufa ( 
method to step or method of procession ). In procession they always took two 
consecutive terms of opposite signs in order to obtain the positive root which 
they considered the rational root although they knew negative roots could be 
obtained. In procession when the fang moves forward ( to the left ) one digit 
the quotient ( or root ) will contain two digits and so on. 

Each move is called a step. Thus the number of digits in the shangi ]§j, 
quotient or root) always exceed the number of steps by one. The position of 
the absolute term remains fixed. When one of other terms move all move. For 
instance, if the fang ( fj ) moves one step the lian and the yu all move one 
step and vice versa; if the fang moves two steps the other terms ot the expres¬ 
sion move two steps and vice versa. In each step, the fang moves one digit 
while the first lian moves two, the second three, the third four, and so on. 

These steps may be made more clear by the following examples. 

Example 1. Solve 2x = 4 or 4 - 2v = 0 

We have in the Chinese form 

4 

-2 

4 is the shi and -2 is the chu shi fa. 

2 is the quotient or root of expression. 

2 x ( -2 ) = -4 



Jade Mirror of the Four Unknowns 



fa 4 + ( -4 ) = o 

9to 

M2. #f 2x = 40 

40 

-2 

7 > (-2) )„ 4MW'J 

40 £ 

-2 )&££• 

'Stf#-4i;t_2 0 

2 x ( -2 ) = -4 

jjo 4 + (-4) = OAty# — 4ittflLo 

Silt, 20^P5-#I^^o 
(M3, (ft* 2 =64 

A# 64 

0 

-1 

£** + , «*■**<, £-*—;*&£*.*$*--* t, » 

£j&« + , 

4MMl, 4M^—(i 0 
ffl+JM**., 4UWJ 


_8 #• 
64 % 

-64 
0 

0 ^ 
38 
-8 

-1 ffi 


Adding 4 + ( -4 ) =0 

Note that in this expression we do not need procession. 

Example 2. Solve 2x = 40 


In procession the fangi. -2 )has to move one step( one digit each step ). 


We have 


40 shi 


—2 chu shi fa 

Which indicates that the quotient has two digits, the first of which is 2. 

2 x ( -2 ) = -4 

Adding 4 + ( -4 ) = 0 the value of the second digit. 

Hence 20 is the root of the equation. 

Example 3. Solve x 2 = 64 
or 64 



a quadratic expression with the fang absent. 

In this problem we use the yu to step the shi. In each step of a quadratic 
expression the yu moves two digits. In this case the yu would exceed the shi, 
therefore we do not need procession and the root has only one digit. 

In the Chinese form we have 

_8 root 
64 shi 
-64 



0 fang 


-1 yu 
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64 (8, #. 
-64 
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d* 

-8 0 

f$l4. # -jc 3 + 392x 2 + 3185* + 6000 = 0 


6000 

3185 

392 

-1 

6000*£#-ft£, 3185#^, 392*?&, -1^7lV%„ 
&m& i±*I+, *7 7 £M'J - 4 &#<&392o *7 

&4iWI 

6000 £ 

3185 

392 & 

-1 ffi 

ii -£-&.£.#«# #i ft &M*\MmMm o 

tf>j5. #-4 jt + 104 = 0 

jfc# 104 

-4 

414 o 2 #.«$*-■(Mt 

104 £ 

-8 


24 


T-4£ 


In modem form we have 

-1 0 64 ( 8 , root 

z8 364 

-8 0 

Example 4. Solve -x 3 + 392x 2 + 3185.x + 6000 = 0 
or 

6000 

3185 

392 

-1 

In this expression 6000 is called the shi, 3185 the fang , 392 the lian, and 
-1 the yu. In procession we have to take the yu, -1, to step the lian, 392, in 
order to get a positive root. It must make two steps in order to be even with the 
first digit of the lian. 

We have 

6000 shi 
3185 fang 

392 lian 

-1 yu 

Only the law of procession is shown. The solution is similar to that of 
the preceding problem. 

Example 5. Solve -4x + 104 = 0 
or 104 

-4 

Process. 2 the first digit of the root 

104 shi 
-8 



24 next shi 
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6 

24 £ 

-^24 

0 

-4 

( ji: -4 — # ) 

0jfc, #jM*M.26o 
tftj6. I&?* 2 + 44* - 3116 = 0 

£# 

-3116 

44 

1 

a.it yU^ 44 ip-^ -3116, ^ 

p$ ( 1 ) ^ ( 44 ) 0 

-3116 £ 

44 2T 
1 W 


#/f: 


Ad 74^1 3^, 


3 4H 
-3116 % 
222 


Ao 1 6-j 3 -&, 


-896 T-^£ 

44 7 > 


-4 chu shi fa 


6 the last digit of the root 
24 shi 
-24 
0 

-4 chu shi fa. 

( Note that -4 steps backward one step ) Hence the required root is 26. 
Example 6 . Solve x 2 + 44* - 3116 = 0 
or 

-3116 

44 

1 

By using the fang, 44, to step the shi, -3116, we find the root has two 
digits. In stepping the fang ( 44 ) moves only one digit while the yu ( 1 ) 
moves two digits, thus giving 

-3116 shi 
44 fang 
1 yu 

Process. 

3 root 
-3116 shi 

adding 3 times 74, 222 

-896 next shi 



adding 3 times 1, 44 fang 


Jade Mirror of the Four Unknowns 
Charts 




3 

74 

tv\&3te, 3 

104 T—A' yr 
1 ffi 
8 

-896 % 

tv 896 

0 

104 2f ( —£ ) 

tv i tf] , _ 8 

112 

i m(i 

i&.i±fe$k' s rMfi$'\, — 4Mfc;t3o iSt^‘44INfe, P& (A 3 IS-, 

A3. 4Wlft*l74 0 

?P£, -3116 

J»J&*»74W3'», 222 

A-ftlflM'JT-**. -896 

##.74, JRJ&*»WA3 4*. g P 3, 

74 

J_ 

104 AT— 


#M0A,A 


-896 % 

104 7T 

i m 


adding 3 times 1, 


3_ 

74 
3 

104,- next fang 
1 yu 

8 last digit of root 

-896 shi 
Adding 896 

0 

104 fang ( one step backward ) 

adding 8 times 1, _8 

112 

1 yu,( one step or two digits backward ) 
By inspection we see that the first figure of the root is 3. Beginning with 
the fang, 44, and adding 3 times the yu, 3, we have 74. 

Taking the next term, the shi, -3116 

and adding 3 times 74, 222 

we have the next shi, -896 

Again taking 74 and adding 3 times the yu, 3, we have 

74 

_3_ 

104 for the next fang. 

Having obtained the next fang and next shi we proceed to obtain the 
second figure of the root. The new form is 

-896 shi 
104 fang 
1 yu 




i&i±*M£, Ainfri&fottT 


v'A$Ttf]7Tftte, 104 

fo±f*,#jS4&, 8 

AMS'], 112 

-896 

&J&, to\\2tfi%te, _896 

AMS'), o 

EUt, 38*.*t*tf#. 0 

ffi|7. ftf x 3 - 37X 2 + 37x - 36 = 0 

A* “36 ■ 

37 

-37 

1 


«*» 1^-37, 

(i, 

-36 

37 

-37 

1 

:**&**—£, 
m&s.& o 

3 4H 
-36 £ 

-519 

-5226 T— 


Notice that in the new form the fang and the yu have moved one step 
backward, that is, one step to the right. 


By inspection we know that the next figure of the root is about 8. 

Beginning with the new fang. 

104 

Adding 8 times the yu. 

8 

We have. 

112 

Taking the shi. 

-896 

and adding 8 times 112, 

896 

We have, 

0 

Hence 38 is the required root. 
Example 7. Solve x 3 - 31x 1 + 

31x - 36 = 0 


or -36 

37 

-37 

1 

By using the yu, 1, to step the lian, -37, we find the root has two digits. 
In considering the lian and the yu alone, the yu has to move one digit, hence in 
the whole expression 

-36 

37 

-37 




1 

the complementary digits, the lian and the fang, each move one step, the shi 
never moving. This makes the fang move one digit, the lian two digits, and 
the yu three digits, as shown in the solution. 

3 root 
-36 shi 
-519 


-5226 


next shi 




18 


37 

7t 

-21 


-173 


69 


517 

T-^^r 

-37 

fk 

3 


-7 


3 


23 


3 


53 


1 

« 


Mi 7 ft#1 Aint 

6 

-5226 £ 

5226 
0 

517 ZT 

354 

871 

53 M. 
6 


gjotb, 36&flr£tf#.o 


59 

1 m 


37 

fang 

-21 


-173 


69 


517 

next fang 

-37 

lian 

3 


-7 


3 


23 


3 


53 

next lian 

1 

yu 


For obtaining the second digit of the root we have 

6 root 
-5226 shi 
5226 
0 

517 fang 

354 

871 

53 lian 
6 
59 

1 yu 



Hence 36 is the required root. 
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it 7T & #} iH ft m & 5 t & & to m : 

x 3 - 37.x 2 + 31x - 36 = 0 
1000 - 3700 + 370 - 36 ( 3 

3000 - 2100 - 5190 
-700 - 1730 - 5226 
3000 6900 

2300 5170 

3000 
5300 

1 + 53 + 517 - 5226 ( 6 

6 354 5226 

59 871 0 

it, 36£3-#fHj-'HH 0 

f^J 8. Mx 2 - 10.x + 18.24 = 0 

100a: 2 - 1000.x + 1824 = 0 




1824 




-1000 




100 


2, 

{i& 

4 


1824 

£ 

224 

£ 

-1600 


-224 


224 


0 


-1000 

7) 

-60 

7) 

200 


4 


-800 


-56 


200 


1 

ft) 

-600 

T-'t'TT 



100 





2.4&PJrMfoo 


The solution in modem form is the same as Homer’s method 

x 3 - 37.x + 37* - 36 = 0 
1000 - 3700 + 370 - 36 ( 3 

3000 - 2100 - 5190 
-700 - 1730 - 5226 
3000 6900 

2300 5170 

3000 
5300 

1 + 53 + 517 - 5226 ( 6 

_6 354 5226 

59 871 0 

Hence 36 is one of the roots. 

Example 8. Solve x 2 - 10* + 18.24 = 0 

The equation may be written 100x 3 - 1000* + 1824 = 0 

or 




1824 



— 

1000 




100 


2 

1 “ digit of the root 

4 

2 nd digit of the root 

1824 

shi 

224 

shi 

-1600 


-224 


224 

next shi 

0 


-1000 

fang 

-60 

fang 

200 


4 


-800 


-56 


200 


1 

y u 

-600 

next fang 



100 

yu 



Hence 2.4 

is the required root. 





ffl9. m Sx - 310 = 0 

-310 

8 

3 (i* 8 

-310 fk -70 

24 64 

-70 -6 

8 8 

f#| 10. nt Jt 2 - 265 = 0 

-265 

0 

1 

l 6 

-265 & -165 

1 156 

-165 T — A'TT -9 

0 20 

J _ ___6 

1 26 

_L 6 

2 T-** 32 

1 » 1 


* 


( fife-* ) 


* 

3T 


JM****^* 16 0 


Example 9. Solve 8x - 310 = 0 


or 


-310 

8 


3 

1 “ digit of the root 

8 

-310 

shi 

-70 

24 


64 

-70 

next shi 

-6 

8 

chu shi fa ( divisor ) 

8 


Hence 38^ or 38-g- is the required root. 
Example 10. Solve x 2 - 265 = 0 
or -265 

0 

1 


2 nd digit of the root 
shi 


chu shi fa ( divisor ) 


1 , 

1 " digit of the root 

6 , 2 nd digit of the 

-265 

shi 

-165 

shi 

1 


156 


-165 

next fang 

-9 

remainder 

0 

fang 

20 

fang 

J_ 


_6 


1 


26 




_6 


2 

next fang 

32 


1 

yu 

1 

yu 


The integral part of the root is 16. 



k 

t 

k 

k 


4UnyX&4t-9'tfMj%, 32-ft^^, 
1 4£ 

-9 £ 

33 

32 7i 
_1 

33 

1 » 

4£ 1 *>*32 ft 33 #***«$**, 9 4t 

0 A, 16^-^^- 



4^ fJ ^ M ^ ^ ii 4t ^ ^ 4^ # 4t-ft ^ ^ 

Will, ft 135;t 2 + 4608* - 138240 = 0 

-138240 
4608 


135 


24 

1 

-138240 

5958 

-78660 

4608 

135 

5958 

135 

7308 

135 


4&.tf$-'Ci& 

9 

* 

-78660 


76707 


-1953 

* 

7308 


1215 


8523 


1215 

T->h* 

9738 

» 

135 


£ 


* 


T-^;4r 


To obtain the approximate fractional part we take the remainder -9 as 
the shi, 32 as the fang, and 1 as the yu. 

1 root 
-9 shi 
33 

32 fang 
_1 

33 

1 yu 

The root 1 is used as the means through which we obtain the term 33 as 
the denominator of fraction, of which 9 is the numerator. 

Hence 16-^- or 16yp is the approximate root. 

The fractional part obtained by this method is called jie shang ming fen 
( iu ). or borrow root fractional method. 

Example 11. Solve 135;r + 4608.t - 138240 = 0 


or 


-138240 




4608 




135 


1 

l sl digit of the root 9 

2 ml digit of the root 

-138240 

shi 

-78660 

shi 

5958 


76707 


-78660 

next shi 

-1953 

next shi 

4608 

fang 

7308 

fang 

135 


1215 


5958 


8523 


135 


1215 


7308 

next fang 

9738 

next fang 

135 

yu 

135 

yu 



2 

-195300 £ 
195300 
0 

97380 7) 

270 
97650 
135 » 


Sjib, 19.2 fro 




Mn. tot llx 2 + 49a - 1326 = 0 

-1326 

49 

12 

8 «L 

-1326 % 12 x ( -166 ), 

_M60 

-166 T-^£ 

49 7i 
96 
145 
_96 

241 T-^^r 

12 »' 


8 4fL 
-1992 £ 

1992 
0 

241 7T 

_8 

249 
i m 


***.**«, 


-195300 shi 
195300 


97380 fang 
270 
97650 
135 yu 


Hence 19.2 is the root. 


n r- 


The fractional part obtained by this method is called the tui shang nting 
fen ( ), or decimal root method. 

Example 12. Solve \2x 2 + 49x - 1326 = 0 
or -1326 



8 root 


1160 

-166 next shi 
49 fang 


8 root 


-1326 shi 12 x (-166), -1992 shi 


1992 


241 fang 



145 

96 

241 next fang 

12 yu 


249 


1 yu 


Hence or 8-j is the required root. 

The fractional part obtained by this method is called the lian zhi tong ti 
() (the branch connected with the trunk ), or fractional method of 
a quadratic expression. 


Jade Mirror of the Four Unknowns 


m 

7L 

IE. 

& 

S 




28 


13. 

df 24 a 3 - 31a’ - 55a - 12818 

= 0 



-12818 




-55 




-31 




24 



8 

#■ 

1 

41 

-12818 

£ 24 2 x ( -2954 ), 

-1701504 

% 

9864 


102918 


-2954 


-672324 


-55 

7i 24 x 4057, 

97368 

7i 

1288 


555 


1233 


102918 


2824 


565 


4057 

T-** 

108568 


-31 


545 

fk 

192 


1 


161 


555 


192 


1 


353 


565 


192 


1 


545 


575 

T—'HI. 


24 


1 


Example 13. Solve 24x 3 - 3 lx 2 - 55x - 12818 = 0 
or -12818 

-55 

-31 

24 


8 

root 


1 

root 

-12818 

shi 

24 2 x ( -2954 ), 

-1701504 

shi 

9864 



102918 


-2954 

next shi 


-672324 

next shi 

-55 

fang 

24 x 4057, 

97368 

fang 

1288 



555 


1233 



102918 


2824 



565 


4057 

next fang 


108568 

next fang 

-31 

lian 


545 

lian 

192 



1 


161 



555 


192 



1 


353 



565 


192 



1 


545 

next lian 


575 

next lian 

24 

yu 


1 

yu 




30 


6 #. 

-672324 £ 

672324 
0 

108568 2T 
3486 
112054 
575 & 
6 
581 
1 to 


6 root 


-672324 shi 
672324 
0 

108568 fang 
3486 
112054 

575 lian 

_6 

581 
1 yu 

Hence 8^ or 8^- is the required root. 

This method is also called the lian zhi tong ti( $£["](£ )( the branch 
connected with the trunk ), or fractional method of a cubic expression. 
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Gu Fa Qi Cheng Fang Tu 
( Chart of the Ancient Method of Rais¬ 
ing Binomial to the Eighth Power ) 


Ben Ji 
(Absolute) 


In Evolution ( Solution 

of Equations ) Read 
„ / . „ (Dividend) 

Horizontally 

Ping Fang Ji 
(Square) 

U Fung Ji 
(Cube) 

San Cheng Ji 
(4lh Power) 

Si Cheng Ji 
(5th Power) 


Inside Terms 

Fong Fa Are ah Complements 

(Divisor) 


Ping Fang Yu 
(Corner of Square) 


Li Fung Yu 
(Comer of Cube) 


San Cheng Yu 
(Corner of 4th Power) 


Wu Cheap Ji 
(6th Power) 

Liu Cheng Ji 
(7th Power) 


Qi Cheng Ji 
(8th Power) 



Si Cheng Yu 
(Corner of 5th Power) 


Wu Cheng Yu 
(Corner of 6th Power) 


Liu Cheng Yu 
(Corner of 7th Power) 


Qi Cheng Yu 
(Comer of 8th Power) 














[tt»] 

—9jW*#Bgft±ffl+^Hlo (Rfc) 




7C 

© 






I 







[ Notes J 

Pascal’s arithmetical triangle is given here as the ancient method of raising bino¬ 
mials to the 8th power. The method of evolution also depends on this triangle. Each term 
is named as given in the first diagram. ( C ) 


The Square of the Sum of the Four 
Quantities of a Right Triangle 


Square of Gu 

Gou x Gu 

Huang Fang 

x Gu 

Gu x Xian 

Gou x Gu 

Square of Gu 

Huang Fang 

x Gou 

Gou x Xian 

Huang bang 

x Gu 

Huang Fang 

x Gou 

Square of 

Huang Fang 

Huang Fang x Xian 

Gu x Xian 

Gou x Xian 

Huang Fang 

x Xian 

Square of Xian 

























[£%] 

mmm, mmzm, n%Y±.% 

i 

#^tfeo atea. &s\ #z, m 1 * i Q 



i 


i 

2 0 2 
2 

i o ± o i , &i+—h*S, H W-WA+A 

2 

2 0 2 
1 


#0 -f(SiA£, #3®M& 


o 


[❖if] 






4, St 5, ** 2 #atl*l*o #41, Ifx + y + z + u. *f 

Tiv,: x 2 + y 2 + z 2 + m 2 + 2xy + 2xz + 2 *m + 2yz + 2yu + 2zu 0 16 

#4, ^i96^ 0 


Those who wish to study the four elements must first have a clear under¬ 
standing of the theory and also know the rules of multiplication and division, 
the rules for ascending and descending, and the rules for stepping forward 
and stepping backward. It is not an easy thing and requires hard thinking. 
Here I let the base of a right triangle be 3, the leg 4, the hypotenuse 5, and the 
huang fang ( yellow square ) 2. The sum of these for elements is put in the 
form 

1 

1 * 1 
1 

whose square is equal to 

1 

2 0 2 
2 

10*01 

2 

2 0 2 
1 



Having 16 sections which contain 196 bu as shown in this figure. 




[is*] 

I'ltmz*, itiTMtfo BfflS-ffiflH. Ifliffifflo tt'MZ'J-j 

u, mjTZM, mn-mm, si, ^we*!# 1 . 

438 *u m*k 8*1*1,8«*i #£, \m \--%o a m, 

^-r-L-n'A+pq^, 


[a»] 

[ I ] 2l»: + h. U'-mZfta + c. ££#!/> + r. 8-^*3 

*t*l£*n (a + b ) + c, % ^43K*^:*I (b-a) + c ( % ) 


[4-W ] 

/L4.*jM;r>£, -fttb-f0*»35T 0i$jLJM.l, -*70$£3; # 

ifrtfjt.5, ij II# iii it/*£.**. JE 

i- 7 m*> . £)&&, mm°, «**»*», $*&*» fttm 

40*», #*] 42 # ##£■ g *., ft J|J 1764# &■£# 25 4£ 


The Square of the Five He 


Square of ( Xian + He ) 

( Xian + He ) x 

( Xian + He ) x 

(Xian * He) x 

( Xian * He) x 


( Gu ♦ Xian ) 

( Gou -♦ Xian ) 

( Gou + Gu ) 

( Xian + Jiao ) 

( Xian + He ) x 

Square of 

( Gu + Xian ) x 

( Gu + Xian ) x 

( Gu + Xian ) x 

( Gu + Xian ) 

( Gu + Xian ) 

( Gou ♦ Xian ) 

( Gou + Gu ) 

( Xian + Jiao ) 

( Xian + He ) x 

( Gu + Xian ) x 

Square of 

( Goa ♦ Xian ) x 

( Gou + Xian ) x 

( Gou + Xian ) 

( Gou + Xian ) 

( Gou + Xian ) 

( Gou + Gu ) 

( Xian + Jiao ) 

( Xian + He ) x 

( Gu * Xian ) x 

( Gou + Xian ) x 

Square of 

( Gnu + Gu ) x 

( Gou + Gu ) 

( Gou + Gu ) 

( Gou + Gu ) 

( Gou + Gu ) 

( Xian + Jiao ) 

( Xian * He) x 

( Gu ♦ Xian ) x 

( Gou + Xian ) x 

( Gou + Gu ) x 

Square of 

< Xian + Jiao ) 

( Xian + Jiao ) 

( Xian + Jiao ) 

( Xian + Jiao ) 

( Xian + Jiao ) 


The base and the leg of a right triangle are derived from a circle and a 
square. By taking I for the diameter of a circle the circumference is then 3, 
and by taking 1 for the diameter of a square ( a side of a square ) the perim¬ 
eter is 4. Putting the circumference as the base and the perimeter as the leg of 
a right triangle the hypotenuse of the triangle thus formed is 5. The five he 
( sums ) of a right triangle are the sums of the base and the leg. the base and 
the hypotenuse, the leg and the hypotenuse, the hypotenuse and the he (the 
sum of the base and the leg ), and the hypotenuse and the jiao (the difference 
between the leg and the base ) • 11 ; adding these five he we have 42 bu , the 
square of which equals 1764 bu. There are 25 sections as shown in the figure. 



[ Notes ] 


[ 1 j The five he is as follows: a + b, a + c, h + c,( a + b ) + c, and ( b - a) + 


c. (G) 


Jade Mirror of the Four Unknowns 
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^^f-+Ego 


[an J 

[ 1 ] 3CSBPEM: QHWOMb - a. 4jJs8;££c - a. - fc, 

c - (b - a ), %5'4Wfn2m (a + b) - Co ( 9P ) 


[❖*] 

*# + *$■*■#, jLi±-f&lfc, -M*. A*t£i±-fiURffl# 0 iAStf 

#L, *ML#.&4_ : *J«.4^ *J*$U » 

»*»**„ #5'J10# o ##£££, -ffi'JlOO^o & 

25^ 0 %%m, &3g.m T'S-fHo 


The Square of the Five Jiao 


Square of ( Xian - jiao ) 

( Xian - Jiao ) x 

( Xian - Jiao ) x 

( Xian - Jiao ) x 

( Xian - Jiao ) x 


( He - Xian ) 

( Xiao - Gou ) 

( Xian - Gu ) 

( Gu - Gou ) 

( Xian - Jiao ) x 

Square of 

l Xian - Gou ) x 

( Xian - Gu) x 

( Gu - Gou ) x 

( He - Xian ) 

( He - Xian ) 

( He - Xian ) 

( He - Xian ) 

( He - Xian ) 

( Xian - Jiao ) x 

( Xian - Gou ) x 

Square of 

( Xian - Gu ) x 

( Gu - Gou ) x 

( Xian - Gnu ) 

( He - Xian ) 

( Xian - Gou ) 

< Xian - Gou ) 

( Xian - Gou ) 

( Xian Jiao ) x 

( Xian - Gu) x 

( Xian - Gu) x 

Square of 

( Gu - Gou ) x 

( Xian - Gu ) 

( He - Xian ) 

( Xian - Gou ) 

( Xian - Gu ) 

( Xian - Gu ) 

( Xian - Jiao ) x 

( Gu - Gou ) x 

Gu - Gou ) x 

( Gu - Gou ) x 

Square of 

( Gu - Gou ) 

( He - Xian ) 

Xian - Gou ) 

( Xian - Gu ) 

( Gu - Gou ) 


The science of form is certainly mysterious but the secret in solving a 
problem is to have an adequate figure. Therefore the use of figures is very 
important and mysterious also. In the former diagram the square of the five 
he was shown. In this is shown the square of the five jiao. The five jiao 11 ] 
are the differences between the leg and the base, the hypotenuse and the leg, 
the hypotenuse and the base, the he (the sum of the leg and the base ) and 
the hypotenuse, the hypotenuse and the jiao ( the difference between the 
leg and the base ). Adding the five jiao we have 10 bu, the square of which 
equals 100 bu. There are 25 sections as shown in the figure. 



[ Notes ] 

[ 1 ] The five jiao is five differences. It includes b - a, c - a, c - b, c - (b- 
a ), ( a + b ) - c. ( G ) 































[JS*] 

nm ini: nnM? 

^S: A^TC—*4g, tnm&2.o 

0 ± -3888 


729 m o m-WA+^*7G«, ffiffi, *§*F3r5$: 729 0 HUS* 


-81 


-81 


jfz. nn=.& o i4) ^-fsio 151 


[£»] 

“ 4 j" % “«r, m*p 

ANS+m. (Bfc) 

[2] lit BP: [(a + b) - c](ab) =24, 6 + c = 9 0 ( ft ) 

[ 3 ] mj%X7i-, ita*mw > M«frM#ius. 4p««jn*t 0 iw + * 2 

= c 2 1!| a 2 = (c + b) (c - b) = 9 (c - b), c - b = -~ , lfija + 6- c = a- 
(c-fo) = a - - |L , fil(9a-a 2 = 9(a + <>-c) c X 26 = 9 - -|^- , T® 81a - 
a 3 = I8a6„ M*$, ( 9a - a 2 ) ( 81a - a 3 ) =9 (a + b - c)( 18 ab ) = I62ab (a + 

b-c) o 4-a*wiatt»^. tibj 0 (nn 

[4] 162a6 (a + b - c) = 162 x 24 = 3888„ , l#a 5 - 9a 4 - 

81a 3 + 729a 2 - 3888 = 0, (IP ) 


INTRODUCTORY PROBLEMS 

Yi Qi Hun Yuan ( The Unitary Nebula 
or One Unknown Quantity ) 

Problem . The huangfang ! - 1 multiplied by the zhi ji is equal to 24 bu; The 
sum of the gu and the xian is 9 bu 2 1 Find the gou. 

Ans. 3 bu. 

Process. Let the element tian ( Jz ) be the gou. From the statement we 
have the expression 

0 tai 
0 

729(31 

-81 

-9 

I 

for 162 times the huangfung , which equals 162 x 24. By cancellation we 
have 



-3888 

0 


729 


-81 

-9 

1 


an expression of the fifth degree whose root, 3 bu ' 4 is the required gou . ! 51 


7C 

5 

g 

* 

m 

m 

<? 

z 

m 



[5 ]&&&&#&* mifUm3ki£ 0 &i?n, I 


3Hab(a + b- c)= 24 ( 1 ) 

b + c = 9 ( 2 ) 

Sfrla 2 + fc 2 - c 2 = 0 (3) 

(3) (2 ) £, n £= c - b (4) 

(4) M1PH«£«, f# 

9a~fl 2 = 9(tf + /?-c) (5) 

( 2 ) (4 ) MMLff 2b = 9 --£- 

SE#18* = 81 - a 2 (6) 

fflfl«l»(6) A, ft 18a* = 81a - a 5 (7) 

ffi (5 ) (7)5$, ft ( 81a - a 2 ) ( 9a - a 2 ) = \62ab (a + b - c ) 


sjt# 729a 2 - 81a 3 - 9a 4 + a 5 = 162afc ( a + - c ) ( 8 ) 


dta ( 1 ) jC, f# I62afc (a + b - c) = 3888 

HFfn. ( 8 ) 5£$'3ja 5 - 9a J - 81a 3 + 729a 2 - 3888 = 0 


affiiwio ^ai®T: 


[ Notes ] 

[ 1 ] When the words gou and gu are used, the figure is understood to be a right 
triangle. Therefore, the words "in a right triangle" are. as a rule, omitted in the problem. 
(C) 

[ 2 ] That is, [( a + b ) - c ] ( ab ) = 24, h + c = 9. ( G ) 

[ 3 ] Let the element tian be the gou. By getting two polynomial expressions which 
are equivalence to extract and get the result. From a 2 + b 2 = c 2 have a 2 = ( c + b ) (c - 
b) = 9 (c-b\c-b=-£-, and a + b-c = a- ( c - b) = a - . therefore 9 a 

- a 2 = 9 ( a + b - c ). And 2b = 9 - , so 81a - a 1 = 18 ab. Clearly, (9a - a 2 ). 

( 81o - a 1 ) = 9 (a + b - c) ( 18 ab ) = 162 ab ( a + b - c ). The original text used 
the calculating-rods numerals.We change them into the Arabic numerals. ( G ) 

[ 4 ] \b2ab (a + b - c) = 162 x 24 = 3888. Extracting both two have a 5 - 9a' 

- 81a 1 + 729a 2 - 3888 = 0. ( G ) 

[ 5 ] The method used in deriving this equation, or expression of evolution, is not 
given by Zhu Shijie. It is the same . however, as the modem method excepting that it is 
expressed in Chinese symbols and figures. For illustration: 

Given ab ( a + b - c ) = 24 ^ 1 * 

b + c = 9 ( 2 * 

a 2 + b 2 - c 1 = 0, a known law, ( 3 ) 



Find a. 

Dividing ( 3 ) by ( 2 ), -^-= c - b 

Subtraction a from each member of ( 4 ) and clearing of fractions, 

9a - a 2 = 9 (a + b - c) 

Subtraction ( 4 ) from ( 2 ), 2b = 9 — 
or \8b = 81 - a 2 

Multiplying ( 6 ) by a, \Sab = 81a - a 3 

Multiplying ( 7 ) by ( 5 ), ( 81a - a 2 ) ( 9a - a 2 ) = 162 ab (a + b - c) 
or 729a 2 - 81a 1 - 9a J + a 5 = 162afc (a + b - c) 



3 x 1296. 

3 x 432, 

3 x ( -99 ), 

3 x ( -6 ). 

3x1. 

7mm 

3 ) 1 -9 -81 

3 -18 


3 m 

-3888 % 
3888 
0 

0 * 
1296 
1296 

729 I* 
-297 
432 
-81 
-18 
-99 

-9 

_3 

-6 

i m 


+729 

+ 

-3888 

-297 

+ 1296 

+3888 


-6 


-99 


+432 


+ 1296 


0 


From ( 1 ), 162 ab (a + b - c) = 3888 
Therefore ( 8 ) becomes, a' - 9a J - 8la 3 + 729 a 2 - 3888 = 0 
The first member of equation ( 8 ) and the final equation are given by Zhu Shijie, but 
the method of solving is omitted since it was well known to the people at that time. It is 


essentially Homer's Method as shown in example 7. This particular solution is as follows: 


3 x 1296, 


3 x 432, 


3 x ( -99 ), 


3 x ( -6 ), 


3 x 1, 


3 root 
-3888 shi 
3888 
0 

0 fang 
1296 
1296 

729 1" /fan 
-297 
432 

-81 2 nd lian 

-18 

-99 

-9 3 rd lian 

_3 

-6 

1 yu 



47 


Arranged in the horizonal form 


3 ) 

1 -9 

-81 

+729 

+ 

-3888 


_3 

-18 

-297 

+ 1296 

+3888 


-6 

-99 

+432 

+ 1296 

0 



-t'o &ftmm.wfoft- : K-fiz#., % o„ <»> 

[4-if] 

^tf******* 24^o ***-5 #■£.*»# 9 «: *) % $ !?? 

S: 3-po 

$: -xtotj, yX-ke&.7T &£-&*fo l**J 162 >MMr* JL#: 

x 5 - 9.x 4 - 81* 3 + 729**; « 162 JMi&tf <R, 

x 5 - 9X 4 - 8lx 3 + 729.x 2 - 3888 = O 0 3 #£-0r 

f-1 o 


"By cancellation" Zhu Shijie means obtaining two quantities of the same value and 
subtracting the one from the other. The value of the remainder which is called the kaifang 
zhi shi ( ), or the expression of evolution, is 0. ( C ) 
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ftH: ifeTG-^^fPo *, HfeSe^^., »4*^s 

-2 0 * 2 0 * 

-i 2 o,i j i*fij 5 *: -i 2 o 0 ^'Ti.B®tt, mz, \H-tm 

0 2 0 0 0 0 

0 0 1 0 0 1 

* 0 * -8 

5S: 8 , 0 0 W -2 0 [6j VlTKZ., 

4 2 1 

1 


««o ^-|S]o (71 


[S»] 

[l]ft-|[ft=ftft+, 4g*a. ft%c a c- (,b-a) 

ft ^mmzm x, < wn 

[ 2 ] jifcBP: fr 2 - [c - (fc-cr)] = ab Q a 2 + [ c + ( fc - a ) ] = ac 0 ( ?P ) 

[3] SXTG-fcJS*. ic^/x; i3Hfe7C-*c + a, iCfcy, iftBP: 
x 3 + 2x 2 y + 2xy - 2f - xy 2 = 0 a {$>) 


Liang Yi Hua Yuan ( The Mystery of 
the Two Natures or Two Unknown 

Quantities ) 


Problem . The difference between the square of the gu and the j dan-jiao- 
jiao 11J is equal to the product of the gu by the gou\ the sum of the square of 
the gou and the xian jiao he is equal to the product of the gou by the xian! 2 
Find the gu. 

Ans. 4 hu. 

Process. Let the element tian be the gu. and the element di the sum of the 


gou and the xian. From the statement we have 


-2 0 P 
-12 0 
0 2 0 
0 0 1 


! 3 J , and 


2 0 P 
-12 0 
0 0 0 (4J 
0 0 I 


By elimination, using the hu yin tong fen method ( ) [ method 

of combination ] we have 


and 


0 is 


from the two interior and the two exterior columns respectively, 
By cancellation of these columns we have 


_ 2 [‘l 



a quadratic expression whose root, 4 bu, is the required gu. 





[ 4 ] JifcBP; x 3 + 2xy - xy 2 + 2? = 0 o ( % ) 

[5] fix 2 -2y = 0 o IjlWx, *#x 3 - 2xy = 0 o 

*<j£y. 112** + 4x - 2y - xy = O c lttBPrt“^2x 3 + Ax, bUx 2 + 8x 0 . 

—- 2y - ry. ^x 2 - 2y = OftA, ffcijfcx 2 + ± x\ sJtZr 2 + x 3 , 

ft. (» ) 

[6] Wx 3 - 2T 2 - 8x = Oc mJSHtiLJftt* - 2x - 8 = 0„ 


(*) 

[ 7 ] : 

|j 6 2 - [ c - ( 6 - a ) ] = a£ (A) 

a 1 +(c + b- a)=ac (6) 

a 2 + b 2 - c 2 = 0 ( C ) 

^i/>= 

= * ( 1 ) 
Sy = a + c ( 2) 

M(2)j*;*W£ (Dit, *#y-x = c-fc + a (3) 

M. ( 1 ) (3 ) x£, x 2 - y + x = fr 2 - (c - + a ) (4) 

(4) 5*mu( 1 ) xt, l#x-^+ 1 = a (5) 

(2) ^4>«* (5) '&y - x +-£- 1 = c (6) 

ffl(i)5$. (5)5*&<6>5t#8dlHft(C)*4**. flScM®. m 
x 2 + (x -Z + 1 ) 2 - (y - x + -£ - 1 ) 2 = 0 (7) 

X x 

ftW, + 2y + 2*y - J*L - y 2 = 0 

J#x 3 + 2xv + 2x 2 y - 2.x 2 - xy 2 = 0 ( 8 ) 

[*tfefci&iBT 2 r* ( 8 )] 

( I ) x£,¥jJ, *&(C )*M»WlA ftx 2 = fc 2 = c 2 - a 2 (9) 

(9) iS&W (2) A, ^~= c - a (10) 

(2) 5$fln ( 10) A, fty + y- = 2c (11) 


[ Notes ] 

f 1 ] In a right triangle whose base ( gou ) is a, leg ( gu ) b, and hypotenuse (xian ) 
c, c - ( b - a ) is called the xian-jiao-jiao ( hypotenuse-difference-difference, that is , the 
difference between the hypotenuse and the difference between the leg and the base ). ( C ) 
[ 2 J That is, b 2 - [ c - ( b - a ) ] = ab, a 2 + [ c + (b - a)] = ac. ( G ) 

L 3 J Let the element tian be the gu b expressed by x\ let the element di be c + a y 
expressed by y.That is the jin shi : X s + 2x 1 y + 2ry - 2 yr - xy 2 = 0. ( G ) 

[ 4 ] That is the yun shi : x 3 + Ixy - xy 1 + 2y 2 = 0. ( G ) 

[ 5 ] Eliminating y from the expressions of Jin and Yun, Zhu Shijie had x 2 - 2y - 
0. Multiplying the expression by x , then he had x y - 2xy = 0. Subtracting it from the jin 
shi , then by eliminating >\ he had 2x 2 + 4x - 2y - xy = 0. That is, two interior col¬ 
umns are 2x 2 + 4* or 4.t 2 + 8.t, and two exterior columns are -2 y - xy. Taking x 2 - 2 y 
= 0 into -2y - xy , he had x 2 + 4j-x*or It 2 + x\ which is the exterior columns. ( G ) 

[ 6 j By eliminating the two interior and the two exterior columns, Zhu Shijie had 
x 3 - 2X 2 - Sx = 0 and by cancellation he had x 2 - 2x - 8 = 0. ( G ) 


[ 7 ] The solution in modem form is as follows: 

Given b 2 - [ c - ( b - a )]= ab (A) 

a 2 +(c + b- a)=ac (B) 

a 2 + b 2 - c 2 = 0 (C ) 

Find b. 

Let a: = b ( 1 ) 

And y = a + c ( 2 ) 

Subtracting ( 1 ) from (2), y-x = c- b + a (3) 


Subtracting ( 3 ) from the square of ( 1 ), x 2 - y + x = b 2 - ( c - b + a ) ( 4 ) 
Dividing (4 ) by ( 1 ), * - + 1 = a (5) 

y 

Subtracting ( 5 ) from (2\y - x + ~ * = c 
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( 6 ) 


( 12 ) 


M. ( 2 ) 5*+«±- ( 10 ) it, - -f- = 2a 

ffl (12) itHIlil (11) n?--£-=4ac (13) 

( 1 ) 1m (2) 5t,. fl* ( 12) it, ftx +y-= b - a + c (14) 

( 12) StW 3 | t *-JlB±4fffW ( 14) it, ft 

y 2 + 4x - lx 1 + = 4 [ a 2 + (c + fc-a)] (15) 

ft (b ) (i3) ^ (i5), m©. ft 

4,-W^-f-O 

at# 2^ - xy 2 + 2ry + x 1 = 0 ( 16 ) 

06) a] 

M.(16)St+**(8)A. ttfgfls, »2y-** = 0 (17) 

(8) j£An± ( 17) it, ffcffi 

2v + xy = 4x + l* 2 ( 18 ) 

ffl( 17 ):&*«( 18) it, it® 

x 2 - 2x - 8 = 0 (19) 

[ (19) Attest ] 

iEIB 4 


&PJT7F o 



D 

C 

P 


H 

F 

A 


I 

G 

B 






p**5WKj6, mwmPAB . 

x 2 , x 3 , -, x"TO£ft, nrWtBMfcxtt,, $ 









Substituting the values of b, a y and c, given in ( 1 X ( 5 ) and ( 6 X 

in ( C ), we have 

x 2 + (x - Y + 1 ) 2 - (y - x + Y - 1 ) 2 = 0 

(7) 

2y 2 

Simplifying, x~ + 2 y + 2xy x y 2 - 0 

Clearing of fractions, x 3 + 2rv + 2x 2 y - ly 2 - xyr = 0 

(8) 

[ Equation ( 8 ) is given by Zhu Shijie 1 

Squaring ( 1 ) and substituting in ( C X x 2 = b 2 = c 2 - a 2 

(9) 

Dividing ( 9 ) by ( 2 X ~y~- c - a 

( 10) 

Adding ( 2 ) and ( 10 X y + = 2 c 

( 11 ) 

Subtracting ( 10 ) from (2 \y - = 2 a 

( 12) 

Multiplying ( 11 ) by ( 12 X y 2 - = 4 ac 

( 13) 

Adding ( 1 ) and ( 2 ) and subtracting ( 12 X x +-y- = b - a + 

c (14) 

The square of ( 12 ) plus 4 times ( 14 X 

V 2 + 4x - 2x 2 + = 4 [ a 2 + (c + b - a)] 

( 15) 

Substituting values of ( 13 ) and ( 15 ) in ( B ) we have 

4.v - 2.r 2 + -y- + ~T~ = 0 

or 2/ - xv 2 + 2xv + X s = 0 

( 16) 

[ Equation ( 16 ) is also given by Zhu Shijie ] 

Subtracting ( 8 ) from ( 16 ), and simplifying. 2y - x 2 = 0 

( 17) 

Adding ( 8 ) and ( 17 ). and simplifying. 

2y + xy = 4.r + lx 2 

( 18) 

Multiplying ( 18 ) by ( 17 ), and simplifying. 

rr 2 - 2x - 8 = 0 

( 19) 


[ Equation ( 19 ) is the form given by Zhu Shijie ] 



The positive root 4 is the required gu. 

The following diagram shows the position of each term of an equation containing 



miPCD-»JvmfoZ$iy#lo y, y 2 , y \ 

C*jSy»*#. />**>*«£#, Wo 

CFG-^'JD///-Pj»^*y ?'J, 

m.&*jej8c. atiM&a. F^jiy^w^tt. g^^^msur. »»jry 

j m*M. w « 

-r 3 + Ixy + It 2 )- - 2> J - Jty 2 

KA+Wa*** 

-2 0 F 
-12 0 
2 0 
1 

ffl^inia—W^owaJSSWB**, Wo & 

fcAMffiflMMBH, EPWo» *« 69 » 

afflymw—w^ow^tjs^wntiR. 

l»l&»«lW5fl, Wo 
JWSfcfcB*. 

Witt, &BJV,faT&n)}, & 


HXB: tftfg 


two unknown quantities arranged according to the method used by Zhu Shijie. 



In this discussion P is used for the Chinese character^: ( tai ). P is called the origin 
or the pole. The column PAB ...may be called the *-axis since it contains the coefficient of 
x. x 2 , 

A denoting the coefficient of x, B of x 2 . and so on. 

The row PCD ...may be called the v-axis where the coefficients of y, y 2 , yV• \ y" are 
placed, C denoting the coefficient of y, D off, and so on. 

The column CFG ...may be called the y column where the coefficients of y are placed; 
the column DHI... the y 2 column where the coefficients off are placed. 

Row AFH ...may be called the x row, where the coefficients of x are placed; BGI... 
the x 2 row where the coefficients of x 2 are placed. 

From these definitions we readily see that F is the coefficient of xy, G of x 2 y. H of 
xy 2 . and so on. 

Writing the expression 

x 2 + 2xy + 2x*y - 2 f - xf 

in Chinese form we have 

-2 0 P 
-12 0 
2 0 
1 

When an expression whose value equals zero is multiplied by x, the whole form of 
the expression is moved one row downward; when multiplied by x 2 two rows downward, 
and so on. The value of the expression remains the same, that is. equal to zero. When an 
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2x 2 + 2x-2y-xy + -^- = 0 

2x - x 2 +-£- +^-= 0 

y y 2 

nm 

-2 P 0 
-12 0 

0 2 0 ( 1 ) 

0 0 1 


POO 
2 0 0 
-12 0 
0 0 0 
0 0 1 


( 1) 

( 2 ) 


( 2 ) 




-2 0 P 


-12 0 


0 2 0 


0 0 1 


( 1 ) 


2 0 P 
-12 0 
0 0 0 
0 0 1 


( 2 ) 


i£{SOT-f 0. />«! 

M. (l) (2) it. 

-40 -20 

0 0 ■£# 0 0 
0 2 0 1 ( 3 ) 

4- (3) m <i) •?*>««$. m. (i) ( 3 ) a, n 


2 0 
1 -4 

0 -2 


mmm ( 4 > 

20 p -2 0 


1 -4 


0 0 
0 1 


(4) 


(5) 


0 -2 


expression whose value equals zero is multiplied by y the whole form of the expression is 
moved one column to the left; when multiplied by y 2 two columns to the left, and so on. 

In division the form of the expression moves of course in the opposite direction, 
from which it moves in multiplication. 

Since the whole form of the expression may be moved upward as well as downward, 
to the left as well as to the right, without changing its value. P may be omitted in the 


process of evolution. 


Problem. Solve the equations. 






lx 2 + It - 2 y - xy + y- = 0 





(1) 

2x - x 2 + -y- + y- = 0 





(2) 

We have 






-2 P 0 


P 

0 

0 


-12 0 


2 

0 

0 


0 2 0 

( 1 ) 

-1 

2 

0 

(2) 



0 

0 

0 


0 0 1 


0 

0 

1 


Clearing of fractions, 






-2 0 P 


2 

0 

p 


-12 0 


-1 

2 

0 


0 2 0 

( 1 ) 

0 

0 

0 

(2) 

0 0 1 


0 

0 

1 

• • « 


Since multiplication or division does not change the value of the expression, which 


always equals zero, P may be omitted. 
Subtracting ( 2 ) from ( 1 ), 


-40 -20 

0 0 0 0 


0 2 


0 1 



or 


(3) 


( 6 ) 



m 
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8 P 0 


4 

0 


2 

1 


8 

2 

-1 


MW 4 

*ft: fc(5)SC^(6)j£«fr. 

hnjmui*, «&*«$*&*!> as 0 

m +*wi+jr*#MfT. BiHMcTOmwa:*, 

#Jftn, Wjt* - 7x + 5^x* + 2r* + x - 1 


1 + 2 + 1 - 1 
1-7 + 5 
1 + 2 + 1 - I 
_7 _ 14 - 7 + 7 

5 + 10 + 5-5 
1 - 5 - 8 + 2 +12-5 


-5 

-5 

12 

7 +5 

2 

-1 -7+10 

-8 

1 -14 +5 

-5 

2 -7 

1 

1 


(Mn 


Making expressions ( 3 ) and ( 1 ) even at the bottom and at the right, and sub¬ 


tracting ( 3 ) from ( 1 ), 


2 0 
1 -4 

0 -2 


Placing ( 3 ) and ( 4 ) side by side, 

2 0 P - 2 0 


1-4 0 0 

0-2 0 1 


Placing the products of the interior and exterior columns side by side. 


8 P 

4 

0 

Cancelling, we have 

8 

2 

-I 


0 

2 

1 



a quadratic expression with 4 for its root. 

* Notice that P, in ( 5 ) and ( 6 ), is put even with the first row in order to have its 
position definitely decided upon when the products of the interior and exterior columns 
are obtained. 

Remember that the multiplication is the same as in the synthetic method excepting 
that the Chinese compute vertically instead of horizontally. 

For example, multiply x 5 + 2x 2 + x - lbyx 2 - lx + 5. 


[4-iiJ 

«: &*)$'>'? 

%-: 4# 0 

ifciLfc— xM}Ht, test—)’%£)&fro KrL%&&$.£■ Wo 
x 3 + 2jr;y + 2xy - 2>’ 2 - xy 2 = 0, x 3 + 2xy - -*>> 2 

+ 2y 2 = 0 n 2.1&i$.£-%/L, — trti&ftfiUx 2 + 8x, &*b—-fHa 

Mn lx 2 + x^o , ff *]*■#*.: jc 2 - 2t - 8 = Oo 


1 + 2 + 1 - 1 
1-7 + 5 
1 + 2 + 1 - 1 
_ 7 _ 14 - 7 + 7 

5 + 10 + 5-5 
1-5-8 + 2 + 12-5 


Chinese method 

-5 

12 

2 

-8 

-5 

1 


-5 
7 +5 
-1 -7+10 

1 -14 +5 

2 -7 
1 
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?SJLfnJ? 

£0: JL# 0 


^0 : \L5o C— 


i&7L—X}&, Xtl- 

-A£o H«gd, 

0 

-1 

X 

-1 

-i A -l 

4^: 


i 

, Ia] *fts5£: 

0 1 l. l,1 jfcf#H 

-1 

0 

-i 

0 

0-1 0 

1 

0 

X 

0 -1 


Jc^: 0 

0 

0 


0 

0 

l 

0 0 


1 

1 

-2 X 

1 -2 2 A 

mm -i 

1 

-1 

, / of # 0-2 4 - 

2 .SlJM.Ji 

0 

1 

-2 

0 0 1 - 

2 




-78 

-98 



13 

-14 A -157 

-133 

7 -6 A 


11 

-13 -146 

-130 

3 -7 , 

tin 

5 

-15 o ft—ftn -43 

, ft-fim -67 o iWffi 

-1 -3 


-2 

-5 10 

14 

0 1 


0 

2 11 

11 




-2 

-2 


m, m&z, mntt 4o =»^r^, \m.s& o [sl ^Jo 


-6 

1 


San Cai Yun Yuan ( The Evolution of 
the Three Talents or Three Unknown 

Quantities ) 


Problem. The quotient of the xian he he and the difference between the 
xian and the gu is equal to zhi jr, the quotient of the xian jiao he and the 
difference between the xian and the gou is equal to the gou . 11 ! Find the xian. 
Ans. 5 hu. 

Process. Let the element tian be the gou, the element di the gu, and the 
element ren the xian. Using these three talents ( elements ) we have 
0 -1 P -1 -1 P -1 1 0 P 0 -1 

1 ,121 0 1 1 , l3] 0 0 0 0 0 [4] 
-10 -10 0 -10 0 0 10 0 

Eliminating and changing the positions of rian and ren we have 

11-2 P 1-2 2 P 

-1 1 -1 and 0-2 4-2 

01-2 001-2 



By composition, 


7 

-6 

1 

D 

13 

-14 

3 

-7 



11 

-13 

-1 

-3 



5 

-15 

0 

1 



-2 

-5 





0 

2 


The products of the interior and exterior columns are 
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[>*S] 

[1] «: La* b} *_c = fl/> _c_ i _( 6 _z a ) = flo ( gg > 

c - b c - a 

[2] i3A7C-*^, Atc-z*;£, 

EPl^: -x-y-z + *yz-jiy**Oo(») 

[ 3 ] Wit [ 1 ] IS-iC/Stf, EP^s^: x-y-z-x 2 + xz = 0 o ($lS) 

[ 4 ] x 1 + y - z j = o 0 (ni) 

[5 jiuxszmi-jS, mu*, ^htca*. 

aiH^ATtJSfJATU t, x 2 + x - x*z + XZ - Z + xz’ - 2z 2 - 2 = 0; 

^AtcSSIJAtcA, 

■r 5 - 2c 2 + 2x - Z^z + 4xz - 2z + xz 2 - 2z 2 = 0„ 

( -z 2 + 3z + 7 ) * + ( z J - 3z 2 - 7z - 6) =0, 

( -2z 3 + 5z 2 + 1 lz + 13 ) X + ( 2Z 4 - 5z 3 - 15z 2 - I3z - 14 ) = 0 o 

-2z* + 1 lz 5 + lOz 4 - 43z 3 - 146z 2 - 157z - 78, 


-2? + 1 lz 5 + 14z* - 67z J - 130z 2 - 133z - 98 0 

wjmbm, Guttofc, mwtt 

z 4 - 6z’ + 4Z 2 + 6z - 5 = 0„ ( IP ) 


[4-«3 

R: M2*'? 


-78 

P -99 

-157 

-133 

-146 

-130 

-43 

-67 

10 

14 

11 

11 

-2 

-2 


-5 

6 

After cancellation and dividing by 4, we have 4 , an expression of the 

-6 

1 

fourth degree whose root, 5, 5 is the required gou. 

[ Notes ] 

[ i ] That is, Ul+J!±*JL = ab, -£- ! - < b —“± a . ( G ) 

c - b c - a 

l 2 ] Let x be tian, y di , z ren. Using them to replace a , b , c in the first expression of 
last footnote, then get the jin shi : -x - y - z + xyz - .rr = 0. ( G ) 

[ 3 ] Let x . v, and z replace a, /?, r in the second expression of the frxnnote before the 
last, then get the Yun shi: x - y - z - x 2 + x c = 0. ( G ) 

[ 4 ] A son yuan shi is gotten by the methods of solving a right triangle: x 2 + y 2 - z 2 
= 0. ( G ) 

; 5 J Subtracting the jin shi from the yun shi , and dividing by a\ making the yun shi 
and the son yuan shi become the function of v. in son yuan shu putting the dement ren on 
the element tian as well, we have the qian shi: 

.r + x - x 2 z + xz - z + xz 1 - 2 z 2 -2 = 0; 
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x % k) , 1&7C— yfiflSt, Ait— z ft fe, Ait^ i&it-^ 
A it-S-:^ 40 #$0*^.: -x - y - z + xyz - xy 2 = 0, 

$■$■■&£.: x - y - z ~ x 2 + xz = 0, 4t#-=-it/s.: at + y 2 - z 2 = 0 o 

— ^.^#Ait^S'jAit^43.J.Ji, 

#$0tf *,: x 2 + x - x 2 z + xz - z + xz 2 - 2z 2 - 2 = 0, #$0j&*.: x 3 
- 2X 2 + 2x - 2x 2 z + 4xz - 2z + xz 2 - 2z 2 = 0 o 40#, ft 

( -z 2 + 3z + 7 ) x + (z 3 - 3z 2 - 7z - 6 ) =0, 

;£» A,: 

( -2z 3 + 5z 2 + 1 lz + 13 ) x + ( 2Z 4 - 5z 3 - 15z 2 - 13z — 14) = 0 o 
ft~*rfa$Lft -2Z 6 + llz 5 + 10z 4 - 43z 3 - 146z 2 - 157z - 78, 

^fttejLft -2Z 6 + llz 5 + Uz 4 - 67z 3 - 130r - 133z - 98 a 

fl>h-*f48#\ «W^4L, #20 
z 4 6z 3 + 4z 2 + 6z - 5 = 0 o 
#$0*5*0 


Substituting the function concerning y conversed by the yun shi for >• in the san 
yuan shi , then also putting the element ren on the element lian , we have the hou shi: 

- 2x 2 + 2x - 2xh + 4.r- - 2z + xz 1 - 2 z : = 0. 

By cancellation, we have the zuo shi: 

( + 3 Z + 7 ) jt + (z 3 - 3r - 7z - 6) =0, 

And you shi: 

(-2z 3 + 5z* + 1 lz + 13 ) x + (2Z 4 - 5z 3 - 15z : - 13z - 14) = 0. 

Multiplying the two interior columns, we get: 

-2z 6 + Hz’ + 10z J - 43z 3 - 146r - 157z - 78, 

Multiplying the exterior two columns, we get: 

-2z 6 + 1 lz’ + 14z J - 67z 3 - I30z 3 - 133z - 98. 

After cancellation and dividing by 4. we have z 4 - 6z 3 + 4z J + 6z - 5 = 0. ( G ) 
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[«£] 

iwjo [,] N: nimn 

^0: -+0^n 

^0: i^7L—^J^j, ife/l.—AftA AAi—A&, ^TU—A?F$to 0 


tuft £$.z,m§^£. 


-2 A 1 
0 1 0 ( 1 ) 


0 4 A 4 

, [2 W&tt~\ 0 2 1 (2 ), [3] 

0 0-10 


i o A o -i o-io 

X'&ByiZjK, o ooo o (3), [4l ^t##J2n^2 Ao(4). ,il 

0 0 10 0 0 2 0 


2 -22 28 A 

-1 10 -2(5). 
0 0 0 -1 


-7 A 
0 2 


0 294 

(6), f£*j£fr 0 W£m8flT5£ 8 3 , rt-frt# 

o -4 


0 -2058 » -686 

it o , -21 o-7 o 

16 28 4 

¥A7F£, l|-tl!!l^ |6l ^o [71 


[ttm 

[ l ] ie£fn£.fn:*M = (a + A) + (a + c> + (A + c) + [c + (« + A)] 


Si Xiang Hui Yuan ( Simultaneousness of 
the Four Phenomena or Simultaneous 
Equations in Four Unknowns ) 

Problem. The product of the gu by the five jiao is equal to the sum of the 
square of the xian and the product of the gou by the xian; The quotient of the 
five he and the gou is equal to the difference between the square of the gu and 
the difference between the xian and gou. ' Find the sum of the huang fang, 
gou, gu and xian. 

Ans. 14 bu. 

Process. Let the element tian be the gou, the element di the gu. the element 

ren the xian, and the element wu the sum of the huang fang, gou, gu, and 

xian. These four phenomena meeting we obtain the following expressions 

0 4 P 4 1 0 P 0 -1 

” 2 P 1 ,1*1-1 0 2 1(2 ), tJl 0 0 0 0 (X3) [4] 

0 1 0 ( 1 ) 

00 -10 00100 
0-10 
2 P 0 (4 ) ' 5 ' 

0 2 0 


CD 


I 


SI 

33 

g<D 

® -n 
3 o 
o> c 


3 

O 

$ 

c/> 



By eliminating and interchanging the positions of tian and wm. 


2 -22 28 P 
0 -1 10 -2 
0 0 0 -1 


-7 P 

( 5 ), and 

0 2 


( 6 ) 


From these expressions we obtain also 





+ [c + (b-a)], %B= (b - a) + (c-a) + (c - b) + [c - (b 

-a)] + [(a + b) - c], itfcfiP: bB = c 2 + ac, ■£-=&- ( c - a ) Q ( $P ) 

[ 2 ] iS^ 7 D— X^ 4 j, H& 7 C— y^JK, Atd —z^§£, #J 7 G— m [( a 

+ ft) - c] + (a + 6 + c) 0 Ig^B = 2c, Blft26c = c 2 + ac, 
x - 2y + z = O 0 < IP ) 

[ 3 ] EfO^L^O-4 = 2a + 4b + 4c, Hilt 2a + 4b + 4c = a [ b ! - (c-a)], 
fUSxC: -x 2 + 2x - xy 2 + 4y + xz + 4z = 0 o (IP ) 

[ 4 ] *43K7MW»H5c5t: x 2 + y 2 - z 2 = 0 o (IP ) 

[ 5 ] Wj^'R , tt» &H#£*I1 *Jm = 2a + 2b. 

2x + 2y - a = 0 o ( IP) 

[ 6 ] W8l±<a -6y * 2z + a = o, 

fflffi. »Sd'Mfc-2/ - 2y - 4y + 2yz + y*ii + 2z 2 - 8z - za - 2a 

= Oo , ^PJT&Sy 2 - 4ya - 4Z 2 + a 2 = Oo &l tffi. 

m. Vl4#lZ. 2 y - 22 .V 2 + 28 y - y*M + IOvm - m 2 - 2 m = 0 ‘„ 4 

2y* - 22f + 28y - j^x + 10yx - x 2 - lx = 0„ ^4>y 2 


M%m -8, m±M. TflrtUffi, IU16&Z, »«-7y + 

2 u = o, mto7tmm*7c±, jgitBwi&s. lusammammtt: 

8 u 2 y - 4u 2 + 3m + 294 = 0 


rt -Ifffi## 


2 (8a 2 ) = 16a 2 , 

jh-ffttum 

-7 ( -4m 2 + 3m + 294 ) = 28m 2 - 21m - 2058 o 

M3#z. mmn*.-. 



0 294 

8 3 

0 -4 

Which is placed on the right ( of the bar ) and ( 6 ) on the left. The prod¬ 
uct of the interior and exterior columns are 

0 -2058 

0 and -21 

16 28 

-686 

Subtracting the one from the other and dividing by 3. we have -7 , 

4 

a quadratic expression whose root, 14, b 1 is the required number. 1 


[ Notes ] 

[ I ] Use A = (a + b) + (« + c) + (fc + c) + [c + (a + b)] + [c + (/> 
-a)] for the sum of the five he , fl = ( b - a ) + (c-a) + (c - b) + [c - (b 
_ a ) ] + [ ( a + b ) - c ] for the sum of the five j'iao.That is, bB = c 2 + ac, A-= b 2 - 



( c - a). ( G ) 

[ 2 ] Use the element tian x for the gou, the element di y for the gu, the element ren 
z for the xian, and the element wu u for the required number which is l ( a + b ) - c ] + 
(a + b + c). The sum of five jiao is A = 2c. So 2bc = c 2 + ac , wc have Jin shi : x-2y 

+ z = 0. ( G ) 

[ 3 1 The sum of five he is B = 2a + 4b + 4c.Therefore, 2a + + 4c = a l b 2 - 

(c - a ) 1 We have the yun shi: -x* + 2x - xy 2 + 4y + « + 4 : = 0. (G) 

[ 4 ] A san yuan sW is gotten by the methods of solving a right triangle: -r + v 2 - z 2 

= 0. (G ) 
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4 u 2 - 7u - 686 = O c ( §J5 ) 



0 

7C 

5 

M 


0 

ft 

89 

ft 

4B 

❖ 

2. 

m 




74 


WS-t?o (1)SC; H;fcSiaM*-3P*m "Rs” ffte. 0rW 

(2) SCttlW^SSC; 02/(3)iC£#H^7G: A. «U A. JfflMMMISHaSSC; H*J 
(4) SCtlftftfTU. (5) SCtt»*«rSC; (6) SCtt*AJgSC. 

4-***3. y*;J&, Z*£. fc), IK, lil&52M*Jo z 


- .*, z - y, x + y - z, V.IS. z - ( y - x )„ 2z 0 * + y, jr + z, 

y + z, * + y + z, lil&z + (y - x) 0 2* + 4y + 4z 0 

«Ii#2yz = z 2 + « 


i£#z 2 + « - 2yz = 0, 

2x + 4y + 4z 

nit# -j-= y 2 - z + * 

sg# 2x + 4y + 4z = xy 2 - xz + x 1 
fjfc# 2x + 4y + 4z-xy , + xz-x 2 = 0 
B.x> + y 2 = z 2 !##* 2 + y* - z 2 = 0 
}k.w=x + y- z + x + y + z = 2x + 2y 
]$,2x + 2y-w = 0 


(i > 


( 2 ) 

(3) 

(4) 


-2 F 1 
0 10 ( 1 ), 

1 0 P 0 -I 

0 0 0 0 0 (3) , 

0 0 10 0 


0 4 P 4 
-10 2 1 ( 2 ), 
0 0-10 
0-10 
2 P 0 (4) 

0 2 0 




[ 5 ] The sum of the huang fang , gou , gu and xian is u = 2a + 2b , that is the ele¬ 
ment wu. So we have the wu yuan shi : 2x + 2y - u = 0. ( G ) 

[ 6 ] Multiplying the jin shi by 2, and eliminating with wu yuan shi y we have the top 
position, -6v + 2z + u = 0. Eliminating the yun shi and by cancellation with the san yuan 
shi y then with the wu yuan shi , we have the centre position, -2/ -2y 2 - 4y + 2yz + y*M + 
2z 2 - 8z - ZM - 2u = 0. Eliminating the san yuan shi and by cancellation with the wu yuan 
shiy we have the bottom position, 8 y 2 - 4 yu - 4 z 2 + u 2 = 0. Eliminating the top position 
and by cancellation with the center position, then dividing the result by 4, we have 2y 3 - 22^ 
+ 28y - yru + lOyw - u 2 - 2u = 0. In four elements ’ elimination, the element wm need 
to be put on the element tian. So we have the qian shi : 2/ - 22y 2 + 28y - y 2 * + \0yx - x 2 

- lx = 0. In the qian shi the coefficent of y 2 was mistaken for -8. Now we correct it accord¬ 
ing to Tian Miao’s collation. Eliminating the top position and by cancellation with the bot¬ 
tom position, then dividing the result by 16. we have -ly + 2 u = 0. Putting the element wu 
on the element tian too, we have the hou shi : -7y + lx = 0. The hou shi is the zuo shi. 
Eliminating the qian shi with the zuo shi , we have the you shi : 8 u 2 y - 4u 2 + 3 u + 294 = 0. 

Multiplying the two interior columns, we have 2 ( 8m 2 ) = 16m 2 . 

Multiplying the two exterior columns, we have -7 ( - 4 m 2 + 3 u + 294 ) = 28 m 2 

- 21m - 2058. 

Eliminating the two interior and the two euterior columns, then dividing the result 
by 3, we have the quadratic expression 4 m’ - 7m - 686 = 0. ( G ) 

[ 7 ] In the expressions of the text in P.71, expression( 1 )is called, by Zhu Shijie,ym 
shi( )• Jin ( 4\ now ) is the first character used in the beginning of the statement from 
which the first expression is obtained; expression ( 2 ) is called yun shi ( ) because 

the second part of the statement begins with the two words zhi yun ( RS ) or "and it is 
said”; expression ( 3 ) is called san yuan shi ( X or three elements expression, be- 


^ 5 “ 

H 

11 
It, 2. 

laf 

3 o 
CO c 




z^/JsA, 

mftmiwm&T w was. mu$:& < 4 > ^ * w&w. 

0 2 

2 P (4a) 

0 -1 

W'i'-gp# 

0 2 /> 

-*3 

2 P -1 

MWWA-, ft 

0 0-4 

0-8 0 

-4 0 P (5a) 

0 0 0 

0 0 1 

VJ. (2)ttWm ( 1 ) 5$,.ft 

-8 P 4 

-2 4 1 (6) 

0 1 0 

hK (6) ^4'^* (2) st 

0 -12 P 

1 -2 2 
0 0 2 
x 5 w WfiS 

0 0 2 

1-2 2 (7a) 


cause 


se it contains the three elements, tian. di and ren. Expression ( 4 ) is called wu yuan shi 


( $9) because it contains the element wu. Expression ( 5 ) is called qian shi ( mxK. ), 
and expression ( 6 ) is called hou shi ( fBxK. ) or former and latter expressions. 

In these discussions the expressions are numbered according to the modem method 
merely for convenience. The process of solution is as follows. 

Let x be the base, y the leg, z the hypotenuse, and w the sum of the huangfang , base, 
leg, and hypotenuse. The five jiao are y - *, z - z - >\ x + y - z, and z - (y - x\ 
the sum of which is equal to 2z. The five he are x + y, x + z, y + z, a: ♦ y + z, and z + 
( y - x \ the sum of which is equal to 2x + 4y + 4z. 


From the first statement we have 2yz = z 2 + xz 
or z 2 + xz - 2 yz = 0, 

2x + 4v + 4z 

From the second statement we have-— = y - z + x 

or lr + 4y + 4; = ry 2 - « + x 2 

or lx + 4v + 4z - .ry 2 + xz - x 2 = 0 
And x 2 + y 2 = z 2 orx 2 + v 2 - z 2 = 0 
And w = x + y- z + x + y + z = 2x + 2y 
or 2x + 2v - w = 0 

Pulling these into the Chinese form we have 


-2 P 1 


0 1 0 


( 1 ). 


0 4 P 4 


-10 2 1 ( 2 ), 


( 1 ) 


( 2 ) 

(3) 


(4) 


|l 

If 

g! 

3T -n 

§8 



0 0-10 


1 0 P 0 -1 


0-10 


0 0 0 0 0 (3 ) , 


2 P 0 (4) 


0 0 10 0 


0 2 0 
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0 -12 P 

W2i (7a) JC, minim t (5a) it, *§ 

2 -12 4 
-4 -24 /> 

0 0 0 
0 0 1 

lit 2* (4a)5t. »JgM. (8a) I# 

2 -12 0 
-4 -28 P 
0 0 2 
0 0 1 

$ (4a) (9a) » 

0 0 -12 0 
-2 -4 -28 P 
0 1 0 2 
0 0 0 1 

VXtm ( 4a ) it, &/S*n±. ( 10a ), $ 

-2 8 -28 P 
0 1-62 
0 0 0 1 

a z a#, j» (i > 

-2 p ig /> i 

o i 

M'i'ttftWJr, miniA -w 


(8a) 


(9a) 


( 10a) 


( 11a) 


4 0 /» 0 -1 


as given by Zhu Shijie. 

f Use x for tian , y for di y z for ren , and w for wu. ] 

Since we want to form the equation in terms of w, interchange the position of x and 
w in expression ( 4 X 

0 2 

2 F ( 4a ) 




3 

O 

3 


o -l 

Separate this expression into two parts, 

0 2 P 

and 

2 P -1 

Square both parts and subtract the one from the other, 

0 0 -4 

0-8 0 
-4 0 P 

0 0 0 

0 0 1 



Multiply ( 1 ) by the right column of ( 2 ), 

-8 P 4 
-2 4 1 


( 6 ) 


0 1 0 


Subtract ( 2 ) from ( 6 ), 

0 -12 P 
1 -2 2 
0 0 2 


Interchange the position of x and w of this expression. 



0 -4 0 0 0 

0 0 10 0 

hK (3) jS+J** (12) ^ 

-3 P 
0 4 

w WfiB 

0 4 

-3 P 

Vlim (4a) S;, j*J§M ( 13a) 

-7 P 
0 2 

hK ( 11a) 5*+** ( 14a) it. 49 

-2 8 -21 P 

0 1-60 
0 0 0 ! 

VX ( 14a) ( 15a) iC 

-4 16 -42 P 

0 2 -12 0 
0 0 0 2 

3-(16a) ^(14a)^WT#«», 

-4 16 -42 

0 2 5 

IX ( 17a ) ( 14a ) ^ 

294 P 


( 12 ) 


( 13a) 


( 14a ) 


( 15a) 


( 16a) 


( 17a) 


35 -84 


( 18a > 


0 0 2 


1 -2 2 


0 -12 P 


(7a) 


|a 

O CD 

s> 3 

If 


Multiply ( 7a ) by 2, then add to ( 5a ), 


2 -12 4 


-4 -24 P 


(8a) 


0 0 


0 0 1 


Multiply ( 4a ) by 2, then subtract from ( 8a ), 


2 -12 0 


-4 -28 P 


(9a) 


0 2 


0 I 



Make the right column of ( 4a ) even with the left column of ( 9a ), and subtract, 

0 0 -12 0 


-2 -4 -28 P 


( 10a) 


0 10 2 


0 0 0 1 


Multiply ( 4a ) by 6 then add to ( 10a ), 


-2 8 -28 P 


0 1-62 


( 11a ) 


0 0 0 1 


Separate ( 1 ) into two parts by setting z by itself. 


-2 P and P 1 


0 1 


0 -10 



IU ( 14a ) M**!* ( 17a ) 5t 

-8 32 -84 

0 4 -10 

R ( 18a) ( 19a) 

0 294 

8 3 

0 -4 

4- ( 14a) 5$-*f ( 20a) 

-7 0 P 0 294 

0 2- 8 3 

0 0 0 -4 

0 P -2058 

0 -21 

16 28 

m, mfcmufsmtom., 

-686 

-7 

4 

i4 t BP*70f*o(iBo 


( 19a) 


(20a) 


[4-W] 


Square both, then subtract one from the other, 

4 0 P 0 -1 

0 -4 0 0 0 

0 0 1 0 0 

Subtract ( 12 ) from ( 3 ), 

-3 P 
0 4 

Interchange the position of x and w, 

0 4 

-3 P 

Multiply ( 4a ) by 2, then subtract from ( 13a ). 

-7 P 
0 2 

Subtract ( 14a ) from ( 11a), 

-2 8 -21 P 

0 1-60 
0 0 0 1 

Multiply (15a) by the right column of ( 14a), 

-4 16 -42 P 

0 2 -12 0 

0 0 0 2 

Make the lower rows of ( 16a ) and ( 14a ) even, then subtract. 

-4 16 -42 

0 2 5 


( 12) 


( 13a) 


( 14a ) 


( 15a ) 



( 16a ) 


( 17a) 


Multiply ( 14a ) by the right column of (17a ), 



1—xM>£j, &7C— y%J&, — Z%&, 

%-4t, ^.7L> Azt, fa-fa -, 

.t - 2y + z = 0, ■£-#*•£,: -x 2 + 2x - jcy 2 + 4y + xz + 4z = 0, -fc 
WZ-iLK: x 2 + y 2 - z 2 = 0, 2r + 2y - m = 0 o fa&ft 

*n» J4l, 2y 3 - 22^ + 28y- 

y 2 * + lOyjc - jc 2 - 2jt = 0; JUMflj&it.: -ly + 2x = 0, « 

A A. ■*>##*., 4**1 8^y - 4* 2 + 3* + 294 = 0, 0 A*4 

fa#., 4f*'J 16JC 2 ; 28* 2 - 21 jc - 2058 o 

ilb— £ iU*Ji* , 3 « , 4*f] *•**.: 4.x 2 - 7x - 686 = 0 o Tf-f- 

A, -fff] 14^o 


294 P 

35 -84 

0 -10 

Multiply ( 17a) by the right column of ( 14a), 

-8 32 -84 

0 4 -10 

Subtract ( 19a ) from ( 18a ), 

0 294 

8 3 

0 -4 

Put ( 14a ) and ( 20a ) side by side, 

-7 0 P 0 294 

0 2 8 3 

0 0 0 -4 

The product of the interior and exterior columns are 

0 P -2058 
0 -21 

16 28 

Subtract, then divide the remainder by 3, and we have 

-686 

-7 


( 18a) 


( 19a ) 


( 20a) 




4 

a quadratic expression whose root, 14, is the required number. ( C ) 
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i m#m 


“+AH 


1. 

] 

fins**, 

$*U, &-+5^o [2] N: ^AH? 

^0: H^o 

*□: jjL^7C-*4.J, »$Ufcto»-+£jffH^-*W-+£fclE&o 
A+-7j A^-Wj&.hle, “ttJAfAlUtAMHi, - 
Jj-TABX+AX&XM, -WA+-*jAPP5, -t^AJF^, [3 M# 

'fcJo -n|nJo 


IttW] 

[l]i£43K^W43» K» i£ftS'J*;a, b, c , jifcBP: [c+ (a+ *)](« + * + 
c) + c* = 169 c, (W) 

[ 2 ] ittKP: [ c — ( - a )] [ c + ( - a )] - (c + fc)(c-M = 15„ ( $fl ) 

[3] 

181** - 22868** + 278926** - 81810Q* 2 + 253125 = 0 o (Bfc ) 


[4-W] 

*L #=.;fr4LjMB*, *»»*, 169-^0 **# 

*£Jtt»*4Jtt*44tt3MK, ^15^0 R: *J*7 

$!>'? 

3^o 

*: i£A> 1-%*J, ***.**<> 4**J 253123 **fr*t*, 

-818100#—<fc# & It, 278926 -22868 & 

St, 181 #A.£.3i$4t, *fvVfc3\ •ft'#'Wo 



BOOK I 

Zhi Duan Qiu Yuan ( Problems on 
Right Triangles and Rectangles ) 

18 Problems 

1. The product of the xian he he by the sum of the three sides plus the square 
of the xian is equal to 169 bu 1 1 and the product of the xian jiao jiao by the 
xian jiao he minus the poduct of the gu xian he by the gu xian jiao is equal to 
15 bu. ' - J Find the gou. 

Ans. 3 bu. 

Process. Let the element tian be the gou. From the statement we have 253125 
for the positive shi, 818100 for the negative first lian, 278926 for the posi¬ 
tive third lian. 22868 for the negative fifth lian , and 181 for the positive yu, 
an expression 31 of the eighth degree whose root is the required gou. 



[ Notes J 

[ 1 ] Use a for the gou. b for the gu. and c for the xian, that is[c + (a + b)] (a 
+ b + c) + c 2 = 169. (G) 

[ 2 ] That is, [c - (- a ) ] [ c + (b - a)] - (c + b)(c - b) =15. (G) 
[ 3 ] The expression in modem form is the equation: 18 \x* - 22868^ + 278926r J 
- 81810OF + 253125 = 0. (C) 


Jade Mirror of the Four Unknowns 


h-m wpwaiBH 



2 . 

US*] 

^-t+^o [,] KsSfPfPSI 

%Sfn, »-t+-^o 121 (5J: J&JLft? 

^0: pg^o 

*0: *^7C-*/R, i«R*to ff-B'AI-t^ 

-+yv^^AW-+ra*^±* t A^Hzgw-fc+^mH 

Hf, l3 > Mo £-|HJo 

[tt»»] 

f 1 ] jfcHP: (c + a)(c + b) - (c-a)(c- b) =70 o ($) 

[2] JttBP: [c + (b + a)][c + (*-«)] = 72 0 ( 915) 

[ 3 ] -x* - 70* 6 + 6479X 4 - I86624X 2 + 1679616 = 0 o ( fifc ) 

[**] 

*: 4^o 

Ml, tf-MMr&£-£*fo 4M*J 1679616 , 

-186624 #—&•>* & 4t, 6479 -70 # 

-1 */\.**jfc46t, flvVfc#, Mf'lKo #Mflo 


3. 

[fliifc] 

|SJ: £/LH? 

^0: 2l^ q 

*0 : £^7C-3/&, *qfR3fc£ 0 #-=P5 Hzi+5:^je^, -to 
+&AU5T, 2+0M±*, -ftiERI, 

£, 131 Mo af n l 


2. The product of the gou xiart he by the gu xian he minus the product of the 
gou xian jiao by the gu xian jiao is equal to 70 bd 1 and the product of the 
xian he he by the xian jiao he is equal to 72 bu. Find the gu. 

Ans. 4 bu. 

Process. Let the element rian be the gu. From the statement we have 1679616 
for the positive shi, 186624 for the negative first lian, 6479 for the positive 
third lian, 70 for the negative fifth lian, and 1 for the negative yu, an ex¬ 
pression 3 ] of the eighth degree whose root is the required gu. 

[ Notes ] 

[ 1 That is, (c + a)(c + M - (c — a)(c — b) =70. (G) 

[2] That is, [c + (A + a)][c+ (b-a)] =72. (G) 

[ 3 ] The expression in modern form is the equation: -x* - 70jr fc + 6479x 4 - 
186624x 2 + 1679616 = 0. (C) 


3. The product of the xian he jiao by the xian he he plus the product of the 
gou xian jiao by the gou xian he is equal to 40 bu 11 ] , and the square of the 
gou is equal to the gu xian he 2 1 Find the xian . 

Ans. 5 bu. 

Process. Let the element tian be the xian . From the statement we have 
1525 for the positive shi, 140 for the positive fang, 54 for the negative lian. 


h-m 




[a*] 

[ 1 ] iifcBP: [(a + b) -c][(a + M + c] + (c - a ) (c + a ) = 40 o ( fi$) 
[2] jtfcBP: « 2 = c + b c (%) 

[ 3 ] x 4 - 12*» - 54c 2 + 140c + 1525 = O 0 ( fifc ) 

[4-iiJ 

ft-40-fro a* 

*J*4Jtt**»*i*o I«: #%P'Jn 
&: 5ip- 0 

*■: «f 0 #*ij 1525 140^7 

-54#—l#fciSi<fc3i 

*4fc, ^W^38 t, ft#*]?*o 


4. 

[BA J 

4^3«*&fn«, &—H*o l,) [5j: ft#JLH? 

^E3: Zl^e 

ZjhkM, -*£B, ^(5J 0 

[ttWl 

[1] ftMttft. JftEP: ab - Ua + b) - c] = 10. ( % ) 

[2] JtfcBP: a + b = 7 0 (ft) 

f 3 ] -** * z* 1 + 100 * - 200 = 0 o ( m) 


[**] 

^^Jtt^*******, ^10# o A*#Jtt**4.7* 0 «s #4r#£ 
'}'? 

«-: 2# r 

*-: ft*.*,-##:*, #*']-200 # #&# , 100 

#-*#**, 2#—-l#*.**.***, #£*, ft# 
*J#*o ffi-tflc 


12 for the negative last lian, and 1 for the positive yw, an expression f3 - of 
the fourth degree whose root is the required xian. 


[ Notes ] 

[ 1 ] That is, [ ( a + ft ) - c ] [ ( a + ft ) + c] + (c - a)(c + a) =40. (G) 
[ 2 ] That is, a 2 = c + ft. ( G ) 

[ 3 ] The expression in modern form is the equation: X* - 12r’ - 54.r 140.r + 

1525 = 0. (C ) 


4. The ji minus the xian he jiao is equal to 10 bu ", and the sum of the gou 
and the gu is 7 bu 2; . Find the huang fang. 

Ans. 2 bu. 

Process. Let the element tian be the huang fang. From the statement we 
have 200 for the negative shi, 100 for the positive fang , 2 for the positive 
lian , and 1 for the negative yu, a cubic expression, 13 whose root is the 
required huang fang. 

[ Notes ] 

[ 1 j The ji means the product of the gou and the gu. That is, aft - [ ( a + ft ) - c ] 
= 10. ( G ) 

[ 2 ] That is, a + ft = 7. ( G ) 

[ 3 ] The expression in modem form is the equation: -x s + lx 1 + 100.x - 200 = 0. 

(C) 





5. 

[IRA] 

TOt, mm, 

f^o 1 ' 1 KsMH^ 121 N: fc. 5 F#JL{pI? 

#0: -h— 

*0: £^tc-;*jK, iP*R#£o *#A1 1 EWH+-3/jE£, — W“ 

ItilMI, A>j&PS, ^-(SJo 

[a*] 

[ i ] iS«^, ««fc. fpfttc. ¥£fiia + *o itfcKP: 

( flfo ) 2 - [( afe + ci 2 - b> ) a 3 - ( a + b ) 2 ] = 8460 0 ( ft ) 

[2] ittBP: b-a = 3 0 (ft) 

[ 3 ] -9X 5 + 59X 2 - 123* + 8532 = 0„ (j$ ) 

[ 4 -i¥J 

+ , +*###;>'8460#o **-£4+4 l£#3^ 0 fl: 

+ ^3/£:>'? 

&: + #9#, **r 12#o 

*-: ft*'] 8532 *7, -123 

59J&—ft 
#f]*o Mf»lo 


6 . 

[J13tl 

4-WRUinft, W+fe, »-f AIE+^o m 
=#£-, ^o [2! (51: K, +#/lfpJ? 

^0: ¥-+“#, 

*0: JWRfcfcto *#-+H7T3j3i£, EfHI-f 


5. If the ji plus the square of the width minus the square of the length be 
multiplied by the square of the width, minus the square of the he the result is 
less than the square of the ji by 8460 bu : 1 The difference between the length 
and the width is 3 bu- 2 -. Find the length and the width. 

Ans. Width, 9 bu; length, 12 bu. 

Process. Let the element tian be the length. From the statement we have 
8532 for the positive shi , 123 for the negative fang, 59 for the positive lian , 
and 9 for the negative yu, a cubic expression 131 whose root is the required 
length. 

[ Notes ] 

[ 1 ] Let a be the width, b the length. The ji means the product of the width and the 
length, ab. The he means the sum of the width and the length, a + b. That is, (ab) 2 - 
[(ah + a 2 - b 2 ) a 2 - (a + b) 2 ] = 8460. (G) 

[ 2 ] That is, b - a = 3. ( G ) 



[ 3 ] The expression in modern form is the equation: -9*-' + 59x 2 - \23x + 
8532 = 0. ( C ) 


6. The sum of the ji and the length multiplied by one half of the width is equal 
to 1950 bu .' 11 From three-fifths of the length subtract two-thirds of the width, 
the remainder is 7 bu ) 21 Find the length and the width. 

Ans. Width, 12 bu; length, 25 bu. 

Process. Let the element tian be the length. From the statement we have 



0 

7U 

2 

$ 

± 


[a»] 

[ 1 ] itfcBP: (ab + b) x±-a = 1950, ( » ) 

[2] itfcBP: |-6 -|-a = 7, ($P ) 

[ 3 ] 27-r 3 - 600^ + 3325* - 130000 = 0 o ( |£ ) 



] 

«**$ —+*.*., ■&£) 1950 #o X-zc-fctfl;# 
^7# c fl: 5 

12#, **7 25# 0 

*■: it*.*.— #•£, 130000^7 , 3325 

-GOO*—*.* iMfc, 27 Mi&&*.*&#., ft 3-ft , it 


7. 

USX] 

^w$ujn=&, vu&mz. *£=¥. 

**-, ftmmft, ^s-^ra^of 21 (5j : Kx ¥#/lh? 

«FS: ¥—+A^, fc- + H£ 0 

*E3: £*7C-2/K, *flRjfc£ 0 -I£ 

e+-*j&!H, rasuEPB, ^k-^, I 3 M#^o 


[an] 

[ 1 ] SStf&fc. ?£ft6 - a 0 ittBP: [flfc + 3 (ft - a)] b - 3a = 9744, ( $J$) 
[2] *^2, iSf-fipi-, lit BP; b - (2.b+±a) = 4 : ( % ) 

[ 3 ] ff2T5£W3lflyB5£fc: 4x‘ - 51.r + 132* - 29088 = 0 o ( Bfc ) 


[ J 

#*Ji, «***., A-ft3&#)ft, #-9744#„ 
|, -**.*»*b*:M#<, i-l: ** #£-*/##? 

ft * 16 #, £*7 24# 3 

#: *-£, M-ko-fcftik4L&f% 0 ft$']-29088 *$rM, 132 

*7-&***fc, -51 #■=.*#**, 4#******, #-i^, it 

ftS'l ft o ^^1-1 o 


130000 for the negative shi, 3325 for the positive fang, 600 for the nega¬ 
tive lian, and 27 for the positive yu, a cubic expression - 3) whose root is 


the required length. 


[ Notes ] 

[ 1 ] That is, ( ab + b ) xla = 1950. ( G ) 

[ 2 ] That is, b - = 7. (G) 

[ 3 ]The expression in modem form is the equation: 27.r' - 600.r + 3325.x - 130000 
= 0. (C ) 


7. Multiply the ji plus the three jiao by the length and from the result subtract 
three times the width. The remainder is equal to 9744 bu J 11 The sum of the 
great half of the length and the weak half of the width is less than the length 
by 4 bu. 1 21 Find the length and the width. 

Ans. Width, 16 bu; length, 24 bu. 

Process. Let the element tian be the length. From the statement we have 
29088 for the negative shi , 132 for the positive fang , 51 for the negative 
lian, and 4 for the positive yu, a cubic expression 3J whose root is the 
required length. 

[ Notes ] 

t 1 ]The jiao means the difference between the length and the width, b - a. That is, 
[ab + 3 (.b - a)] b - 3a = 9744. ( G ) 

[ 2 ] A great half is -y and a weak half is -y , That is. b - (-j b + -y a ) =4. ( G ) 
[ 3 ] The expression in modem fom is the equation: 4r* - 5L^ + 132* - 29088 = 0. (C ) 




8 . 

[fa*] 

^B : ¥-%&, fc—Kl^o 

^B: ^^7u-^,^, tmmxZo Wl+w ^[We f£3/&£, a 

+-3/£2r, z^%frl0^R±i, HEAWA+^&Tif, - 
Hiiffft,' 31 *#¥o 'nfnJo 

[tt*] 

[ 1 ] llfcBP: (oM* - a = 11655 0 ( $P ) 

[2] itfcBP: -ifc + -±« + i-(o + 6) = 16-i-o (») 

[ 3 100^ - 3960* 3 + 39204-r 2 - 81* - 944055 = 0 o ( 1$ ) 

[*»] 

*:£##**.£+, ^ 11655 ^0 ***#-£-, -f-^y, 

■&■# 16y ■$■ o H: K, 

*#9*, ■£# 12^ 0 

#■: «*»*^****f, ff*J -944055 #1f4fc#, 

-81#—&3S*lfc f 39204 #-=-<M5&&, -3960#.=.<fc*i£4K:, 100 

#***#**, Ml'Jfo Wl'lo 


9. 

[fa*] 

&%wm®m, RsHfflfiipiit^ [2, o N: ^ 

/IM? 

^B: -+H^ 0 

ab : nam&Zo nm^-t -w 

#AU5r, -aNo 


8. The difference between the square of the ji and the width is equal to 11655 
bd 1 , and the sum of one fourth of the length, one third of the width, and one 
half of the he is equal to 16^- bu. 2 Find the length and the width. 

Ans. Width, 9 bu\ length, 12 bu. 

Process. Let the element tian be the width. From the statement we have 
944055 for the negative shi, 81 for the negative fang , 39204 for the posi¬ 
tive first lian, 3960 for the negative last lian, and 100 for the positive yu. 
Solving this expression 131 of the fourth degree we have the required width. 

[ Notes ] 

[ I _ That is, ( ab ) 2 - a = 1 1655. ( G ) 

[ 2 ] That is, b +-j a +-j (a + b) = 16-y . ( G ) 

[ 3 ] The expression in modem form is the equation: KXk 4 - 3960x 3 + 39204x : - 
8lx - 944055 = 0. ( C ) 



9. The difference between the ji and the square of the jiao is 71 bd 1 ' and the 
sum of the three sides is 40 bu [2] . Find the sum of the length and the width. 
Ans. 23 bu. 

Process. Let the element lian be the sum of the length and the width. From 
the statement we have 4071 for the negative shi, 200 for the positive fang, 
and 1 for the negative yu, a quadratic expression 31 whose root is the re¬ 
quired sum. 




[ft»] 

[ 1 ] JttlBP-. ab - (b - aV = 71„ (IP) 

[ 2 ] JR* ?£=#^:ln 0 ittEP: 

a + /j +J^T~P = 40, ( $P ) 

[ 3 ] -x J + 200* - 4071 = 0 o ( fa ) 

[*■«] 

*71 **«■¥■**, 

Jtttt*Jtt#tf.2.i44yfr*40*o «: ** 

£■: 23 # 0 

*-: -fiL**, tf-MR**#.*!*,, •?f*J-4071 *'lMfc 

200 *-*#**, -i *******, TT-^/f, -f 

Mf-lo 



10 . 

ns*j 

vmmz , rk &£=?¥=.& [2] 0 

f»J: fUUSJ? 

^B : pq+^o 
*r : ttJi-KU®,, 

m-jim-K*) a*±* f ra^rm, -^jers, ~m#?F;£,' 3] 

^ISJo 


ia»] 

[ 1 ] jlfcBP: [a*+ (a + b )] ab = 2120,, ( % ) 

[2] jlfcBP: b - a = 3, ( % ) 

[ 3 ] X* - 4x> - 4249* 2 + 4494400 = 0 o ( Mi) 

[*«] 

*£***»-fc* *•£.**, «jt N +4L*3(t4L f #2120^c *** 

$f-+3* 0 «: £, +«<*£;>'? 

40 # 0 

*: ***,—**^ £M'J 4494400 * 

- 4249 *—&***, -4 *. 2 . *.***, 1 

tfwifc:*, a?ff]* x -f-4UR«, o 


[ Notes ] 


[ 1 ] That is, ab - ( b - a ) - = 71. ( G ) 

[ 2 ] The sum of the three sides is the sum of the gou. the gu, and the xian of a right 
triangle. The width is used for the gou, and the length for the gu. That is ,a + b +J a 2 + b 2 = 
40. (G) 

[ 3 ] The expression in modem form is the equation: -x 2 + 200.r - 4071 =0. ( C ) 


10. The product of the sum of the ji and he by the ji is equal to 2120 bii ' [ and 
the length exceeds the width by 3 bit 2 . Find the ji. 

Ans. 40 bu. 

Process. Let the element tian be the zhi ji. From the statement we have 
4494400 for the positive shi, 4249 for the negative first lian, 4 for the nega¬ 
tive last lian , and 1 for the positive yu. Solving this expression n of the 
fourth degree we have the required ji. 

[ Notes ] 

[ 1 ] That is, [ ab + ( a + b ) ] ab = 2120. ( G ) 

[ 2 3 That is, b - a = 3. ( G ) 

[ 3 J The expression in modem form is the equation: 

*4 _ 4x3 - 4249 a: 2 + 4494400 = 0. ( C ) 


0 

71 

5. 
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11 . 

[I5U 

Ns &;lm? 

&0: -+E^c 

*0: \L3z7€—%j&, $n*R*£o 1#HW—t-EftIE£, 
-fciEIH, W^, [3 M#Ko 4-No 


law] 

[ 1 ] «BP£*o itfcfiM: ab + c 2 = 333o (» ) 

[2] itttJ|J : a + 6 + c = 36, ($1S) 

L 3 ] )f-jf5£tx'- -36x , 315 = 0 o ( W- ) 

[4-#] 

^Mf*s #333^o -f-, 

0 : £ :>'? 

4-: 15# 0 

*-: a**.-##, tiL-k>iR7!rik4L*f*o ftfj315j&1|MWf t -36^ 
-*.**&, *•■*■*, “8UW*,, MHo 


12 . 

[HA] 

XiteTOfR, jJ?rtt^fAI=-t#o [ " 

Ns fc, ¥&/U»J? 
g0: ¥-+A^, 

-+n*ii±SI, HMTi, M, 

4-No 




11. The sum of the ji and the square of the xie is equal to 333 bu 1 , and the 
sum of the length, the width, and the xie is equal to 36 bu 1 1 Find the xian. 
Ans. 15 bu. 

Process. Let the element tian be the xian. From the statement we have 315 
for the positive shi, 36 for the negative fang , and 1 for the positive yu. 
Solving this quadratic expression 3 we have the required xian . 

[ Notes ] 

[ 1 ] The square of the xie (the diagonal of rectangle ) here means the square of the 
xian. That is, ah + c 2 = 333. ( G ) 

[ 2 ] That is, a + b + c = 36. ( G ) 

[ 3 ] The expression in modem form is the equation: x 2 - 36x + 315 = 0. ( C ) 


12. Multiply the difference between the ji and the width by the ji and subtract 
from the result the sum of 5 times the width and 4 times they'/. The remainder 
is equal to 279630 bu } 11 It is said that the value of the numerator of the frac¬ 
tion which is one-fifth of the length, is the same as one-half the numerator of 
the fraction which is equal to two-thirds of the width.- 2 ] Find the length and 
the width. 

Ans. Width, 18 bu\ length, 30 bu. 

Process. Let the element tian be the width. From the statement we have 



[ttU] 

[ 1 ] JtfcBP : (ab - a) ab - ( 5a + 4ab ) = 279630 c ( ^ ) 

[2] %\a, S#, ^ c ilfcBP: 3 b = 

y(10a) o (IP) 

[ 3 ] Sx 4 - 3X 3 - 12*" - 9x - 503334 = 0 o ( Bfc ) 



[ 4*if J 

-f-4L«wH-f f -f-41^^4 

te, ^279630# c Mtff, 

«: *&*!*‘)n 

&: -f*7 18#, 30# o 

fc: «■*»:&#$***#• -ffSl-503334 Mr#**, 

-9Mr—***4fc, -12^—<fc«*4fc, -3MjJ=-*.^*4fc, 5 */&&;£ 

#**t, M-bi**, 

13. 

[«£] 

-¥, ^ra^ATSW-L' t-A^o t,] RE¥£liPH£ 

^ [2! o N: fc, T-&JLH? 

^0: ¥A#, txH+Ai^ 0 

A0: 3A^7C-^, Vmn-Ktt W-fc+A*££, - 


[ft*] 

[ 1 ] ilfcBP: ( ab ) J - ( 26 + a ) = 46578 0 ( 9P ) 

[2] jttBP: a 2 = b 0 (&) 

[ 3 ] x 4 - 2^ - x - 46578 = 0„ ( fa ) 

[*»] 

'S'tKs 2■»«.+ , # 46578 # c & ^-Jfe 

*l*o «: *, *&*;£:>'? 

&: *#6#, -fc 36 # 0 

*•: iZJLsG— 8t*»jfc>r$JrJM-Jlfo 1f*| -46578 *7MMSt* , -1 

% — -22i=-1 %&$*.*&#., ft**.7T, fit 


503334 for the negative shi, 9 for the negative fang , and 12 for the negative 
first lian, 3 for the negative last lian, and 5 for the positive yu. Solving this 
biquadratic expression 3 we have the required width. 


[ Notes ] 


[ 1 ] Thai is, (ah-a)ab- ( 5a + 4ab ) = 279630. ( G ) 


■ _ 2 


[ 2 ] One-fifth of the length is 4-fe , and two-thirds of the width is -=-a . Make their 
denominators equal, then they become and . That is, 3 b =77 ( 10a ). ( G ) 

[ 3 ] The expression in modern form is the equation: 5x* -3x* - 1 2x : - 9x - 503334 
= 0. (C ) 


13. The sum of twice the length and the width subtracted from the square of 
the ji is equal to 46578 bu 1 \ the square of the width is equal to the length 12 1 
Find the length and the width. 

Ans. Width, 6 bu\ length. 36 bu. 

Process. Let the element lian be the width. From the statement we have 
46578 for the negative shi, 1 for the negative fang , 2 for the negative first 
lian , and 1 for the positive yu. Solving this expression 3J of the sixth de¬ 
gree we have the required width. 
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[ Notes ] 

[ 1 ] That is, ( ah ) J - (2 b + a) = 46578. ( G ) 

[ 2 ] That is, a 1 = b. ( G ) 

[ 3 ] The expression in modern form is the equation: x 6 - 2x 2 - x - 46578 = 0. 


& 


m 

± 



14. 

[BZX] 

4W£UinHK, —sm, «—*q, -ft, Hf > rafc, 

^tiMfAII^ 0 ['lR£-W^|l z > N: fc, +#JLf5J? 

£□: +2#, ^=+^o 

*0: ±^7L—%)¥-, bamtZo #—t-222+A¥2;*/&£, A 

-fc+ra^MJJd, -lAtzMri, AAA^MH*, 
-+A*MTJ*. -fcjEffl. 2*A2^, [3 M#¥o 

[tt»] 

[ 1 ] lit BP: [«*> + /> + 2a + 3(a + />) + 4 (7> - a)] J - [(o + £*) + 2 ( fe 
- a) + 3a + 4b] = 155805 0 ($15) 

[2] AEP: a 1 = b- a 0 (IP) 

[ 3 ] ji 6 + l&r' + 99S + 162* 3 + 74JC 3 - 9* - 155805 = 

0 o ( WO 

[4-#] 

+4l#*i 1 <»*$*, 2tett + , +4l*», 4^*, 

+4lit, $r&$L, A-i-Hfrtt*. +4l*>, 2'fg-tf-fc, +4UL, 3tetf + , 

4te<X>£, 4155805+0 **+*■*»*, +4U£+||+ 0 «: + 3-X7 

#+? 

+>(7 5+, KX7 30 + o 

+ : i£A>L-X7 + , #fj-155805 A-frM, 

-9X7 — 74X7—&£$&, 162X»J-^*lt t 99X7®? A 

«&, 18X7-£.*.j®£&, 1 X 7 


14. From the square of the sum of the ji, the length, twice the width, three 
times the he, and four times the jiao subtract the sum of the he, twice the jiao, 
three times the width, and four times the length. The remainder is equal to 
155805 bu. [ ' The square of the width is equal to the jiao 12 . Find the length 
and the width. 

Ans. Width, 5 bu\ length, 30 bu. 

Process. Let the element tian be the width. From the statement we have 
155805 for the negative shi, 9 for the negative fang, 74 for the positive 
third lian, 162 for the positive second lion, 99 for the positive third lian, 18 
for the positive last lian, and 1 for the positive vu. Solving the root of this 
expression^ 3 of the sixth degree we have the required width. 

[ Notes ] 

[ 1 ] That is, [ab + b + 2a + 3 (a + M +4 ( b - a)] 2 - [ ( a + M + 2 (h 
-a) + 3a + 4b] = 155805. (G) 

[ 2 ] That is ,a 2 = b - a. ( G ) 

[ 3 ] The expression in modem form is the equation: x 6 + I8x s + 99x 4 + 162x' + 


74x : - 9x - 155805 = 0. ( C ) 
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15 . 

[«£] 

#h¥, *n-&, it-t^A^raw- 
+0£o £,J HSf l“J: K, ¥&JU3I? 

%B: ¥-ti, fepg+-^o 

*b : inmtZo if-fc^A^raw-i-ra^^^, e 

*/«, itAMiii, -+#a-«. -tHM=i, 

T0, -#JEM. Sffcfrff*, 131 »¥■«, nf n 1o 


IttWl 

[ 1 ] ittBP: [ab + 3a - (b - a)] 2 - 3a + (b - a) = 78414 0 ( W ) 

[2] jtfcfiP: a 2 = a + i> 0 ( %) 

[ 3 ] ESfritWSftA® AE: x 6 - 4^ + 14x* - 2Qr 3 + 26*> - 5* - 78414 = O 0 ( Bfc ) 

[♦»] 

+4lJL, 4?-78414 i^ 0 ■*■*> 

4a^c «s ■‘MMr**? 

£■: + #7#\ *#42^0 

*: «*»*;*■ **•*■#,> 4**'J-78414 -5 

# — &***, 26*? —&*&&&, -2QA2.ik.*A&4t, 14%V9&*& 
St, -4 %£.}£.*&&St, \ %&&&*%&St, ttlMfl-fo # 

^«o 


16. 

[W*] 

uusc+^m^, iiAf jiff^o t,] 0? 

4#E^¥-t^o [23 (51: &, ¥&m? 

^0: ¥— 

*B : 'f0II+ 

%ik%, -fHHA+/^^t±l, rSAtIMrJ, “+A# 
MT0, -*IEPPI, 0i^, 131 OTo fi-No 


15. Add to the ji three times the width and subtract from the sum the jiao; after 
squaring the remainder subtract the sum of three times the width and the jiao. 
The result is equal to 78414 bu. ! 11 The square of the width is equal to the he 12 . 
Find the length and the width. 

Ans. Width, 7 bu; length, 42 bu. 

Process. Let the element tian be the width. From the statement we have 
78414 for the negative shi, 5 for the negative fang , 26 for the positive first 
lian , 20 for the negative second lian, 14 for the positive third lian, 4 for the 
negative last lian. and lfor the positive yu. an expression 13 of the sixth 
degree whose root is the required width. 

[ Notes ] 

[ 1 ] That is, | ab + 3a - (/»-«)] 2 - 3a + ( h - a) = 78414. ( G ) 

[ 2 ] That is, a 2 = a + h. ( G ) 

[ 3 ] The expression in modem form is the equation: x* - 4x' + 14** - 2Qr’ + 26x 2 
- 5x - 78414 = 0. (C) 
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16. The product of the sum of the ji and the width by one-half of the length is 
equal to 3900 bu. [ 1! It is said that the square root of the length is less than the 
width by 7 bu! 2 Find the length and the width. 

Ans. Width, 12 bu; length, 25 bu. 

Process. Let the element tian be the width. From the statement we have 
7800 for the negative shi, 2450 for the positive fang. 1386 for the negative 
first lian , 295 for the positive second lian, 28 for the negative last lian, and 



[ft*] 

[ 1 ] itfcBP: (a* + a) xj-b = 3900„ (IP) 

[2] jtfcBP: a -fb= 7o (») 

[ 3 ] ^ - 28X 4 + 295x 3 - 1386* 2 + 2450* - 780() = O 0 ( fifc ) 

[4-if 1 

jst-fctf—+*41, #f 3900#o 
£: -f-# 12#, *37 25 # Q 

*: i&AX,-;##, j|t.fcAfo #*']-780037^4^, 2450 

#—****, -1386 37—295 37 -28 37W 

*.***, 1 37jLitj*«4i:, tfJL**, Wl-lo 

17 . 

[«£) 

, ns:, wir^, »-+ra 

5P^^-o [2] N: fc. 

•¥-ftJl>J? 

^0: £-+“£<, 

*0: ^TC-^/fAtA Ws^o1#-^“T-g‘A t-A^J^^-, 

1l%&.tm. -MH1, -b+-*M.E*, -+Aft 

jEPS, Ai^,' 3 ’ *#-£, BPTFTr&o A£, 1#fc„ 

[ JtS I 

[ 1 ] it BP: \ [ab + (a + b) + 3(b-a)](ab) - \ b + 2 (b - a)] \ b = 
147216o (»> 

[ 2 ] ittBP: 'W = \b o (IP) 

[ 3 ] Jt trXMmWtt: I8x 8 - 6** + 72** + x 4 - 9X 2 - 12268 = 0 o ( fa ) 


[ A if J 

Al'fg-^-^4 2^-^-^, *.>*-£**., & 147216 #o **-*■*$ 

A*#.*#*#!,, fl: *. +£-37 2#? 

-^^7 8 #, *37 12# 0 

*: i£AA-37+3r&, -12268 

-937 — 1 j&«9ifc^|jf.4Sfc, 72 37^<fc.3i&4fc, -637 A. 

*.«&, 18 37******, +*.*3r, #S']2#, «+3r4io 

*6*, *#f'J* 0 mf-lo 


Ifor the positive yu. Solving this expression 3 of the fifth degree we have 
the required width. 

I Notes ] 

[ 1 . The middle half is one-half. That is ( ab + a ) x -y b = 3900. ( G ) 

[2] That is, a -fb= 7. ( G ) 

[ 3 ] The expression in modem form is the equation: .t 5 - 28 a" 1 + 295.r’ - 1386a: 2 
+ 2450a: - 7800 = 0. ( C ) 

17. Multiply the sum of the ji, the he and three times the jiao by the ji and 
subtract the length and twice the jiao; multiply this remainder by the length the 
product is equal to 147216 bu [ 1 1 It is said that the cube root of the width is 
equal to one-sixth the length 12 . Find the length and the width. 

Ans. Width, 8 bu; length, 12 bu. 

Process. Let the element tian be the cube root of the width. From the state¬ 
ment we have 12268 for the negative shi, 9 for the negative first //an, I for 
the positive third lian. 72 for the positive fifth lian , 6 for the negative seventh 
lian, and 18 for the positive yu. Solving this expression 3 of the ninth de¬ 
gree we have 2 for its root, 6 times this root is the required length. 
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[ Notes J 

[ I That is,| [ + ( a + b) + 3(b-a)](ab) - [ b + 2 ( b - ci)] \ h = 

147216. (G) 

[ 2 ] That is, 3 /J = \b -(G) 

O 

[ 3 j The expression in modem form is the equation: 18* 9 - 6x s + 72X 6 + x* - 9x 2 


- 12268 = 0. (C) 


7Z 

£ 

$ 

± 





18 . 

I®*] 

uxmmz, tfM, imfn, 1#—bfcTT-tT-W 

p q*j«, =mhJi, -Sj&Tflg, - 

^lEPB, W0^-o l2] N: *, ¥#/LM? 

^0: -feH+^o 

*0: £Atc— ft##*, 

pg*/£#, =m±*. -irtAMU, rawA+ji^ 
jah*, Ewra+ra^ran, EW-+-mji*, hia+h^ 

MAJKI, —A+ra*HTl«. -+A*jEHS, >l*H 

*j 7P** 0 py£, BP¥o 

[ttll] 

[ 1 ] iHsEP; [ (« + />) - ab] a * ( a + b) = 177162 0 ( -9P ) 

[2] jftBP: h- 4 - 2w> + 3w> - 4w - (a + b) = 0 ft) fig w =j a, (IP ) 

[3] fftfstAMMtJB**: 

16*'° - 64x‘* + I60x 8 - 384* 7 + 512* 6 - 544x s + 465* J + 126* J + 3* J - 4x 
- 177162 = Oo (Hi) 


[4-ii] 

**.*, tf*, -*■*.*»**., ;&-£*> ***, X. «***., 

*>■£, ft 177162 # 0 **«**, ■*■*.*»**♦*#, -4* — 

*#**, 3*—*#**, -2 *.5-*#**, 1 ****#**, # 
e?*^, j-o Hs *x #3-* 2#? 

&: #* 12#, 30 # 0 

#-: i&Ait-*#:**, **$^77162***#, 

-4 * —*# **, 3* —*#**, 126 *.2.*#**, 465 * Wife 
#**, -544*7.5.*#**, 512***#**, -384 *4=*#* 
*, 160 * A-*# * *, -64 * A>*# **, 16****#**, # 
#*>f, ft*\3f, **-5-^r*o «4*, MHo 


18. If the product of the ji and the he minus the ji be multiplied by the width 
and the he be added the result is equal to 177162 bu. ' It is said if we take the 
he for the negative shi, 4 for the negative fang, 3 for the positive first lian, 2 
for the negative last lian, and 1 for the positive yu of an expression of the 
fourth degree the root of the expression is equal to one-fourth of the width. 121 
Find the length and the width. 

Ans. Width, 12 bu\ length, 30 hu. 

Process. Let the element tian be the root of the given expression. From the 
statement we have 177162 for the negative shi, 4 for the negative fang, 3 
for the positive first lian , 126 for the positive second lian, 465 for the posi¬ 
tive third lian, 544 for the negative fourth lian, 512 for the positive fifth 
lian, 384 for the negative sixth lian, 160 for the positive seventh lian, 64 
for the negative last lian, and 16 for the positive yu , an expression 31 of 
the tenth degree with 3 for its root. Multiplying this root by 4 we have the 
required width. 


[ Notes ] 


[ I J That is. [abla + b) - ab J a + ( a + h ) =177162. ( G ) 

[ 2 J That is. w = ~a is one root of the equation w 4 - 2w } + 3w J - 4w - ( a + h) 


= 0. ( G ) 


[ 3 j The expression in m<xlem form is (he equation: 16* 10 - 64* y + I60* 8 - 384r 7 


+ 512* 6 - 544J* 5 + 465.r* + 126*' + 3* : - 4* - 177162 = 0. ( C ) 


UIRfijc 


i. 

j 

mm, &*z, %mm, &A-b » 0 1,3 h 

s#4&*B*n“-h?fc [2] o (5J: $H£/Lfa? 

^H : -+H^o 

*R: ai^Tc—$nfR#£o 

2rf 1 HW-+*a;fr, HtMTI, -#IE 

PS, *#*4 0 ^(5Jo 



[tt»] 

[ 1 ] SSKIftBP^a. 1 Z%b. mjCo ittfiP: c> -±(ab + c> - a*) = 67. 

( 3 ») 

[ 2 ] fftttiftBPftJ;*. T^afiWW, PtBP: c + ( b - a ) = 20 o ( $|5 ) 

[ 3 ] ?F3r£fltylftJB3;3r: J 4 - 30c 3 + 499-r 3 - 532(k + 22178 sO.(Ni) 

[*»] 

*■*•*■*, &■ 

'}'? 

&: 13^o 

*: o 1fM>] 22178 %f4t 

-5320#—499#—*.«&, -30#^;*.^ 1 

#***#**, Tf-E?*75\ #Mfi 



Hun Ji Wen Yuan ( Problems on Plane 

Figures ) 

18 Problems 


1. Divide the area of a rectangle plus the square of a diagonal minus the square 
of the width by 2 and subtract from the quotient the square of the diagonal. 
The result is equal to 67 bu . 11; The sum of the diagonal and the jiao is equal 
to 20 bu 2 1 Find the diagonal. 

Ans. 13 bu. 

Process. Let the element tian be a diagonal of the rectangle. From the state¬ 
ment we have 22178 for the positive shi 9 5320 for the negative fang, 499 
for the positive first lion , 30 for the negative last lian, and I for the positive 
yu , an expression 3 of the fourth degree whose root is the required diagonal. 
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[ Notes ] 

[ 1 j Let the width of the rectangle be a , the length b. the diagonal r. That is, c 2 - 
y ( ab + c 2 - a 2 ) = 67. ( G ) 

[ 2 j The sum of the diagonal and the jiao is the sum of the diagonal and the differ¬ 
ence between the length and the width. That is, c + (b - a) =20. ( G ) 

[ 3 ] The expression in modem form is the equation: x 4 - 30x- + 499x 2 - 5320* 


+ 22178 = 0. (C) 
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2 . 

[JS*1 

'fc+£^o [2] |5J: >^®/Lfer? 

^Fl: “+£^o 

*0: ^-^H^AW-t+E^SS^, 


^5- 

W 

-t- 

• 2 . 

-*- 


[an] 

[ i ] 5 .• 7 0 (isr» > 

[2] lttfiP (fl 2 +l a - 4a) a - a = 2775, ($fl ) 

[ 3 ] Sx 3 - 13X 2 - 5* - 13875 = 0 o ( $ ) 

[4«] 

4^:*® <##■*»£-*+*, *<Mt«14*4U., **14 

*, ^2775^-0 0: ;frWtfi4*;&$*>? 

&: 15 * e 

*: »*.*,—#3frWtti4*, M -13875 ^ ■$' 

M, -5&—JSfc#*44, -13^;—^^5 #***#**, tf 

3-7T , «»*]*«**lft*o Ml^Io 


3 . 

[ IS* J 

4*W4g«ffllR. iP&fltfP, n—WH+^o l,J Rs^K-tLf ,!l o 

N: ®;im? 

£0: - + 

^0: ttyi-*m, inm&Zo a=f- 

HSMt, HWA+-fc*£±*. “+A3/&TBS, -3 /jEPB, H 
mirftZ, [3] *#J&c ^I'nlo 




2. If the square of a side of a square plus a diagonal 1 minus the perimeter be 
multiplied by the side and then the side subtracted from the product. The 
result is equal to 2775 bu! 2 Find the side of the square. 

Ans. 15 bu. 

Process. Let the element tian be a side of a square. From the statement we 
have 13875 for the negative shi, 5 for the negative fang, 13 for the negative 
lian, and 5 for the positive yu, a cubic expression 13 whose root is the 
required side of the square. 


side 15 bu 


[ Notes ] 

[ 1 ] In ancient times the ratio of a side of a square to a diagonal was taken as 
5 to 7. (C) 

[ 2 ] Let a side of the square be a. That is, ( a 2 +-|- a - 4a ) a - a = 2775. ( G ) 
[ 3 ] The expression in modem form is the equation: 5x 5 - 13x 2 - 5x - 13875 = 
O.(C) 


3. In a right triangle, the sum of the ji and the xian he he is equal to 140 bu j 11 
the difference between the gou and the gu is 17 bu 2 1 Find the gu. 

Ans. 24 bu. 

Process. Let the element tian be the gu. From the statement we have 97440 
for the positive shi, 8300 for the positive fang, 467 for the negative first 
lian, 26 for the negative last lian, and 1 for the positive yu, an expression • 3 ’ 




* Ilf B* 




[ttfp] 

[ 1 ] itfcBP: \ab + [c + (a + M] = 140, < $P ) 

[2] HP: Z> - a = 17. (W) 

[ 3 ] KlTxXm* - 26* 3 - 467.r + 8300* + 97440 = 0 o ( fifc ) 

* 

[*»] 

^140^o ***1114**1 17^ 0 H: It# 

£ i>'? 

&: 24#o 

*: £M'J 97440 8300 

*}-&*&&&, -467 frit, -26 %3.)k.*Kfr it, \ 

*&fr4t, Wf'Jtto If^Ho 


4 . 

[«*] 

iffl/MW I,] , ®;£IW. &Wb\MMZ, i0f-I5t- 
^o I2l K5*H^&IEiSc^, ^J^/hSI0^o t3] ra: 

gH : *«—/MW—IE^“+5:^o 
7 ^Fi: mmsfLZo £+#£ 

2f, H»RI, -#IEPB, [4] -aNo 





of the fourth degree whose root is the required gu. 



[ Notes ] 

[ 1 ] That is.-y ah + [ c + ( a + h)] = 140. ( G ) 

[ 2 ] That is, b - a = 17. ( G ) 

r 3 ] The expression in modem form is the equation: x* - 26r' - 467 a: 2 + 8300* 
+ 97440 = 0. ( C ) 
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4. The area of a trapezoid plus the xiao kuo 111 minus the da kuo and the re¬ 
mainder multiplied by the xiao kuo is equal to 4152 bu. 2 ■ It is said that the da 
kuo is less than the zheng chang by 9 bu, but exceeds the xiao kuo by 4 bu. 1 ' ‘ 
Find the da kuo, xiao kuo, and zheng chang. 

Ans. Da kuo, 16 bu\ xiao kuo, 12 bu\ zheng chang, 25 bu. 

Process. Let the element tian be the da kuo of the trapezoid. From the 
statement we have 4064 for the negative shi, 50 for the negative/ang, 3 for 
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item) 

[ i ] 'rn'miv11&, iEfc2j&o ( m > 

SRK!. 'MW. *IW. JEfc# 
mjs, a, b, h, <^»*>^iBWB5IR^*S=|(fl + b)h e itfcBP: [\(a 
+ b)h + a-b]a = 4I52 0 ( % ) 

[ 3 1 jttBP: h - b = 9, a + 4 = < 9P ) 

[ 4 ] + 3** - 50* - 4064 = 0, ( Bfc) 

[4-ii] 

4^# Wtt #**»*«, *■£*.«, £-&, 4* « *« *■*., #f]4152 
# 0 ^*r^«>biE.-jfe^9, >b*MW^4^ 0 «: *.f*k 

&: *.IW16#, 'J'N12^, -£*25#o 
*: 4**1-4064 a***. 

-50#-&«*fc, 3*7~*«*fc, tf-S.**, 


5 . 

[H*] 

fl&ra-fc 1 ' 1 , ^s-l^o [2: KsSSi«i. 

r«i: k. m&JiW! 

£0: 

^0: mmatZo —hb^arfr. 




the positive lian, and 1 for the positive yu, a cubic expression 4 whose 
root is the required da kuo. 



[ Notes ] 

[ 1 ] The xiao kuo, small width, is the upper base; the da kuo, great width, the 
lower base; and the zheng chang, the altitude of the trapezoid. ( C ) 

[ 2 ] A trapezoid is called xie lian or ji tian in The Nine Chapters of Math¬ 
ematical Procedures. Let its area, xiao kuo, da kuo, and zheng chang be S, a, h, h, 
the area formula in The Nine Chapters of Mathematical Procedures is .9 =-^(a + 
h ) h. That is, [ ( a + b ) h + a - h ] a = 4152. ( G ) 

[ 3 ] That is, h - h = 9, a + 4 = h. ( G ) 

[ 4 ] The expression in modem form is the equation; x 3 + 3.r - 5(k - 4064 = 0. 
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(C) 


5. The difference between the area of a gui tian and four times the length 1 
is equal to 50 bU 2 \ and the difference between the square of [he jiao and the 
square of the width is equal to the length 3 . Find the length and the width. 
Ans. Width, 12 bu\ length, 25 bu. 

Process. Let the element tian be the length of the gui tian. From the 
statement we have 200 for the negative shi, 17 for the negative fang. 




m 

7L 

s 

± 




[&m J 

[1] ft, (wo 

[2] «. fc*HW*S. a, ft, 

S =±-abo jtfcBP: ±ab -4b = 50 o (%) 

[3] jltBP: (b - a)» - a’ = fc 0 ( $P ) 

[ 4 ] x 2 - 17* - 200 = 0„ ( RK ) 

[4-ii] 

£-50# o «4lit g3fL t 

*■£■«*, &-&J5^40^-0 i»l: 

&: M 12*, *25* 0 

*: tf**##***#,, -ffi'J -200 ft if? $t*R , 

-17#-****, 1 *&*&***, tf-f-*, # 

Mflo 


6 . 

[®*] 

Apr*, *+HSc*, ^=+^o [,J K5fert^AP-*, 

##, i m*r, *nm#o [2] n : r#Afa? 

#H: r—+A^, ^“+0^o 

Wv££o »-WA+AfciE£, -12+ 
^MTj, A+Am±m, -+"b^r*, -3HEPS, 

£, [3) m-r* 





and 1 for the positive yu, a quadratic expression 14 whose root is the 
required length. 




[ Notes J 

[ 1 ] The length of the gui tian is the altitude of the isosceles triangle; the width the 
base , and the jiao the difference between the altitude and the base. ( C ) 

[ 2 ] Let its area, width, and length be S, a , b. The area formula was given by 
the chapter of fang tian( surveying of land )of The Nine Chapters of Mathematical 
Procedures: S =-^ab. That is, -j ab - 4b = 50. ( G ) 

[ 3 ] That is, ( b - a) 7 - o’ = b. ( G ) 

[ 4 J The expression in modem form is the equation: x 2 - \7x - 200 = 0. ( C ) 



6. The sum of the area of a suo tian and the square of the width is less than the 
square of the length by 36 bu, [ 13 and 1 be added to the length, the square root 
of the sum is less than onc-half of the width by 4 hu 2 Find the length and 
the width. 

Ans. Width, 18 bu ; length, 24 bu. 

Process. Let the element tian be one-half of the width of the suo tian. From 
the statement we have 189 for the positive shi, 255 for the negative fang. 







l&R] 

&«jmr*a. &%b, m 

=\ab 0 itbBP: tr - (j-ab + a 2 ) = 36 u ( % ) 

[2]*BP :±a-JbT\ = 4 0 ( $P ) 

[ 3 ] J* 4 - 17* 3 + 9&c - 255x + 189 = 0 o ( UK ) 

[4-ii] 

***»/*■ ^, *A36# 0 £ 

**4j)r 0 PI: r-S-^ 2 :>'? 

&: /*■ 18*. ^24^, 

M, -255*-*.***, 98*—****, -17 *.2.****, 1 

*******, tfw**, MRo 


7 . 

[IS*] 

4*W=f4Bm. «+», ^'b+7 1 N^o lll KE4 1 f4^T>1 3 ^«-, 

^H: Ad^o 

*H: $PlR3fc£o 

-twn^=^AW-+A^it^r, a+hwh^-wtl 

-f A3/M±J8f, —-H^A^f-kWA+A %hk~m, SfHItt- 
^#SM !3] pnJA+SftiSTflg, W+Aft&KI, H 

-oiojo 








98 for the positive first lian, 17 for the negative last lian, and 1 for the 
positive yu, an expression : 31 of the fourth degree whose root is the one- 
half of the required width. 



[ Notes ] 


[ 1 ] A suo lian, a piece of land in the form of a shuttle, is a rhomboid. The width is the 


short diagonal, and the length the long diagonal. Let the width of the suo lian be a, and the 
length b. Obviously, the area formula is 5 =-L ab. That is, br - (-I ab + a 2 ) = 36. ( G ) 
[ 2 J That is, -fa ~fb+~\ = '*• ( G ) 

[ 3 ] The expression in modem form is the equation; x* - 17-r 3 + 98-r - 255* + 


189 = 0. (C) 


7. The area of a san xie tian minus the zhong gu equals 76 bu. 1 - It is said that 
the zhong xie exceeds the zhong gu by 9 bu\ and the zhong gu is less than the 
xiao xie by 2 bu. 2 Find the zhong gu. 

Ans. 8 bu. 

Process. Let the element tian be the zhong gu. From the statement we have 
133448704 for the negative shi, 7023616 for the negative fang, 843296 for 
the positive first lian, 278768 for the positive second lian, 5371 bu 7 fen 5 
li [ 3 for the positive third lian, 495 for the negative last lian, and 49 for the 









[tt*] 

ii; /J'*4*/J'&o *f»fcfc*. /J'»*c, 

A, mm%S 0 iifcEP.- 5 - A = 76o ( $U) 

[2] jitKP: b - h = 9, c - h = 2 0 (%) 

[3] E^=W-fc+-£-fc#'ftW.ffi5371.75A “#” T£$h «, *&»+ 

ift/J'ltto W “#\ “®’\ “«\ “**” ^BK^&tTW+a^ftW^rftWT<» 

?#&>o (W) 

[4] -49-r 6 - 495-r 5 + 5371.75** + 278768*’ + 843296X 2 
- 7023616* - 133448704 = 0„ ( Bfc) 

[4-W] 

4^<=4tWtfd&*Mfe+Jft, £-76# 0 X*«f»*|-$-F+Jtt9^, 

'J'# 2f 0 R: t «£*£:>'? 

£■: 8 #„ 

*: **.*.-*+&, *»***#..* Afo 133448704 *HMt 

*&, -7023616 jMfc, 843296*—278768 

$$4t, 5371.75 *e?<fca***fc, -495 *.&*.* *4t, -49**$* 
#**, ****, fiWJta&o tfMflo 


8 . 

[JR* J 

^0: -+-^o 






negative yu. Solving this expression 4 of the sixth degree we have the 
required zhong gu. 



[ Notes ] 

L 1 j A san xie tian , three obliques, is a scalene triangle; the zhong gu, middle leg, is 
the latitude; the zhong xie, middle oblique, the mean side; da xie , great oblique, the great 
side; xiao xie , small oblique, the small side. Let sun xie tian *s da xie be a, the zhong xie h , 
the xiao xie c, the zhong gu h, the area 5. That is, S - h = 76. ( G ) 

[ 2 ] That is, b - h = 9, c - h = 2. ( G ) 

[ 3 ] 5371 bu 7 fen 5 // refers to 5371.75 bu. The fen and li following bu both refer to 
decimal fractions. The method of using fen, //, hao and si to denote the decimal fraction 
following an integral unit is derived from The Master Sun ’ s Mathematical Manual. ( G ) 
[ 4 . The expression in modem form is the equation: -49^ - 495** + 5371.75* 4 
+ 278768*' + 843296* : - 7023616* - 133448704 = 0. ( C ) 



8. Add to the area of gou-3-gu-4 octagon 1 the fourth power of its side then 
subtract from the sum the square of the side; the remainder thus obtained 
equals 21283 - j- bu. 21 Find a side of the octagon. 


Ans. 12 bu. 
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*EJ: tL3t7L-%mM2.M, Irnm^Zo 

—\r%5))k±M, £^jEP8, [3) 



iam 

[ l ] — > M3=KraAfcfflA ffl» a : b ■ c = 3 : 4 : 5o ( m ) 

[2] “=&*" BPgj^££tx:. ieAAfflttBi«*5 t ffil8l*u, jft 
BP: 5 + X* - x 2 = 21283yo ( % ) 

[3] *Far£WJ*ffc»5t>&: 5-r 4 + 19 jt 2 - 106416 = 0 o 

❖ jr»AABlW-ao =-^, b=^ a 

A MM®,}] A = x 2 

[ B, + B 2 + B } + s 4 ] MEfU =~ , [ C, + c 2 + C, + C 4 ] nimAi 1 
AAffl«£WR-2|£ . 

*Attt5feAtilM*«BI»2^i+ x* - x 2 = 21283j 
^^ + 2^ = .10^.6 

HK5X 4 + 19^r - 106416 = 0 C 

[ C, + C } + C } + Cj + 18.8^ - 106416 = 

0o (Mi) 


[4-m 

6^4<fc^r,^21283 

&: 12# 0 

^■: i£*.7C—fffij -106416If* 







Process. Let the element tian be a side of the octagon. From the statement 
we have 106416 for the negative shi, 19 for the positive first lian , and 5 for 
the positive yu , an expression 31 of the fourth degree whose root is the 
required side of the octagon. 



[ Notes ] 

[ 1 ] A f>ou-3-gu-4 octagon is an octagon which has its sides equal and the ratio of 
a : b : c as the ratio of 3 : 4 : 5. ( C ) 

r 2 1 The Chinese characters “San Zi Cheng" means that the side of the octagon 
multiplies itself three times. That is the fourth power of the side. Let the area of the octa¬ 
gon be S, and its side x. That is, S + x 4 - x 2 = 21283— .(G) 

[ 3 ] The expression in modem fomi is the equation: 5x* + \9x 2 - 106416 = 0. 

The equation is derived as follows. 

Let x = a side of the octagon. 


4x 


3x 


From the figure in the right side on the top, a » b = <. 
Area of A = x 2 

« 4 ^ 

Area of l B x + B : + B x + B A ] 

Arca of [ C, + C, + C 3 + C 4 ; = * 2 , approximately. 

24 x 2 

Total area of the octagon is 


5 


From the author ’ s statement we have 
-^1 + x* - x 2 = 21283y 


or jr 1 + 


24X 2 106416 
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or 5.r* + 19* 2 - 106416 = 0. 









*Z, 19 5 

9 . 

[Jj**] 

4-WHrB0« c,} , im+r “#£--, Xto^rwftZE., 

^lEKA^fctE, &, WIEfc'M^ffct, M5f AIAtA^o' 21 H 

s: #=r\ jek, dura-, A£; ramA, -mi, -*mph, a 

ae£, #A*r, J^ns^o AEr#- 

^o t3 > N: fc. r#EM? 

£B: /Er-+A^, +r-t-^-, Ar- EA^,iE^izm-A^o 
AH: AAA-AEA& Jn«i^oll-tAAAWEAAAi&£, 
-■g-EAAAMA, -AAAJAJJfc, AWAAM-it, 01f-+I 
A&=*, “W-fc-h-fcA&HaS, 0+AM.Tfc, -+-:JWM«, A 
m##&, [4] *#». aea^o ^(sjo 



[tt»3 

[ i ] nr(i*) 

[2]iB-.rtatfjffi£E *r« *r\ *t*r\ ie^s'JAs, a, b, c , /», itteP: 

(5 +yc -ja+jb-^h) Xj h = 15888 0 ( $P ) 

[ 3 ] feje/f w 3 + w 2 + 4w= (tf + £ + c + /2 + 2) MIS w, lit BP w + c = 
b, w =i-c, a - /> = 2 0 ( SP ) 


The exact value of [ C, + C, + C, + C 4 ] is ~.,g and the equation ought to be 5-tr 1 
+ 18.8a: 2 - 106416 = 0. (C) 

9. The area of a san guang tian [ 1 plus one-half of the zhong guang, minus 
two-thirds of the da guang, plus three-fourths of the xiao guang, minus five- 
sixths of the zheng chang, and the result multiplied by one-half of the zheng 

chang is equal to 15888 bu.-' If we take the sum of the three guang, the zheng 

0 

chang, and 2 for the positive shi, 4 for the positive fang, 1 for the positive lian, 
and 1 for the positive yu of a cubic expression, its root with the zhong guang is 
equal to the xiao guang. The root is also equal to one-third of the zhong guang. 
The difference between the da guang and the xiao guang is 2 bu. } ' Find all the 
guang and the chang. 

Ans. Xiao guang, 16 bu; zhong guang, 12 bu; da guang, 18 bu; zheng 
chang, 48 bu. 

Process. Let the element tian be the root of the expression. From the state¬ 
ment we have 190656 for the negative shi, 236 for the positive fang, 1009 
for the positive first lian, 908 for the positive second lian, 425 for the nega¬ 
tive third lian, 277 for the negative fourth lian, 40 for the positive last lian, 
and 21 for the positive yu , an expression 4 of the seventh degree whose 
root, 4 bu, is the required root. 
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[4] 21* 7 + 40** - 277-r 5 - 425-t 4 + 908* 3 + 1009* 2 + 

236* - 190656 = 0„ (|$fc ) 

[4-ii] 

A, -k 15888^0 **: t/\ '!'/■> 

O ^ 

jMfc4 2tt*»3fr'iMWI, 4 3& —dL***t, 13*7 —Jfc^nMfc, l #***. 
*i**fc, ftJLTTo *, 

*/\ tf, 'W\ 

&: 'J'/ 3 - 16, + AI2*. iL-fc 48^0 

236 3& —*#**, 10093(1—*#**, 908 3(7 =-*«It, -425 3(7 

-277 &£.&£ %4t, 40 3(7*&3i*4fc, 2l££il)&^ 
**fc, tf-b*.#, #f]4*, WRo 


10. 

[**] 

+£#, rtM^r+^o 151 N: 

^FI: -t£^o 

t^H: *n«#;£o ^natra^-tfil-ts 

Zl^PSlH—-T0t/^11:I, H 

mijftz, [41 



[ Notes ] 

[ 1 J A san guang tiani land with three widths )is polygon formed by two trapezoids 

having their upper bases equal and coincident. ( C ) 

[ 2 ] Let the san guang tian' s area, da guang , xiao guang , zhang guang, zheng chang 

be S, a , h y c y h. That is, { S +\c -Ira +^rb h ) x 4rh = 15888. ( G ) 

2 3 4 o 2 

[ 3 ] First, solve the root w of the equation w y + w 2 + 4w = ( a + b + c + h + 2 ). 
That is, w + c = b. w = c, a - £ = 2. ( G ) 

_ 4 ] The expression in modem form is the equation: 2lx 7 + 40x* - lllx 5 - 425X 4 
+ 908.r' + 1009.r -f 236x - 190656 = 0. ( C ) 



lO.The area of a zhong jin tian 1: plus the diagonal joining the two vertices 
is equal to 315 bu ! 21 It is said that each of the two wai xie equals 25 bu , and 
each of the nei xie 20 bu. - Find the diagonal. 

Ans. 15 bu. 

Process. Let the element tian be the diagonal. From the statement we have 
447525 for the negative s/ii, 2520 for the positive fang, 2046 for the posi¬ 
tive first lian , and 1 for the negative yu , an expression a of the fourth 
degree whose root is the required diagonal. 




[2] /, HtBP: S + / = 315o (US) 

[3] fymWb, jltBP: a = 25, b = 20„ ( US) 

[ 4 ] 7FA-x 4 + 2046* 2 + 2520* - 447525 = 0 o ( MU 

[♦»] 

^315-^c «**■&-* 25 IF, 

#^-^20^0 H: *»-&£*:;# 

&: 15# 0 

*: VLfLi t-#**&£*. tfUMRjfrifcjM-llfc #fj -447525 #1Nft 
^f, 2520 Mj — }k. x $&4t, 2046M/^-<t^$.4t, &4t, 

Jf-w&zr, Wi»l« 


11 . 

[JRA J 

4*WI0ffl«, tolfflg. jWg*, *#-fcT“SW "fnl: 

®^;U5j? 

^H: 

*0: &^;7G-3rlHg, $PfR#£o A 



[ Notes ] 


L 1 I A zhong jin Han [ formed like the top of the character jin ( ^ ) gold ] is poly¬ 


gon shown by the figure above. ( C ) 


[ 2 1 Let the zhong jin tian' s area and the diagonal be S and I. That is, S + I = 315. 


( G ) 


3 j Let two wai xie be a. and two nei xie b. That is, a 


25, b = 20. ( G ) 


L 4 ] The expression in modern form is the equation: 


- 447525 = 0. ( C) 


-x J + 2046x ! + 2520.r 


11. To the square of the diameter of a circle add the square of the area, plus 
the diameter, minus the circumference. The result equals 72()0 bu. 1 Find the 
dameter. 

Ans. 12 bu. 

Process. Let the element tian be the diameter of the circle. From the state¬ 
ment we have 115200 for the negative shi, 80 for the positive first lian , 48 



H+A*ifcTKi, asheih, nmn 
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l&m) 

[ 1 ] BlffllfifR. KN3. W&ftmjS, I, d 0 itfcEP: (S + d- l) 2 + cP = 7200 o 

($ 1 $) 

[ 2 ] 9^ - 4Sr 3 + 80^ - 115200 = 0 o (|$ ) 

[^if] 

;^.D51 ^ #7200#,, 1-1: 

HU 

12# 0 

A: i£A>L-;$!$-&, flM'J-115200 *7«^, 

80# — &4t, &4t, 9 7f-e?;£.;y, 

mznmz , #^«m*i= 


12 . 

[JS*] 

An*®®*, MH«o [21 Ks: 

Jfcg, N: /^. S#JU*»r? 

£rfc3 : 1^—+A^o 

*0: VtA7C-^7±^, WsXZo l#-^“TAW-+A2/IE£, 

pg=H^+-m^-, iLljKZ, [4] n 

±m a ^No 


for the negative last lian, and 9 for the positive yu, an expression 121 of the 
fourth degree whose root is the required diameter. 



[ Notes ] 

1 ] Let the circle’s area, the circumference, and the diameter be S, /, and d. That is, 
(5 + d - I) 1 + d 1 = 7200. ( G ) 

[ 2 ] The expression in modem form is the equation; 9x* - 48x' + 80.x 2 - 115200 
= 0. (C ) 


12. The area of a wa tian 1 plus the strong half of the wa jing minus the great 
half of the shang zhou equals 132 bu 2 and the sum of the square root of the wa 
jing and the shang zhou equals 40 bu! 3 Find the shang zhou and the wajing. 

Ans. Shang zhou , 36 bu; wajing, 16 bu. 

Process. Let the element tian be the shang zhou. From the statement we 
have 12816 for the positive shi, 4072 for the positive fang, 321 for the 
negative lian, and 3 for the positive yu, a cubic expression 141 whose root is 
the required shang zhou. 
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i am 

[ i ] jtfflinffl+jSffiKfc hm-smk 

|H= jXCfl M0, ( |ft) 

[2] «. ftwa, YBcFJ. iSfS 

hi^^S'l^S, d, /, ittK|J : S +2-d-ll= 132 0 ($P) 

4 3 

[3] jtfcBPj/rf + / = 40 3 (J5P) 

[ 4 ] nttttOMWtt: 3^ - 321* 3 + 4072x + 12816 = 0 o ( fa ) 

(*»] 

4^-£W, ^-132^0 X*: M 

^40# o ra : *wtt*L a-fc-A$ 

$ 36#, # 16 # 0 

£: tf******#,, ft*'J 12816##&3i t 4072 

#-&***, -321 #.=.****, 3 #*&;*.:«&, ft5.3k.*, 
M&UlJSIo ft&ffrMo 
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USA J 

inTJW'M£. 

#o m Hs: ¥-£££; *«[£« 

'Maftftjf&-& 0 [3] N: Ml, #/LH? 

^S: m ^£+-^0 


4 



[ Notes ] 


[ 1 I A wa tian, depressed circle, is a section of a circle as shown in the figure. The 

ACB is called the shang zhou ( upper circumference ) and the AB the wa jing ( depressed 

diameter). The area is ACB • AB. ( C ) 

[ 2 ]The character wa means concave in Chinese. Wa tian is a big section of a circle. 

A great half is ^ . Let the wa tian ' s area, the wa jing , and the shang zhou be 5, </, and /. 

That is.5 + ^ d - -f- / = 132. (G) 

4 3 

[ 3 ] That is. fd + / a 40. ( G ) 

( 4 j The expression in modern form is the equation: 3x } - 32lx 2 + 4072* + 


12816 = 0. (C) 


13. The area of a wan tian ' plus the small half of the square of the xia zhou , 
minus the great half of the square of the wan jing equals 2795 bu less one-half 
bu .- 21 It is said that if the xia zhou be put for the shi, 2 for the positive fang, 
and 1 for the positive yu of a quadratic expression, the square root of the 
difference between the wan jing and 2 is less than the root of this quadratic 



*H: 5te7F3f», SnlF^^o 

£, -W-+E^±*, -t+E^iAT*. -ft 

£PB. ftft?F3f»o £IrU 



c 


[£»] 

[1] ai«ffl^OTc ttFflftXc®. WijBSEDifitW = -5-Xc »-ABo 

( ffl- ) 

[2] 'M'-BPy. iUJ^ftTe idttfflBBIR. Tffl, BeS^SiJ^S, /, rf, <AJ* 

> US*ffiR^s S =^- dl a Jfcfip: S +1 P - |</* = 2795 j „ ( # ) 

[3] fefcTfTfA* 2 + 2x = /ft*jr. >j5tJF7fSf, x-Jd=J = 2 0 (ft) 

[4] : - 1 4 + 74X 3 - 214JC 2 + 42ftr - 33831 = 0 C ( %■ ) 


[4*ii] 

£2795^-# 0 X*: « 

2ft-3fc*j&*fc, lftlLfc*.***, 3T; X, 

2, *■-*■*, *#.H:it^4fA!> r 2^o «: 

&: $ 99 #, &51 #0 


*: -33831 #« 

*H, 420ft —-214ft—74 #iL ;*.«&, -1# 

Tf-w;*.#, 1WJ9#, ftA,*f-3*-ft4fco Mfi 



expression by 2 bul 31 Find the zhou and the jing. 

Ans. Zhou, 99 bu\ jing, 51 bu. 

Process. Let the element tian be the root of the quadratic expression. From 
the statement we have 33831 for the negative shi, 420 for the positive/ang, 
214 for the negative First lian , 74 for the positive last lian, and 1 for the 
negative yu , an expression [A - of the fourth degree with 9 as the required 
root. 



[ Notes 1 

[ 1 ] A n an tian is a section of a sphere as shown in the figure formed by cutting a 
curved line convex upward; the xia zhou is the ACB: the wan jing( diameter of the convex 
curve ) is AB. The area is ACB • AB. (C) 

[ 2 ] A small half is-i . A less one-half is . Let the wan lian'% area, the xia zhou, 
and the wan jing be S, I, and d. The formula of area was given in The Nine Chapters of 
Mathematical Procedures: S =-^-dl. That is, S + 'J"F —^ d 1 = 2795-^-. ( G ) 

[ 3 ] First, extract the root x of the equation x 2 + 2x = l as xian kai fang shu. 
x -fT^2 = 2. (G) 

[ 4 ] The expression in modem form is the equation: -x 4 + 74x' - 2l4x 2 + 420* 


- 33831 = 0. (C ) 
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[ ] 

m@, w.mm, &e i-^o" 1 

-# [2i o ft: Hg#/l>J? 

smiw, M^-+pg^o 

&U, —1—fcjEB, flffifio ^-No 



[ttm 

[ i j itiifiifflji-wrtrtnsw^MWRWi^rawff^w^jawfflo ie# 

ffifJU as, OnS. U5^^»|J^S, 4, r. /. W&Sftrf - 2r 0 JttBP: s ♦ r - / = 
56 c (IP ) 

% 

[2] jitBP: (</- 2r) - r = 2„ (IP) 

[3] ffjrSCWaftJBA*: llJK* - 12* - 128 = Oo (MO 


[4-W] 

Mft, £- 56 #<> **£«&««$ 2# 0 

«: ia, 

®S4-^ f A«6^ f it^l4#o 

*: 4L&1*o fff'J-128 #**«*, -12 


14. The area of a qiu lii qian tian plus the mian jing, minus the circumference 
of the circle equals 56 bu. 1 The xu jing exceeds the mian jing by 2 bu [ 2 1 
Find the three jing. 

Ans. Mian jing. 4 bu; 
xu jing, 6 bu; 
rang jing, 14 bu. 

Process. Let the element tian be the mian jing. From the statement we have 
128 for the negative shi, 12 for the negative fang, and 11 for the positive 
yu, a quadratic expression 13 whose root is the required mian jing. 



[ Notes 1 

[ 1 ] A qiu lu qian tian is formed by four equal arc and the circumference of a 
circle in which the middle part is cut off. Let its area, tong jing. mian jing, and circum¬ 
ference he S, d. r. 1. Then, xu jing is d - 2 r. That is, S + r - I = 56. ( G ) 

[ 2 ] That is, ( d - 2r ) - r = 2. ( G ) 

[ 3 ] The expression in modem form is the equation: 1 lx 2 - 12x - 128 = 0. ( C ) 



15. 

[15* J 

llI-tH^o 111 Ks^MES, *#l» 0 [2] (51: *&Jim 

^B: fc-+A^ f 

* h : ttit-tjk, mm^.z 0 m-TT-T aw - 
-M^ifcfr, -fcjEffl. **^. IJ] 1#^ 0 £|5U 
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[i]«fflBP4-*^. ie*i®«» &. xttsitjs. c. », <a&#a> irm 

5 = i.( cv + v* ) 0 itt&m&M: S .±2—J-. + v J = 5913 0 ( % ) 
2 v 

[ 2lltt:BP:^= 4., <$B> 

[ 3 ] 7F#j<«3EttJB3£fc: 2T 3 + 2^ - 27-r - 11826 = 0 o ( Bfc) 


[** ] 

, ;$, ?£ -f-;$■, Jl 

7T , #5913# 0 **iSl*l*3*, #4# 0 1-1: 5*. *3-#> !>'? 

* 18#, ?£ 72 # 3 

*: -11826^'$'lt^, -27 

*4t,2#— ***4Bt, 2****#**, tf-S. *#,•*«* 
*1*0 Mo 






15. To the area of a segment of a circle add the cube of the shi, subtract the 
square of the subtended chord, divide the remainder by the shi and add to 
the quotient the cube of the shi. The result equals 5913 bu. 1 It is said that 
the quotient of the chord and the shi is equal to 4 bu.- 2 Find the chord and 
the shi. 

Ans. Shi, 18 bu\ chord, 72 bu. 

Process. Let the clement tian be the shi. From the statement we have 11826 
for the negative shi. 27 for the negative fang, 2 for the positive lian, and 2 
for the positive yu, a cubic expression 3 • whose root is the required shi. 



[ Notes ] 

[ 1 ] A hit lian is a segment of a circle, which like a bow. Let its area, chord, 

and shi be .S', c, and v. The formula of area was given by the chapter of fang lian 

( surveying of land ) of The Nine Chapters of Mathematical Procedures: S =~ ( cv 

S + Jp £*- 

+ v 2 ). The statement in the problem is-+ v 3 = 5913. ( G ) 

v 

[ 2 ] That is, -^-=4. ( G ) 

[ 3 ] The expression in modem form is the equation: 2x } + lx 2 - 27 x - 11826 = 



0. (C) 
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[/££] 

vximmmz, mmm^Mz, xi wmmz, tm 

m, IWrtA^ew MmmiL# o [2) 

El: £®&fWJtj#JU»>r? 

^FI: ^H+^o 

*H: $nfR#£ 0 -j*J 

&tm. —i-^L^^r.*, -sheie. mmimz,™ &&®o 

£Mo 


[&m] 

[ l ] ^fflEBBP -SNffMJBtt. <*.***> EWR0J®, #ffliflB**)W 0 
ifiiFfflWIBW, n, rtffl. JhflfcS. d, /,. /,, < *.$#*> 

S =-i-(/, + /,) do jft&S&sitJt: ( 5 + dl, - dl 2 ) d 2 - cP = 3528o ( % ) 

[2] jftBP: <P - l 2 = 6. I 2 - /, = 9 0 (% ) 

[ 3 ] TfifiraAWMtJBiSfc: X s - 19^-r 3 - jc 2 - 3528 = 0„ ( fa ) 



[^i¥] 

*■£■« £45**1*#, #«££ 

*3Ml, ;&•£-£■&#, ^-3528^ 0 **£4£*H;*|*fl£6jfr, 

M.% 9 $ 0 H: £-#£:>'? 

£4&6#, 1*3$ 21#, *h$30# o 
*■: $-4* «#£&, M-k°fc7T'&4L&M o -fffJ-3528^^ 

M, -1 #—*.3S*4t, -I9^-=A^&&, 1 #***##*, 


16. The area of the che wang tian plus the product of the jing by the nei zhou, 
minus the product of the wai zhou by the jing, and the remainder multiplied 
by the square of the jing. The result minus the square of the jing equals 3528 
bu. 1J It is said that the square of the jing exceeds the wai zhou by 6 bu, and 
the difference between the wai zhou and the nei zhou is 9 bu. 2 J Find the shi 
jing, the nei zhou, and the wai zhou. 

Ans. Shi jing, 6 bu; 
nei zhou, 21 bu; 
wai zhou, 30 bu. 

Process. Let the element tian be the jing of the che wang tian . From 
the statement we have 3528 for the negative shi, 1 for the negative first 
lian, 19-j for the negative second lian, and 1 for the positive yu, an 
expression 3 of the fifth degree whose root is the required shi jing. 



[ Notes ] 

[ 1 ] A che wan% tian is a segment of a wheel. There are examples in The Nine 
Chapters of Mathematical Procedures, which were solved by the huan tian method. Let 
the huan tian's area Jing, nei zhou, and wai zhou be S, d, /,, l r The huan tian method 
given in The Nine Chapters of Mathematical Procedures is as follows: 5 = ( /, + 

/ ? ) • d. The statement of the problem is ( S + dl t - d\ 2 ) (P - cP = 3528. ( G ) 


[ 2 ] That is, cP - / 2 = 6, l 2 - /, = 9. ( G ) 

[ 3 ] The expression in modem form is the equation: x 5 - 19-^ x* - x 2 - 3528 = 0. 
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US**] 

&—f-“7j-TAW—h£ 
^o 1,} Halloo [2] l»l: ftiiTA fflJS#;ift? 

^0: ft*—+A£. HEJi-Nfco 
*0: 3l^G-;&lfc:fr, ftH+AtflTF-fcW-fc+A## 

£, -fAIEMt, WW-+wm±H. HtA^AlTI, - 

ftlERiS, * 3 H#«i;fro h'IrJo 



[tt»] 

[ I ]«Ba*Hffl+fiItt*-IE^r«*«iW»«oiettliJWiB«,**MaHSc» 

JS'JfcS, a, jttlEP: S 2 + a - 45 = 1218I5 0 ( W ) 

[ 2 ] fc3£ 0 («) 

[ 3 ] .r 4 + 36x' + 424* 2 + 1804* - 484776 = 0 o ( Bf>) 


[4**] 

*»t 1*1 *■&*$—ift-Jt, 4 4£, 

£■ 121815 l“J: *$M$— 

^'? 

&: 18#, &Wtt$-fc90#o 

*: 4fS>] -484776 37 

•SjMfcJS, 1804 37 —424 37—A^£4fc, 3637J=-&-&, 

1 37$tli«fc*i&lt, i&-fco t^i'°lo 



17. The square of the area of a qian tian plus a side of the square pool in the 
centre of the land, minus 4 times the area of qian tian equals 121815 bu: 1 It 
is said that the bo jing is 3 Z?u. [ 2 Find a side of the pool and the circumference 
of the land. 

Ans. A side of the pool, 18 bu; 

circumference of the land, 90 bu. 

Process. Let the element tian be a side of the pool. From the statement we 
have 484776 for the negative shi, 1804 for the positive fang. 424 for the 
positive first lian, 36 for the positive last lian , and 1 for the positive yu, an 
expression 3 of the fourth degree whose root is the required side of the 
pool. 


m 

147 

[ Notes ] 

[ I 1 A qian tian is a form that the middle of a yuan tian is dug a square pool just as a 
cash form. Let the qian tian s area and a side of the pool be S and a. That is, S 2 + a - 45 = 

121815. (G) 

[ 2 ] A bo jing is the distance from the top of the pool to the circumference of the 
circle, which is 3 bu. ( G ) 

[ 3 j The expression in modem form is the equation: x 4 + 36x 3 + 424x* + 1804* 




- 484776 = 0. ( C ) 
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[15*] 

#fl*WSI, «-, &, «¥2fJF£, ^»*2*£g-#o [2l r“J: M, g 

&;i>j? 

^R: hE^, rtisisi-ra^, W-I0tpg^o 

*0: 7n+ 

A+A^±*, - t-^j^T*. -*£PR, HiM ^:, [31 

pMo 



[&»] 

[1] iEJFHM«iii«L £g> rtffl. W3J&S, «/, /,. /,. 

*f ffl**: S = \u x + V> <*. Jfc&a'KW: 5 + dl t - P, = 729c, ( $P ) 

[2] jftHP: d -//, + /, - 2= 1 0 (IP) 

[ 3 ] -x 4 + 2Qr’ - 66x 2 + 60x - 2925 = 0 o (Ift ) 


[4-i?] 

£-729# 0 t*i 

**2, ■*, *#.'J'f-£4ai#<, R: £ 

2 :>'? 

£-£15#, *$54^, ^^144# 0 

*■: >«*»*;*■&#■■*■# = ■ff*]-2925£lMWi, 60 

#-*#**, -66 %-4k, 20%JL&®&&, -1 


18. Add to the area of a huan tian the product of the shi jing by the wai zhou and 
subtract from the sum of the square of the nei zhou. The remainder is 729 bu. 11 
It is said that the square root of the sum of the nei zhou and the wai zhou less 2 is 
less than the shi jing by 1 bu.' 2 Find the nei zhou, wai zhou, and shi jing. 

Ans. Shi jing, 15 bu; 
nei zhou, 54 bu; 
wai zhou, 144 bu. 

Process. Let the element tian be the shi jing. From the statement we have 
2925 for the negative shi, 60 for the positive fang, 66 for the negative first 
lian, 20 for the positive last lian, and I for the negative yu, an expression 3 ] 
of the fourth degree whose root is the required shi jing. 
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[ Notes ] 

[ 1 1 Let the huan tian’ s area, shi jing, nei zhou. and wai zhou be S. d, l r The 
huan tian method given in The Nine Chapters of Mathematical Procedures is as follows: 
S =-j (/, + l 2 ) d. The statement of the problem is S + df - If = 729. ( G ) 

[ 2 ] That is, d -//, +1,-2 = 1- ( G ) 

f 3 1 The expression in modem form is the equation: -X* + 2Qr' - 66x ! + 60x - 


2925 = 0. ( C ) 
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EI-ttAJKo 121 N: Rtt&Afa? 

£0: SSttcSi-R, 

*0: £5*:7n-2jRtfr, $nfUfc£o l#=-THW—EW 
-t t-A*M.^r, Afc&ffl, ¥?rE ;£, [31 la&ttRi* 

* [4! ^ra„ 


[SI] 

[1] l»*l000jtc jltBP^- = 4 l R^ J <«> 

[2] jttBP: 8* = 578o (IP) 


r 3 1 ffms.Mmiw&*i: -s* + 578 * - 3419 = o. < m > 


fs, OiWfttf*; ( RP#fl*M#ttaMfc£J&Mik£ ) WPS ( ff 

«» - 1 . » - 2 , . 1 . 0 , &i. 

2, ., n-2. n -1, n&JK«£&. «n 1. i£««E^itW 

artBS^amaafe^A*.. »2r*iHy. 

^#tSx, =-f o (IP) 

A 



Duan Pi Hu Yin ( Problems on Piece 

Goods ) 

9 Problems 

1. A duan of silk costs 3419 cash. 111 If a number corresponding lo the price of 8 
chi of silk be added to the number of chi in the duan the sum is 578 wen chi. [ 21 
Find the length of the duan and the price of the chi. 

Ans. Length, 5 zhang 2 chi', 
price per chi , 65 jj cash. 

Process. Let the element tian be the price of one chi. From the statement 
we have 3419 for the negative shi, 578 for the positive fang, and 8 for the 
negative yu, a quadratic expression. 3 Since the root of this expression is 
not an integral number we apply, in solving, the lian zhi tong ti method 4 . 

[ Notes ] 

[ 1 j One guan is 1000 cash. Let the element tian be the price of chi. Use x for the 

tian. That is, - 4 - 1 — = the number of duan. ( G ) 

X 

[ 2 ] Thai is, the length of duan + 8x = 578. ( G ) 

[ 3 ] The expression in modem form is the equation: -8.r + 578x — 3419 = 0. ( C ) 
i 4 ] The lian zhi long ti method is also called zhi fen method. When one gets the 
integral part of the root of a equation ( let its power be n ), he finds the extraction never- 

ending. He multiplies the constant term by yu' s powers n - 1, n - 2,.1.0, -1 in jian 

gen kai fang shi (the remainder after extracting the integral part of the root ), the coeffi¬ 
cients of the terms of the powers 1,2, n - 2, n - 1, n, and makes the coefficient of 

the term of the power n become 1 .Let the coefficient of the term of the highest power of 

jian gen kai fang shi be A. This is the same as the commutation y = Ax. By extraction he 

y 

gets y, then the fractional part of the root of the original equation is x, = — . ( G (Solving 
this expression by the lian zhi tong ti method, in modem symbols, we have 





-8 


+578 


-3419 


(60 


-480 +5880 5 

98 +2461 65 

-480 -2116 

-382 +355 

-40 
-422 

_- 8 _ 

-430 

Hitt:65j£#65 o 

[*»] 

3 *419 X 8 Atf-M., *ff578ilX.o 

R: JUft-H-Ml P !?? 

i£-fc5iL2A, X.tff65-|-a: 0 

*■: -ftKJfr, «*»# ***.*#«> ffSj-3419ft 578 

ft-****, -8ft4titi****fc, 

4-, 


2 . 

[/SX] 

4^-E, iffc-jrMH+AXo &, WKf 

1'5] : ek, Rtfr£/iM? 

gB : EK“3t:ARH#R£“, Rffi5!+E3to 
*B : ^TC-ftRtfK J#-TAWA+-ft&£, -ft 

iS3r, -ftlEP, [2] #Rffr° 



-8 +578 -3419 

-480 +5880 

98 +2461 

-480 -2116 

-382 +355 


(60 

5 

65 


-40 


-422 

_- 8 _ 

-430 

Therefore, 65 or 65^- is the required root. ( C ) 
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2. The price of a pi of damask is 1548 cash. It is said that if we subtract the 
number of chi in the pi from the price of one chi, multiply the remainder by 
the price of one chi, then subtract from the product the price of one chi, the 
remainder thus obtained is 1314 . 111 Find the length of the pi and the price of 
one chi. 


Ans. Length, 2 zhang 8y chi; 




[as] 

[ 1 ] S^jrc-xfcRffr. itfcEP: (x - w) x - x = 13I4 0 (IP) 

[ 2 ] ?H5raMSSffc»St*: ^ - * - 2862 = Oo ( m ) 

[4-iil 

1 E , {MU IT548*0 &, «X.#3(t4L, 4, 

£• 1*314*0 E-Jfe, 

&: E-^2*8|x., X.#54*o 

#f>J-2862*;«*S, -1 

*-***#., 1#*$*.^*#, flWJTUfro mflo 

3. 

[Jj*&] 

4-Wtt-as. laRflUfct. 

Ns asiiu K0t-#/iM? 
£0: JftfcffliAR, RffrA+EXo 
*0: infR*£o *#-TAHA+ra73ATiraA& 

£, £#?F£, 131 *#if&Ko ^No 


[as] 

[l]«*jC-*3MH£. ie^fff^w, ittBP: ^ = H-o (IP) 

•A 

[ 2 ] ft BP: ( JC + H-) w + .< = 11353o (IP ) 

[ 3 ] -x } + 7273-c 2 - 16646400 = Oo ( fa ) 


price per chi, 54 cash. 

Process. Let the element tian be the price of one chi. From the statement 
we have 2862 for the negative shi, 1 for the negative fang, and 1 for the 
positive yu, a quadratic expression 2 whose root is the required price of 
one chi. 

[ Notes ] 

[ 1 ] Let the element tian be the price of one chi. Use x for the tian. let w be the 
length of pi. That is, (x - w ) x - x = 1314. ( G ) 

[ 2 ] The expression in modem form is the equation: x 2 - x - 2862 = 0. ( C ) 

3. The price of a duan embroidery is 4080 cash. 11! The price of chi plus the 
number of chi in the duan, multiplied by the price of a chi, plus the number of 
chi in the duan , is equal to 11353.' 21 Find the length of the duan and the price 
of one chi. 

Ans. Length, 4 zhang 8 chi ; 
price per chi, 85 cash. 

Process. Let the element tian be the length of the duan. From the statement 
we have 166464(H) for the negative shi, 7273 for the positive lian. and 1 for 
the negative yu, a cubic expression 5; whose root is the required length of 
the duan. 



[ Notes ] 


[ I ] Let the element tian be the length of the duan. Use x for the tian, let h’ be the 
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[JjfSt] 

—E, ft$EK; XEKfii, “ 

^ffl^,##H1'-2f.fi'-|-7 1 N^o fll FsE^^TEKE^-o [2, N: 
E&tcilfa? 

&B: jftKffljtAR, 

^0: *flR*£o 

-+Afc£Jfr, “+E3/1EPPI, ¥■##£, C3 M#^o 'a(5Jo 

[am 

[1] &*7G-x*jSSifc, idEK$>v. itfcEP: (x 2 - w) + (w 2 -*) =3516o 

(9P) 

[2] ittEP: * - W = \ Xo ($15) 

t 3 ] 25x 2 - 28* - 56256 = O c ( I % ) 


l^-m) 

**4*1#. IE, i£*£]£, *-£-E*; 5LE*i|*, *•&*&; — 
**!*», -*#3516 A„ ft: E£ 

£-3? £ ‘in 

%-: ^^43t8X., E-Jfc 3 3t 6 Ac 
*-: fJL*&Jrik4L&1l* 0 4f*J -56256-28 

#-****, 25#***3UMfc, «*f*J#* 0 Mflo 


price of one chi. That is. 


4080 


= w. (G) 


x 

[ 2 ] That is, (x + w) »- + x = 11353. ( G ) 

[ 3 ] The expression in modem form is the equation: -x 3 + 7273.x 2 - 16646400 = 
0.(0 


4. There are a duan and a pi of embroidery. The difference between the square 
of the duan and the length of the pi plus the difference between the square of 
the pi and the length of the duan is equal to 3516 chi ! 1 It is said that the 
length of the duan exceeds the length of the pi by one-fourth of itself.’ 21 What 
is the length of each? 

Ans. Length of the duan. 4 zhang 8 chi; 
length of the pi, 3 zhang 6 chi. 

Process. Let the element tian be the length of the duan. From the state¬ 
ment we have 56256 for the negative shi, 28 for the negative fang, and 
25 for the positive yu, a quadratic expression 31 whose root is the re¬ 
quired length of the duan. 

[ Notes ] 

[ 1 ] Let the element tian be the length of the duan. Use x for the tian. let w be the 
length of the pi. That is, ( x 2 - w ) + ( tv 2 - x ) =3516. ( G ) 

[ 2 ] That is, x - w = x. ( G ) 

[ 3 ] The expression in modern form is the equation: 25.x 2 - 28 a- - 56256 = 0. 


( C ) 





5 . 

[«£] 

4-^s-e, 

M0t-o [2! m-. E-R* RR&JIM? 

%B: ERHiARE^R^H, Rt0tl3t£^-o 
*h : »7c-^Eic, rr-^ [3] , mm&Zo n- ms+ia*& 
£, -fclENI. ¥#ff£, l 4 M#-+- 3 ;?F¥, W«s 4 HB\ 

£IrU 


[tt»] 

[1] iev*E5ft, «'WW, JttBP: -^-= Wo (») 

[2] Jit BP: V s g^. (») 

[ 3 ] 5^4 2/Rfft. 2/ER, jr*ER5Rffr»?F*. ( m ) 

[4] »3r*AMEft»afc t Jr* - 144 = O 0 ( m > 

[♦»] 

-*MF9?1E, tt-Hlir 666* 0 H: ERx A 

2 !>'? 

£■: E^3*6|x., AR45i-SL 0 
*.: AM *4, tf-MMrifrjM-tto ff*l-144 

*>*■&#, 1 *»*$*.***, *f*U23>fr*o 

Affro Wi -i lo 


6. 

[JI*] 

4-Wtl-E, $fcl£THR, RsElU< 

^RREhttc 121 ms ER, RRft/Lfa? 

£H: ERHjtAR, RffrA+IUto 


5. The price of a pi of silk is 1666 cash.' 1 It is said that the length of the pi is 
of the price of one chi. 21 Find the length of pi and the price of one chi. 
Ans. Length, 3 zhang 6^- chi: 
price per chi, 45-j cash. 

Process. Let the element tian be the qi lu - 3 ] of the pi and also the price 
of the chi. From the statement we have 144 for the negative shi and 1 for 
the positive yu , a quadratic expression 4 whose root, 12, is the required 
qi lu. Dividing the numerator and the denominator of the given fraction 
by the qi lu, we have the required number. 



[ Notes 1 


[ 1 1 Let the length of pi be v, and the price of one chi w. That is, -^ 7 ^- = vv. ( G ) 

[ 2 ] That is, v =-—r vv. ( G ) 

544 

x 441 

l 3 J Lei be the price of one chi , —— be the length of the pi, and x be the qi lu 
of the length of the pi and also the price of one chi. ( C ) 
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[ 4 j The expression in modem form is the equation: x 1 - 144 = 0. ( C ) 


6. A person sold 3 chi from a piece of embroidery and afterward sold the rest 
for 2975 cash: 1 It is said that the whole length was less than the price of a chi 
by 47.' 2 Find the length and one chi's price. 

Ans. Length, 3 zhang 8 chi\ 



ra 

7C 

5 

£ 

£ 

± 


-*jEIB, W5F£, f3!: f#EKo X: tt7t-%RiJt, 
inm*Zo W-^^LW-t+E*^, StM^, —^JEPR, 

Jf£, [4i 3-fto 



[ft*] 

[ 1 ] i5*7G-;c27Kfc, yfifrift, ifcfiP: y (x - 3 ) = 2975„ (IP) 

[2] jtfcBP: y-x = 47 a (IP) 

[ 3 ] ffttttmfWxtXr: ** + 44* - 3116 = 0, ( B > 

[ 4 ] / - 50y - 2975 = 0 o ( f& ) 

[**] 

M#1E, ££7 3 7C, fcTtf]£7 2tf975iL 0 XwE-fcjfcX.tfh*' 
47 sio «: E£ n X_-ffr£-*/£:>-? 

E*3 £8*. X.#85ilo 

*-: #E-fc, >a *»##•*£**=> -3116 X; IjMMI , 44 

#-;*#**, l *******, #*JE* 0 iSt 

tf*«fc;s3rtfr*.*#o -2975 ^77^4^^ , -50;$- 


7 . 

[®3t] 

«fcE£o 111 N: =M^J.&Efft#/UpJ? 

&H: “IltAE, Eft-AW=+££0 
*0: 5:^76-^^, tmXZo #7a^ST-+E^^, 



price per chi, 85 cash. 

Process. Let the element tian be the length of the whole piece. From the 
statement we have 3116 for the negative shi, 44 for the positive fang, and 1 
for the positive yu, a quadratic expression 3 whose root is the required 
length. Again let the element tian be the price of one chi. we have 2975 
for the negative shi, 50 for the negative fang, and 1 for the positive yu, a 
quadratic expression 4 whose root is the required price. 

[ Notes ] 






[ 1 ] Let the element tian be the length of the pi. Use x for the tian. Let y be the 
price of one chi. That is, y (x - 3 ) = 2975. ( G ) 

[2] That is, v - x = 47. (G) 

[ 3 ] The expression in modem form is the equation: x 2 + 44x -3116 = 0. ( C ) 
[ 4 ] The expression in modem form is the equation y 1 - 50y - 2975 = 0. ( C ) 



7. A man bought some piece of cloth for 162560 cash; 111 the commission fee 
on each piece was 5 cash. Since he had spent all his money for the cloth, he 
saved the commission fee by giving two pieces of cloth.' 2; Find the number of 
pieces he bought and the price of one piece. 

Ans. 256 pieces; 




m 

± 
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TOT? Z, [3 X: 

inlR^^o iLftbkJ}, -&MJB, 

£, [4 > ftEffro nti 


[a#] 

[l]«3e7C-jr*##EjR. yfcEffr. iitfiP: - 162 ^° = J>, (IP) 

[ 2 ] tffllftffAttJRWflB*. 5FAJI:«^-«jKjfWAo itfcBP: 63JTJ = 2o 

(IP) 

[ 3 ] : X- - 2x- 65024 = 0„ ( ft ) 

[ 4 ] r + 5y - 406400 = 0„ < ft > 

[4-#] 

^##.162 #560*., A ir^-E # 5 X, 

A-ft, W2E^o R: 

&: 256 E, 4 EE IH*. 635 X 0 

A: «*»##***#■, £M'J -65024 % t 

#.**, l**Lft<fc***t, 

Ktc, AA: .i&A>L-*7Etff, «*»## **■**„ -406400# 

AM, 5#-*.***, I #*$****, *r*ir, fc-MEflR 

ftMiA 


8 . 

[JIX] 

4-W^-E, 5fc«£-R, ft:*#, A, #f#4£ -M-Wt-tXXo 1 ' 1 H 
5: Efc, -MB#, *flH-“o lal |B0: 2E-K, R 

^U: ER—XIlR, Rfftra lAftJtc 
AS: &A^--^ER?F2fM $n^^o 
n+ram;fr, -WpyAH^^A*. -+037&T0, —fcjEPB, 

HIJS;fr#;£, t3] *#£, ^ERJPMfco o’l»Jo 



price per piece, 635 cash. 


Process. Let the element tian be the number of piece. From the statement 
we have 65024 for the negative shi, 2 for the negative fang, and 1 for the 
positive yu, a quadratic expression 31 whose root is the required number. 

Again let the element tian be the price of one piece of cloth. From the 
statement we have 406400 for the negative shi, 5 for the positive fang, and 
1 for the positive yu, a quadratic expression 14 whose root is the required 
number. 

[ Notes J 

[ 1 ] Let the element tian be the number of pieces of the cloth. Use x for the tian. 

Let v be the price of one piece. That is, 162560 = y. ( G ) 

[ 2 ] The ya qian is the commission fee which is received by Ya ren. The Ya ren 

acts as a go-between person to make the business succeed. That is, - /'* ■ = 2. ( G ) 

635 + 5 

[ 3 ] The expression in modem form is the equation: x 2 - 2x - 65024 = 0. ( C ) 
[ 4 ] The expression in modem form is the equation: y 2 + 5y - 406400 = 0. ( C ) 


8. After cutting a chi from a pi of gauze to pay the commission fee, the rest is 
sold for 1176 cash. 111 It is said that the sum of the square roots of the length 
and of the price of one chi equals 12. 121 Find the length and one chi's price. 
Ans. Length, 2 zhang 5 chi; 
price per chi, 49 cash. 

Process. Let the element tian be the square root of the length. From the 
statement we have 1320 for the negative shi, 24 for the positive fang, 143 
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[?±*f ] 

[1] iCEfc*v, Rilttow. lttBP: w(v- 1 ) = 1176 0 (W) 

[2] jltBP:/v'+yvv =12 e (IP ) 

[ 3 ] x* - 24x> + 143* 2 + 24* - 1320 = 0 o ( Rfc) 

[4-if ] 

WlE, 176ilo X*: *fr 

E*, *.#**■•*■*, ***12 0 R: E*, 

&: E^2t5X., A#49il 0 

24#-*#**t, 143 %~}£*1i&$L, -24%JL&xft\% 
MX.***#., tf-w*.;*, #fj5, Mf”lo 


9 . 

IJM£] 

fisi, 3?#-R, &Jl 

^-W~+3to f2) (5J: 3?R, ift&JU 5J? 

£0: *f-£0R, Rffr*+H:fc; §?~3tAR, RffrS+AXo 
*0: *nfR*£o *§-W--Ha*iE£, H+# 

M2r, -*uERS, YttZ.Mft&K&o X: 

^H^swA+ra^,^^, -w“+m2r, -#£w, 

Wr+0*IE£, =+*£#, -*JEPPS, W?F^:, f5 M#^R^o 

-Ml, #^Rf5To ^No 



for the positive first lian, 24 for the negative last lian, and 1 for the positive 
yu, an expression 13 of the fourth degree whose root, 5, is the required 
square root of the length. 


[ Notes ] 

[ 1 ] Let the length of the pi be v, and the price of one chi be w. That is, w ( v - 1 ) 
= 1176. ( G ) 

( 2 ] That is, /v” + Jw = 12. ( G ) 

[ 3 ] The expression in modem form is the equation: x* - 24x' + I43x 2 + 24x - 
1320 = 0. (C) 


9. There are three zhang of damask and gauze. The price of each piece is 896 
cash. 11 ] It is said that if we take a chi of each the price will be 120 cash. 121 
Find the price of one chi of each kind and the length of each piece. 

Ans. Damask, length, 1 zhang 4 chi ; price per chi, 64 cash; 
gauze, length, 1 zhang 6 chi\ price per chi , 56 cash. 

Process. Let the element tian be the number of chi in the damask. From the 
statement we have 224 for the positive shi, 30 for the negative fang, and 1 
for the positive yu, a quadratic expression ! 3 whose root is the required 
number. Again let the element tian be the price of one chi of damask. We 
have 3584 for the negative shi, 120 for the positive fang, and 1 for the 
negative yu, a quadratic expression' 4 'whose root is the price of one chi of 


[tt»] 



[\]&Zi7£-x,%mFL®, y,*jmRVt, y t %9RVt, ittBP: *, 

+ x 2 = 30, XjVj = 896, x,y 2 = 896-, (IP ) 

[2] iltBP: y, +y 2 = 120 o (IP) 

[ 3 ] x \ - 3(k, + 224 = o„ ( m) 

[ 4 1 -y 1 , + I20y, - 3584 = 0 o ( Ift ) 

[5] ^ - 30x, + 224 = 0„ 

n , 2 - ns mm-a ( m ) 

[ 6 ] y, - 120y 2 + 3584 = 0 o S&hiffr 

, a*®-*-*#®* 2 'NRtttt-p. (W-;) 

[^i¥] 

n ?*3£, £-{£.&896 X 0 ***^ *-£1*, 4Hi4*120 X 0 

*£l£4X., X.#64iL; ?l£6X., Xtfr56Xo 
*■: «■*****£■*■#«, # *J 224 , 

-30#—****, l #£&*#£#, fffJfcXJU x 

*: tt*.*—#*X.ffr, *J-3584 # iMWI , 

120#—*#**, -1 #***#**, *f-f-33r, #2'J*Xffr 0 X 
Hi-: i£X7L-#^X-&, ft*1 224 ##*#, - 

30#-*#**, 1 #***#**, X* : 

i£*L>L-#?X#, ftfj3584#t*#, -120 

#-*#**, 1 #***#**, ftftfjyXflh, 


damask. Again let the element tian be the number of chi of gauze. From 
the statement we have 224 for the positive shi, 30 for the negative fang, 
and 1 for the positive vm, a quadratic expression 15 'whose root is the num¬ 
ber of chi of gauze. Again let the element tian be the price of one chi of 
gauze. We have 3584 for the positive shi, 120 for the negative fang, and I 
for the positive yu, a quadratic expression 61 whose root is the price of one 
chi of gauze. 

[ Notes ] 

[ 1 | Let the element tian he the number of the damask. Use for the tian. Let y, 
be the price of one chi in the damask, x : the number of the gauze , y, the price of one chi 
in the gauze. That is, a, + x 2 = 30, x x y { = 896, xj? 2 = 896. ( G ) 

[2] That is,y, + y 2 = 120. (G) 

[ 3 ] The expression in modem form is the equation: x*- 30a, + 224 = 0. ( C ) 

[ 4 ]The expression in modem form is the equation: -y; + 120v, - 3584 = 0. ( C ) 
i 5 1 The expression in modem form is the equation: x\ - 30.v 2 + 224 = 0. In fact, 
this equation is the same as the equation for the number of chi in the damask. It is an 
example of a quadratic equation with two roots. ( C ) 

[ 6 ] The expression in modem form is the equation: y\- 120 y 2 + 3584 = 0. In 
fact, this equation is the same as the equation for the price of one chi of damask. It is also 
an example of a quadratic equation with two roots. ( C ) 
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1. 

[03t] 

4-W2rfe-0f, 33&Q03 

=fr2-i [2] Mfe-KZto JSffttft. Ns iffi, fi&fcAM? 
&B: K-i3£K, l^-3t-R, SIARo 

*H: f#-T-WA+m£, Am 

A, AMI, -MPP5, £*■#£, Ij: 4#^o 'o’No 

[Ml 

[1] id-feKA/*, fcIWJ&a, &ftiA7Co iS2yR> 0 Jit BP: abc ■*■ 2-^-= 576o 

(IP) 

[2] Jit BP : 6 - a = 3. c = jflo (IP) 

[ 3 ] K jjXmKWtt: x*-6x 1 + 9x- 2160 = 0 o ( m ) 

[4-ii] 

'‘Mfjfr'fc— tf. £-#&576 lU-o 
f 0 2-^* 0 £***<, 0: "fc - P*k 

*l*.5X. f Wl*.2X., *8A 0 
*-: ff^J-2160A't , 4St^i, 9 

#—****., -6a—*.***, I#******, *■-£:*, 


2 . 

[«£] 

4-^fSS, rHHWAtEME^m^0o [,J Ks±j^MT^A^, A 
inTJU'MM t2] Ns iWJ? 


Lin Su Hui Qiu ( Problems on Store 

House for Grain ) 

6 Problems 


1. The capacity of a fang cang is 576 hu.- 1 It is said that the width of the fang 
cang is less than the length by 3 chi and the depth is two-thirds of the 

width; 121 2 chi 5 cun equals one hu. Find the length, width, and depth of the 

\ 

fang cang. 

Ans. Length, 15 chi ; width, 12 chi', depth, 8 chi. 

Process. Let the element tian be the length of the fang cang. From the 
statement we have 2160 for the negative shi, 9 for the positive fang, 6 for 
the negative lian, and 1 for the positive yu, a cubic expression 13 ’ whose 
root is the required length. 


[ Notes ] 

[ 1 ]Let the length of the fang cang be b. the width a , and the depth c. 2-^ cubic 
cun equals one hu. That is, abc -r 2-j= 576. ( G ) 

[ 2 J That is, b - a = 3, c =-|- a. ( G ) 

f 3 ] The expression in modem form is the equation: r‘ - 6r + 9.t - 2160 = 0. ( C ) 
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2. The capacity of a yuan tun is 364 ^hii 1 1 It is said that the shang zhou is the 
great-half of the xia zhou and the height is the small-half of the xia zhou [2i . 
Find the zhou and the height of the tun. 


^-3tHRo 
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#0: tt7t:-%±.m, inWRZo - 

meiss, ttxz, [3] n±.m 0 ^(5jo 

[ft»] 

[ i ] ohbp <*.#**> ma*. ie*±«3%/,, w*a. <7i*ir 

*> = + /* + / j 2 ) *. <ra7ci^> ttffl «*,$#*> 

W^o 2^-R> e jlt^lS^BP: 5g-( 1,1, + /*+/* >A *2^-. 364-i 0 (* ) 

[ 2 ] ittBP: /, =|/ 2 , A =|/ 2C <») 

[ 3 ] r' - 13824 = 0 e ( K ) 

[♦*] 

4^*0 ®, Jfc#£364-4-*f 0 -|- f &£T£]tfyo 

«: -MK Tfl, 

£: J:^2i4X., T$3£6A, &l£2X. 0 
*: *M'J-13824###*, 1 

#*$****, Wf»i 0 


3 . 

[JfX] 

^rw@, ffi—3t—R, fflEg3tAR,i‘itflR«l+Mii^o R^-Bii 
,4iHMtP3#r !1 o (“I: &JB8H8JUBT? 

^0: 

^0: ± -wpq+ra^ 

)kti, [3! ^No 


Ans. Shang zhou, 2 zhang 4 chi ; 
xia zhou , 3 zhang 6 c/h; 
height, 1 zhang 2 chi. 

Process. Let the element tian be the shang zhou. From the statement we 
have 13824 for the negative shi and 1 for the positive yu , a cubic expres¬ 
sion 3 whose root is the required shang zhou. 


[ Notes ] 

[ 1 ] A yuan tun is a bin in the form of a frustum of a cone, the same as the yuan ting 
in The Nine Chapters of Mathematical Procedures. Let its shang zhou be /,, xia zhou /,, 
height h. The formula of its volume given by The Nine Chapters of Mathematical Proce¬ 
dures is as follows: V = -^( l.L + F. + /% ) h. The Jade Mirror of the Four Unknowns 

36 1 2 1 

used the formula in The Nine Chapters of Mathematical Procedures. The volume of one 
hu is 2-i- chi 5 . This statement means: ( /,/, + P, + / 2 , ) h -r 2-^ = 364 y . ( G ) 

[2] That is,/. =|-/„/f =4-/ r (G) 

[ 3 ] The expression in modern form is the equation: x 3 - 13824 = 0. ( C ) 



3. The height of a yuan run which is filled with grain is 12 chi and its circum¬ 
ference 48 chi. 1 1 ] After taking out 384 hu 2 \ what will be the depth of the 
remaining grain? 

Ans. 7 chi. 

Process. Let the element tian be the depth of the remaining grain. From the 
statement we have 1008 for the negative shi and 144 for the positive fang, 
an expression 3; without any yu whose root is the required depth. 
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[tt»] 

v = C laiTui^ > ffiffl < * > M&Sto ( IP ) 

[2]«3;ro-x*«», itaiW*<EBH+WJ65* 12 - x. Bit-^-/M 12- 
x) = 2-i-x 384o (IP) 

[ 3 ] 7F3r£ttXft&£%: 144* - 1008 = Oo fctttjfcfcffJraWWo (Bfc) 
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i+9] 

^#01 H, &l*.2X. f $45t8A 0 AaSTJt, teWjUlo **«.£ 

i£tb*7 384 Ilf„ R: 

£: #.%L%1K 0 

*: #.*>&*)*:$.*■*fo ^J-1008*1Mt^ f 144 

tf-iLW-f-jfr, tf3frlfrW, Mf»lo 


4 . 

USX] 

4-^r^. ®s#-0r, r^H"F-H'S‘-+-fk. in Ks'&r^T'fe^ 

MR, ^T^aiLlR, X^Bie-^-, ip-^@i§i^0 [21 N: s 

a?, &, r&ju&i? 

g0: -fcr-'iAR, lx—3t—A, 

®g-3t:“K, &-£AJR, 

^H: 2r&r, *n«*£o #—ff—TfflW“+#&£, — 

+-*/£#. h*w*. -ffiEPR, iLirft2L,^ ] n^r* #ra- 


IttW] 

[ 1 ]it@HW'*J[Slttf£ a iE2TfeWr\ &« b, d ®@MJC ift. 

g^»|»/ f h, d, ittBP: (fl*c+ 1 ^/ 2 *) + 2y = 3312c (IP) 


[ Notes ] 

[ 1 ] The yuan tun is a bin in the form of a cylinder. Let its circumference be /, and 
its height h. The Nine Chapters of Mathematical Procedures has provided its formula of 
volume, that is, V = Ph. The Jade Mirror of the Four Unknowns used the formula in 
The Nine Chapters of Mathematical Procedures . ( G ) 

[ 2 1 Let the element tian be the depth of the remaining grain. Use x for the tian. The 
height of the grain taken out of the yuan tun is 1 2 - x. Therefore, l 2 ( 1 2 - x ) = 
2-1 x 384. ( G ) 

[ 3 ] The expression in modem form is the equation: 144* - 1008 = 0. Zhu Shijie 
called it extracting an equation without any yu. ( C ) 


4. A fang cang and a yuan tun contain 3312 hu of grain. 1 The width of the 
cang is less by 4 chi than the length, but exceeds its depth by two chi ; it 
exceeds also the diameter of the tun by one-half and equals the height of the 
tun. 12 ' Find the heights, lengths, and widths of each. 

Ans. Cang, width, 18 chi’, length 22 chi’, height, 16 chi. 

Tun, diameter, 12 chi ; height, 18 chi’, circumference, 36 chi. 
Process. Let the element tian be the width of the cang. From the statement 
we have 12420 for the negative shi, 12 for the negative fang, 3 for the 
positive lian, and 2 for the positive yu, a cubic expression 3 whose root is 
the required width. 



[ Notes ] 

[ 1 ] The yuan tun is also a bin in the form of a cylinder. Let fang cang 's width, 
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[ 2 ] itfcEM: b - a = 4, a - c = 2, a - d=±d, a = h 0 ($&) 
t 3 ] Ir 3 + 3X 2 - 12* - 12420 = O c ((^ ) 

] 

@Ja£—»T, 3312*+o tt-fc- 

>££2X_, -s^Siti^o «: zTirtif-. *S, 

a, 

1 5t8X., -Jfe2i2X., >£ljt6X.; 

BJStfiL# 1 4.2JL, &l£8K, JS)3 Jl6Ko 
*■: it*X -%'bt, tfl-fcrfcarifcjjt*#o -£M'J-12420#•#■#*:#, 
-12#-*#*8t, 2#***#**, *-.£*, « 

Ml'lc 

5 . 

[H*] 

ME, SSWT'tWA+AJWof^KS'fe^t^, ft 

m. mtK, xhm^, e*. *uhr, ap^ssi^; 

^^m^-Ko [2] IrI: bia* m, h\ g#;Lfpj? 

^0: ^-3t, 

HfcAR, W-3tAKo 

*0: »*;to 

“W—“+A*M±1II, A+-^iSTDI, H+-»MI«, 
=mjTKz, [3i o 'o'IrJo 


[a»] 

[ 1 ] Jlfcfrfcfctfttf*, MHAfcHtttt. *>; lira 

WW, &m\*!h, d . jffcBP: (4fl 2 f> + 5 x| </*A) *2-±- = 4768o ($P ) 


length, and height be a, b y and c. Let yuan tun ’s circumference, height, and diameter be /, 
/j, and d. That is, ( abc + Ph) -r 2-y = 3312. ( G ) 

[ 2 ] That is, b - a = 4, a - c = 2, a - = -i- d y a = A. (G) 

[ 3 J The expression in modem form is the equation; 2* 3 + 3.r - 12* - 12420 = 
0. (C) 



cd sn 
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5. There are four fang cang and five yuan run containing 4768 hu of grain. 1 
It is said that the square of one-half of the side of the cang diminished by 7 chi 
is equal to the height of the tun\ the square of one-half of the diameter of the 
tun increased by 3 chi is equal to the depth of the cang-, and a side of the base 
of the cang exceeds the diameter of the tun by 2 chi. 2 Find the height, the 
diameter, and a side of each. 

Ans. Cang, side, 1 zhang', depth, 1 zhang 9 chi. 

Tun, diameter, 8 chi', height, 1 zhang 8 chi. 

Process. Let the element tian be one-half of a side of the base of the cang. 
From the statement we have 12025 for the negative shi, 210 for the posi¬ 
tive fang, 26 for the negative first lian, 62 for the negative last lian, and 31 
for the positive yu, an expression 3 of the fourth degree whose root is the 




[2] ifcBPs (ifl) ! -7 = A; (i-rf) 2 + 3 = b; a- d = 2o (IP) 

[ 3 ] 3lx* - 62x’ - 26^ + 210 jc - 12025 = 0 o ( Bfc) 

[4-if ] 

^#4 5 HJ @ , J&-4&4768 fch X*: 

tj*. *7*. J?B|B|tiA*l$-; IDS *»-t3X., 

2X.O I“J: >£, 

&: ;$r l i, >£ 1 £9 X.; 

ffl a JL« 8 X., ft 1 3t8X.o 

A: -12025 

210 #-**5£4t, -26#-=--62 #-=-*.« 

it, 31 */&ft*.«4fc, ft*nk.7F, fett&}*&#)*&«] jo 
m o 


6 . 

[il*] 

^wm-TA+AMA4, h^-ic^o 
A^tv£4l>«;R, *£0^“*; fcW*P£¥Jfc*Jft=R; 6Win 

'(tfcr.ftz—; mmm.Mmm +- ak ; 

o [2) N: h*6*#/lm? 

# 0 : 'fcfc-iAR, WAR, mR; 

S^HAAR, W- 3 tz:R; 

SaRo 

A 0 : jfc 3 C 7 G—# 6 #, JttHfcfcto 

-fHI-tHM^r, -+Afc£ hW, A+“*M.“ W, —+H 
MTi, -*jiEPPI, W*76r^, t3j »'feaSo 

#-+077 A 4 -W-+- 2 /&£, 073 E^ra^A-h# 


required one-half of a side of the base of the cang. 

[ Notes ] 

[ 1 j The fang cang is a bin whose base is a square, the yuan tun is also a bin in the 

form of a cylinder. Let fang cang s side be a, and its depth b. Let yuan tun s height h, and 

its diameter d. That is, ( 4 arb + 5 x d 2 h ) -r 24- = 4768. ( G ) 

4 2 

[ 2 ] It must be a mistake. Now I revise. That is, (-j a ) 2 - 7 = h\ ( 4yd ) 2 + 3 , 
= b\ a - d = 2. (G ) 

[ 3 ] The expression in modem form is the equation: 3lx 4 - 62x ! - 26.x 2 + 21 Ox 
- 12025 = 0. (C ) 


6. There are 1096 hu 8 iluu of grain. One cang and one tun are filled from it 
and the rest is heaped on the floor. 11 It is said that the length of the cang 
exceeds its depth by 7 chi, but is less than the circumference of the tun by 20 
chi. The depth of the cang exceeds the height of the heap by 3 chi: the width 
of the cang is one-half of its length; the sum of the circumference and the 
height of the tun is 48 chi ; and the sum of the square of the height of the heap 
and the height of the heap is equal to the circumference of its base. 21 Find the 
dimensions of the three. 

Ans. Cang , length, 1 zhang 6 chi ; width, 8 chi\ depth, 9 chi. 

Tun, circumference, 3 zhang 6 chi: height, 1 zhang 2 chi. 

Heap, circumference of the base, 4 zhang 2 chi: height, 6 chi. 
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ikff, AfjlljltrMli, AfHtAMrl, 0+AA& 
t m, -aieps, w^, [4; Mo xai^Tc-^iw, §p 

«3fct„ ff-^AA-WA+ig*^, -7J-T-W--hE^jJA 
A, rafranAtAMhi, aw=+a#m.—*, a+aa&t 
m. eamps, ram^r^, xaate-a®^, *pir 

HWAAA7THAHW0+ 
Mt, -fA^HIStr^ill, AftI-ttAM“i, 
-Wffl+A^&TIt, -*jEW, PgmAA^:, [6 M#ffl^o XitA 
A-Mi®, ^-TTHAA’-AAHA | -^jjF.^, At 

AAWtr+A^A, AAHAHHA FAM±*. HTPqW^^n 

IS, AtrMTi, -A£PS, fMAA£, [7 M#H^ 0 XAA 
7C-***, in*l*;to iflMAMA-fcW- l-ziAM^, HfEW- 
-WAAA^M hH, -tAMr.i, - 

a in ps, uym;/A^, (8 M#m^o £-r°t= 

[&ff] 

[ l ] i5Afcttl«U fc, 

4 c; 0BWB. /»,; WftttBtift, *#«*>/,. /> 2 ,<A 

$#*> =^/ 2 A; 8 4^-f*4o lit BP: (a*c + 

TT / i 2 *i + 33 AM - 2 T = 10*4- ^ 

[ 2 ] ittBP: b - c = 7, /, - b = 20, c - h, = 3, a =j b, h + /, = 48, /i 2 , + 
A 2 = / 2 o ( ff ) 

[ 3 ] TWsSMStttJBitfc: x 3 - 13* 4 + 82x 3 - 18^ + 2313 a: - 52893 = 0 o ( |$fc) 
[4] JFAAWSE^A^: x' - 48x* + 936.x 3 - 8992* 2 + 44460.x - 146112 = 

o 0 ( m ) 

[ 5 ] ff 1 : 4X 5 - 96^ + 936.x 3 - 4496x 2 + 11115x - 18264 = 


0 o ( Bfc) 


Process. Let the element tian be the depth of the cang. From the statement 
we have 52893 for the negative shi, 2313 for the positive fang, 18 for the 
negative first lian, 82 for the positive second lian, 13 for the negative last 
lian, and 1 for the positive yu, an expression 131 of the fifth degree whose 
root is the required depth of the cang. Again let the element tian be the 
length of the cang. From the statement we have 146112 for the negative shi, 
44460 for the positive fang, 8992 for the negative first lian, 936 for the posi¬ 
tive second lian, 48 for the negative last lian, and 1 for the positive yu, an 
expression 14 of the fifth degree whose root is the length of the cang. Again 
let the element tian be the width of the cang. We have 18264 for the negative 
shi, 11115 for the positive fang, 4496 for the negative first lian, 936 for the 
positive second lian, 96 for the negative last lian, and 4 for the positive yu, an 
expression 15 bf the fifth degree whose root is the width of the cang. Again 
let the element tian be the circumference of the tun. From the statement we 
have 23000112 for the negative shi, 3863340 for the positive fang, 260352 
for the negative first lian, 8776 for the positive second lian, 148 for the nega¬ 
tive last lian, and 1 for the positive yu, an expression [ 6 of the fifth degree 
whose root is the circumference of the tun. Again let the element tian be 
the height of the tun. From the statement we have 2302992 for the positive 
shi, 600876 for the negative fang, 63360 for the positive first lian, 3400 for 
the negative second lian, 92 for the positive last lian, and 1 for the negative 
yu, an expression 17 ] of the fifth degree whose root is the height of the tun. 
Again let the element tian be the height of the heap of grain. From the state¬ 
ment we have 44712 for the negative shi, 3420 for the positive fang, 288 for 
the positive first lian, 16 for the positive second lian, 2 for the positive last 
lian, and 1 for the positive yu, an expression 8 ] of the fifth degree whose 
root is the height of the heap. 





[6] x s - 1 48 jc j + 8776x 3 - 260352* 2 + 3863340* 

- 23000112 = 0 o ( WO 

[ 7 ] -x 5 + 92x* - 3400*’ + 63360* 2 - 600876* + 2302992 

= Oo ( Mi) 

[ 8 ] x 5 + 2* 1 + 16* 3 + 288* ? + 3420* - 44712 = 0 o ( Bfc ) 

[❖« ] 

^Mr*10961*8 + , BS-8—A±+, S£-=t**., /£*£+/& 

Ji&*-+0'tM?o ** s 7rMKlb%L£l K, tbs a6^^^'2 3t; 
3jr*tt3*JfclIHM$iiS$ 3X.; 00<*/5K iSi4L*>* 

48 X.; *B)4M$ 8*. + + •&*$*„ 1-1: **<**, «, fl*. 

0®, $+*£*'? ' 

1 £6*, JHJ8X., *9 As 
0 0<*$ 3 £6*., $ 1 £2/1; 

0^<*$4£2^, *6X.o 

*■: ifc*.*,—***■*$*, tf**#*****#., #*'J -52893 *** 
*, 2313*—****, -18*—****, 82*5.****, -13 
*«****, i**A****, +i*>5-, 

**$*£<> £*: i£*.7L-*;T'£tf *, ^ *»:***&*-£#, fffj 
-146112*If - **, 44460*—****, -8992* — /*.***, 936 
**.&***, -48*®/****, 1 **$&***, tfjfc**, ft- 

X.*.; **.*,-***#«, >«*»*** 
ff*l-18264****, 11115* — *.***, -4496* — 
<&***, 936 *5.;/:***, -96*®;/:***, 4 **&;£** 

*, +.£;/:*, Pq 0 X-*: **>t-*0 

BttB, «*»*^***8f 0 *?*']-23000112****, 3863340* 
-;£***, -260352 *—;/:* **, 8776 *=.;/:***, -148* 
®;£***, 1 *******, +*;/:*, 
i*$ 0 £*-: #*.*.—*B a^*,vX*i****-*Jlfoff*12302992 
****, -600876* —;/:***, 63360*—;/:***, -3400* 
5.;/:***, 92*®;/:***, -1 **&■£***, +A«fc*, /£ 

£*-: tfc*.*.—*W4M$J!i, 

*4£-*8fo -ft*l -44712****, 3420*-;/:***, 288 *-;/: 

***, 16*5.****, 2*®****, 1 **$****, + 

i**. 


[ Notes ] 

[ 1 J The fang cang is a cuboid, the yuan tun is also a bin in the form of a cylinder, 

and the heaped grain on the floor is in the form of a cone. Let the fang cang 's width be a, 

length b y and depth c. Let the yuan tun s circumference be l [9 and height h r Let the heaped 

grain s circumference be /,, and height h Y The volume’s formula was given by the wei su 

method in the chapter shang gong ( consultations on engineering works ) in The Nine 

Chanters of Mathematical Procedures. It is as follows: V = - 7 -/;/!,. 8 dou is - 7 - hu. That is, 

36 * 5 

( abc +-pr l]h, + ^ PJt. ) * 24= 1096 7 -. ( G ) 

12 1 ' 36 2 2 2 j 

[ 2 ] That is, b - c = 7, /, - b = 20. c - h 2 = 3, u =-i b, h + /, = 48, h\+ h 2 = 
l r <G) 

[ 3 ] The expression in modem form is the equation: a 5 - 13 a 4 + 82_r 3 - 18a: 2 + 
2313a- - 52893 = 0. (C) 

[ 4 ] The expression in modem form is the equation: at 5 - 48a 4 + 936a 3 - 8992a: 2 
+ 44460a: - 146112 = 0. (C ) 

[ 5 1 The expression in modem form is the equation: 4a 3 - 96a 4 + 936a 3 - 4496a: 2 
+ 111 15a: - 18264 = 0. (C) 

f 6 ] The expression in modem form is the equation: a 5 - 148a 4 + 8776a 3 - 260352a 2 
+ 3863340a - 23000112 = 0. (C ) 

[ 7 1 The expression in modem form is the equation*, -a 5 + 92a 4 - 3400a 3 + 63360a 2 
- 600876a + 2302992 = 0. ( C ) 

[ 8 ] The expression in modern form is the equation: a 5 + + 16a 3 + 288a 2 + 



3420a - 44712 = 0. (C) 






i. 

[IB* I 

f*K ^m^-WAK, ±I*T ±, T^miAtK, 

±, Trt^iEAR, Tr^APflfAK, ip^±r-3t-R, iHTO±rt 

©irnto N: 

rt, *w«, Tr, 

^FI: T^fflAM=+^, rtl^MA^-hi, r— 3tAR; 

±.*mi lM—bM?. MASA^HR, r-fcR; 

®-3tHK; 

^-3tHK - fc+S^A^l t I Ko [3] 

*0: in^^lo HfflWA+A^TE^HWra+ini 

*7&:fc, -+A7T ATAITW+AMA, -TJAT-WH-bfc^M. 
KH, -AjEW, AtA?F^, [4 M#^r.3t^^o &flc*n$#;£o #* 
^7ft0 : mmtm, x^r^^AA-ttr, Rmm 

m*, vmrmz, */&<> $mi-, BP*a5 e ^o (sl 


[a*] 

11 iE^SM 

±, Tr, fc, Tfc. JMHWfcfl,. *„ A, (ASJMOIfttflHIMMfc**: 

V=-i[(2 b, + b 2 )a t + (2 b 2 + b,) a 2 ] h, 

iBftftfcsKP^MTrt, *Mfl. TfA *Wa$>#l*/,. L,. / 2 , L 2 , <A$g?K> 
SSI&Snfc, =y(/, + £.,). * 2 =y( / 2 + L 2 ), BURfflffe (4KIM1M) WttfRo 
ttMi&BP: V = i. I [ 2 X ±< /. + L, ) + i.( /, + z. 2 )] fl, + [ 2 x i(/ 2 + L 2 ) + 


Shang Gong Xiu Zhu ( Problems on 

Labor) 

7 Problems 

1. The volume of the wall of a round city is 4885344 chi. 11 It is said that the 
difference between the interior and exterior circumferences at the bottom of 
the wall is 108 chi, the difference between the circumferences at the top is 42 
chi, the difference between the exterior circumferences of the top and the 
bottom is 60 chi, the interior circumferences differ from each other by 6 chi, 
the width at the bottom is less than the height by 6 chi but exceeds the width 
at the top by 11 chi, and the height is less than the interior circumference at 
the top by 16224 chi! 2 ] If a ditch whose width is 30 chi is dug close to the 
bottom of the wall and the earth is used for the building of the wall, what 
should be the depth of the ditch? What are the exterior and interior circumfer¬ 
ences of both the top and the bottom, and the width and the height of the wall? 

Ans. Bottom of the wall: 

exterior circumference, 9 li, 30 bu: 
interior circumference, 9 li 8 bu 2 chi: 
width, I zhang 8 chi. 

Top of the wall: 

exterior circumference, 9 li, 18 bu: 
interior circumference, 9 li 9 bu 3 chi: 
width, 7 chi. 

Height of the wall: 

2 zhang 4 chi. 

Depth of the ditch: 

74 

1 zhang 3 chi 2 10 2 75 cu,u ' 

Process. I^t the element tian be the height of the city wall. From the state¬ 
ment we have 4885344 for the negative shi, 186948 for the negative fang, 
16247 for the positive lian, and 1 for the positive yu, a cubic expression 4 J 
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y(/, + L,)] a 2 I h = 4885344 0 ( ) 

[2] ittEP: L 2 - l 2 = 108, 42, L, - L, = 60, /,-/,= 6, h - a 2 = 

6 , a 2 - a, = 11, /, - h = 16224 0 ( ) 

[3] 5R= l&. 2# = I3t, 180* = 360# = 1 I* ( fifc) 

[4] 3rj]5K.&MiX.]&-£.y-J: x } + 16247JC 2 - 186948.t - 4885344 = 0„ ( l& ) 

^i 2 , ®i|Sl^^3, PJl, = (-^ + 2a } ) ■*= (-^- + 2a s ) x 3 = 

L 2 + 6fltlg M^yU, + ( L 2 + 6a 3 ) ] a, 0 iB«i*l 

M^*7 /»,, !>!<J»<**R2/ y [ Z., + ( L, + 6a 3 )] a 3 /r j0 { A##* > SP**: ?? 

Hfe4, ^Jlg3, x y [ L 2 + (L, + 6a 3 ) ] a,7i 3 , $4^ -yU 2 + 

U 2 + 6a 3 )]a 3 EPS«S5 0 ( % ) 

[<^£] 

£-4*^*7 4885344 X. Q X*c : T 

108 X., Jii*U t\'ftte£4*.2K, Ji, T>h$40.£6OX., Ji. Trtfl 
40£6X_, Trtt£# 6 X., ^>b_L/-2 1*1X_, A40J. 16224 
X-o 9L±fr3U ID A, ***$/- 3*o fl: HI* 

a, _t. rt, au*^**#*^? 

BJJfctf T*M9JL30#, f^^95.8#2X., /- 1 * 8 .*L; 
Ji^h^ 91 18 # , 919# 3X., /" 7 X.; 

i^2*4X . 0 

1 * 3 X. 2 -^ 5 -to 

*: fi$'\ -4885344 *7 , 

-186948#—It, 16247 ^ &it, 1 # * ft #fc, # 

#l'J^2iL4X . 0 


whose root is 24, the required height of the wall. The other dimensions can 
be obtained from the addition and subtraction method. The method for 
finding the depth of the ditch is as follows: Multiply the volume of the wall 
by 4, then divide the product by 3, the result thus obtained is dividend. 
Find the sum of the exterior circumference at the bottom of the wall and 6 
times the width of the ditch and this circumference, divide by 2, then mul¬ 
tiply the quotient by the width of the ditch for the divisor. After dividing 
the dividend by the divisor we have the required depth. - 5j 


[ Notes ] 

f 1 ] The round city ’ s form is the same as qu chi in the chapter shang gong of The 
Nine Chapters of Mathematical Procedure s.\ts method is like chu tong. Let chu tong's 
upper width be a,, lower width a 2 , upper length b r lower length b 2 . height h. Its volume 
formula given by The Nine Chapters of Mathematical Procedures is as follows: 

V =±[(2b l + b 2 ) a,+ (2b 2 + b l )a J ] h. 

Let qu chi or round city *s interior circumference at the top be /,, exterior circumfer¬ 


ence at the top L r interior circumference at the bottom /„ exterior circumference at the 
bottom top L,. The Nine Chapters of Mathematical Procedures used fc, = —(/, + L ] \ b 2 
- _L (/ + ^ ) i n the formula of chu tong for the volume of qu chi ( or round city ). 
According to the statement, that is, V = I L 2 x -y ( / ( + L x ) + ( l 2 + L 2 ) ] a t + [2 x 

-i(/ 2 + L 2 ) +± (/,+/-,)] a 2 \ h = 4885344. (G) 

[ 2 ] That is, L 2 - l 2 = 108, L, - /, = 42, L 2 - L t = 60, l 2 - /, = 6 , h - a 2 = 6 , 


a 2 - a, = 11,/, - h = 16224. (G) 

[ 3 ] 5 chi = 1 bu, 2 bu = I zhang, 180 zhang = 360 bu = 1 li. ( C ) 

[ 4 ] The expression in modem form is the equation; x 3 + 16247* 2 - 186948* - 
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jjUfcftflML*: JLttBUfc 

«Ma2, »stJfc#tt/-3ML, -ft 


2 . 

[IS*] 

4-4*$ft3r«M£, ^-b1 1 AWKo [,3 K5: 

H£, jfc, #3r|lfc£, #ATr, MA I'E^o X7f:fr»4>*n± 

is^tpo ±> rriH^o ±r^-Si^2i^-Ko [2l ^Mia^, to 
MM± ftist Stt«^.^«LhrS3tEK. Tr£to [3, iti: 
l*U £5#4*'Hc-R, WE - *, ff--t 

#o [4l ^AR'^--t-iaR, iABMfiMWHfto 4-^AE 
7jA, IrI: t. Tl*K *K*j\ rSK, 

M? 

#□: T*h2r—f-S—h£, rt#-+M. r“iER; 

±*k*f-+M*^, rt^-+S-^, r-3t; 


4885344 = 0. ( C ) 


[ 5 ]The horizontal section of the ditch is in the form of a ring. The ditch’s width is 


the diameter. Use a, for it. The interior circumference is the exterior circumferences at the 
bottom of the round city, /.,. Use L, for the exterior circumference. The value of it is 3. 
Then, L= ( + 2a } ) n = ( -j- + 2 a ,) x 3=L 2 + 6 a y According to the huan tian 

method in The Nine Chapters of Mathematical Procedures , its area is -i- [ L 2 + ( L 2 + 
6 a,) 1 a,. Let the depth of the ditch be h y Its volume is y f L 2 + ( L 2 + 6 a,) ] a } h y 
According to the chapter shang gong in The Nine Chapters of Mathematical Procedures , 
the volume of the round city is V= x -j [ L } + ( L } + 6 a,) ] a,h y Therefore, 4^ -r 
y [ L 2 + ( L 2 + 6 a,)] a, is the depth of the ditch. ( G ) 


2. The wall of a square city contains 45417600 chi .- 11 It is said that the square 
root of an exterior side at the bottom diminished by 10 bu plus the width of 
the wall at the bottom is equal to 65 bu\ the root is less than a side at the top of 
the wall 3546 bu\ the difference between the interior and exterior sides at the 
top of the wall is 4 bu\ the exterior side at the top exceeds the interior side at 
the bottom by 6 bu\ the width at the top and the width at the bottom differ 
from each by 3 bu; and the width at the top is less than the height of the wall 
by 5 bu 1 chi! 2] A circular ditch is dug to circumscribe the wall in order to 
obtain earth for filling it and for making the bricks to build it. The width of the 
ditch at the top is 35 chi and at the bottom 30 chi. - i] 24000000 bricks are 
needed and the size of a brick is to be 1 chi in length, 5 cun in width, and 2.5 
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SA+H; 

^E+- 0 -"P-W-+E^ 0 £HW-fc +H 0 
A0: ^ATc-^rr, »ra+-;ff-^H¥ra+Afc& 

£, -^WfAIAtA^ 

m±m, -IH+-M^>Ai4T*. l5l -A™, rJfcfrTte,' 61 
t#rr 0 ^w^Ao 3jm^AB: *m, ha. =m-, t±o 

ffl£, 2 lM-, *P±, Mo 171 XW# 

jbq [,] *MB, H£, inAmtr. xartfttoA'NfcTIIS, 

tmmmo #m*z, *««*«<, x*mrt> tmm*z, 

±^ 0 i$z, Mf&ftffl, M±rmz, t±o x, *n± 
urrmz, #.t, §pam- 0 i&£, wso 191 

>JcAW0Ai3: W, #A£fflS$&, K*“Alfct, A£o #A 
0#*R&A0&flWt&, W#iE*3l£, t#». fcfco ^inaM-o 1 ' 01 
^■(SJo 


[am 

[ i ]ie*ttM±rt, *k*u r. Trt. *t\*\ r, «#»]*/,. /.,,«,, z a , l 2 , 

fl Jt a, £ Ufc&MEP: 

V=4x||[2xy(/ 1 + i | ) + y(/, + L 2 )]a,+ [ 2 x y ( / 2 + i,) + 
j ( /, + L, )] a 2 1 h = 45417600, ( $B ) 

[ 2 ] JlfcBP /Z- 2 - 10 + a 2 = 65, L, - /z. 2 - 10 = 3546, /.,-/,= 

4, L, - l 2 = 6, a 2 - a, = 3, h - a, = 5 y o (IP ) 

[ 3 ] ttBPttmftg -wvm&m, £»±£&£^fi!iM±m*So s±rz>, 

= 35 , rr b 2 = 30o ( » ) 


cun in thickness. [ 4 -A man can dig at the rate of 24 chi per day and can make 
and lay bricks at the rate of 30 per day. If there are 50000 men working to¬ 
gether in how many days can they finish the work? What are the sides, the 
width, and the height of the wall and the depth of the ditch? 

Ans. Bottom of the wall: 

the exterior side, 10 li 10 bu; 
the interior side, 10 li; 
the width, 25 chi. 


Top of the wall: 

the exterior side, 10 li 6 bu; 
the interior side, 10 li 2 bu; 
the width, 10 chi. 

Height of the wall, 36 chi; 


483 


Depth of the ditch, 25 chi 5 cun; 


The work will be finished in 51 


473 

1125 


days. 


Process. Let the element tian be the width of the wall at the bottom. From the 
statement we have 412348 for the negative shi, 11 MBy^for the positive fang, 
14898 2 ^q for the positive first lion , 131 for the negative last lianl 5 and 1 
for the positive yu, an expression 6! of the fourth degree whose root is the 
required width. The other dimensions can be obtained from the addition and 
subtraction method. The method for finding the depth of the ditch is as 
follows: Add to three-fourths of the volume four-fifths of the product of the 
volume of one brick by the number of bricks, for the dividend: 7! Then add 
to itself one-fourth of the length of the exterior side at the lower base' 8! and 
multiply the sum by 3; add to this product six times the width of the top of the 
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[ 4 ] 1 1 x T x T = V 2=T* 240000 °0 = 

3000000 R 3 = (IP ) 

[ 5 ] £ FM “A#\ “-#\ “A#” #giJBP0.6#, 0.2#, 0.8 # D (IP ) 

[6] TFAAMltSjSA: X 4 - 131.Sr 3 + 14898.2* 2 + 11148.6* - 412348 = 

0 o ( m ) #&IEo TI« 1 , (IP ) 

[ 7 ] ai£h 0 " -n 

nsLm-*jm±, «±^±, v 3 = 

jV + (IP ) 

mpantn tt^o, u\a 

m, (ip) 

[9] iEJFffe^±. > tmftS'Mm,, M ,. m 2 , M 2 , &/T - 1.4, -rr = 3, 

Art/Slm, = 3/2"L 2 = 3 X 1.4L 2 „ + 

2b ,, J-.iPJSlAf, = 3 (/2~L 2 + 26, ) = 3 x 1.4L, + 66,, ?feJ£ 

= M 2 , ffelSIp/S Af 2 = m, + 66 2 = 3/2"L 2 + 66 2 , Af = j ( m 2 + M 2 ), 

=l(m, + W,) c «« ^SA, K<**R 

% V 3 = i-[(2/* + M) 6, + (2M + m) b 2 ] h } , ttLVXV y %%, IU y [( 2m + M ) 6, 
+ ( 2Af + m ) b 2 ] *7&, V (IP ) 


[io] idV'ft-frnm®., 


( V+ v 2 ) X 2 
( u + i/) x 50000 


(IP) 


u. 


vjWMAnKKKftAUtemsm, wjh ^ = 


] 

^tgr^SL-MZ-hk, -&-A# *7 45417600 A 0 X* s Ai&T® 

10#, :7f-fA, >TA, ^f65#o _hi£#A4lUbA*lF 


ditch for the exterior circumference of the ditch; add to the interior circum¬ 
ference 6 times the width of the bottom of the ditch for the exterior circum¬ 
ference at the bottom of the ditch. One-half the sum of the interior and 
exterior circumferences of the bottom of the ditch is the chi di ting zhou , 
and one-half the sum of the interior and exterior circumferences of the top 
of the ditch is the chi shang ting zhou. Multiply the shang ting zhou by 2, 
add to the di ting zhou , then multiply by the upper width of the ditch, add 
this product to the product of twice the di ting zhou plus the shang ting 
zhou by the lower width of the ditch, and take one-sixth of the result as 
divisor. Dividing we have the depth of the ditch. 19 The method of 
finding the number of days for finishing the work is as follows: Multiply 
the sum of the volume of the wall and the number of bricks by 2, for the 
dividend. Multiply the amount of digging done by one man and the num¬ 
ber of bricks that one could make by the number of men as the divisor. 
Dividing we have the number required 10 1 

[ Notes J 

[ 1 J Let the square city’s interior side at the top be /,. exterior side at the top L r the 
width at the top a r interior side at the bottom l p exterior side at the bottom /.,, the width at 
the bottom «,. and the height h. llte method for the volume of one side is the same as that 
for qu chi. The square city’s volume is 4 times the volume of one side. The statement 
means V = 4x-^-|[2x^-(/ | + L 1 ) + -j (/ 2 + L 2 ) ] a, + [ 2 x -i- ( l 2 + L } ) + 
-!(/, + £.,)]«,! h = 45417600. (G) 

[ 2 ]Take bu as a unit. That is, Jl~T\q + a, = 65, L, - 10 = 3546, L, - 
/, = 4, L, - l 2 = 6, - a, = 3, h - a, = 5-^- (G) 

[ 3 Jt refers that a qu chi in the form of a ring is besides the square city. In fact, its 
earth is dug for building the city. Its width at the top is />, = 35, the width at the bottom 
is 6, = 30.The method for the volume of the ditch is the same as the method for qu chi in 
The Nine Chapters of Mathematical Procedures. ( G ) 


wm wmwsB 



7T 3546 0? o ftjrteJL 4^ 0 

# 0 -t> Tr->fa^3#o 

&4ft—*M2BlSfc, *A&*i»AJ!fc«*fe*iU ^-h/-3t5X., TA3 

^5-t, ^-2-i-to 

EJ £ i-7r&4L% 24 *, B :&sf-;*l5L &&&.& 30 * 

4o -MX, H: Jr MX. Tf*K i-> T 

/-, AA, J6P&tf>£, «A3fcA^B4fc^^iV? 

&: T*b2T 10 5 10#, rt^Tl05, f 2i5X.; 

_LMl056^, fi*1052#, /• 1 3t; 


&34L6K; 

3&M%L2*L5K5 ^~t; 

471 

0&51~^-0o 

jL : iSi^-Mjrr, tt*»**i**.-*#o 4**1 -412348 tflMfc#, 
11148 *&, 14898 fc&.-ni^ AX&JS 

*4fc, lMr******, fffJTAo 


4L, «3lfr4L, Jt-fJi; »K4*^, « 

5fiM^ ; ^>-f_b, -ft^^o «*3*.4 l, *» 


^&<Kn*u JM-^, 2te, i* 

8kfc ffl, i-fji; Sj&fffltf 24I-, «T/- 

^4l, *»-f-t, Me«i6, /Wf*Xr*o istifciffc-fc, & 


£ ^frxfij &x#j a &-2L-£-: ?'] JL^r.&^'fMK, «2A. 

**., *0 9 A tA«A^WtJS^8 rtftJII*Mt 

info, «&■**$£ Alt jM^ 

>5o #Mflo 


[ 4 ] The volume of one brick is 1 x -L x ~ =-i- cubic chi. The volume of all the 
bricks: V 2 = -ix 24000000 = 3000000 cubic chi. ( G ) 

o 

[ 5 1 6 fen, 2 fen, and 8 fen following hu are 0.6 bu , 0.2 bu and 0.8 bu respectively. 

(G) 

[ 6 ] The expression in modem form is the equation :* 4 - 131 .Sir 3 + 14898.2* 2 + 

11148.6* - 412348 = 0. ( C ) The decimal fractions of the equation were all expressed 
as fractions by Ch’en Tsai Hsin. We correct now and do not annotate in following part. 
(G) 


[ 7 . Shi is the ditch ’ s volume. The chapter shang gong of The Nine Chapters of 
Mathematical Procedures says:“If churn di is 4, it becomes 5 as rang tu, and 3 as jian tu ."A 
square city and a brick belong to chuan tu. It becomes rang tu when it was dug out. Therefore 
the earth for building the square city and making the bricks is, V } = y V + ~ V Y ( G ) 

I 8 ] Shenjia was ofen written as shen wai jia . which was one of the methods for 
quick calculation of multiplication and division in Song and Yuan dynasties. The method 
was used when multiplier has two positions and the number of the first position is one. 
That is, add to multiplicand the number of the second position of the multiplier. For example, 
when the multiplier is 14, add to multiplicand 4. ( G ) 

[ 9 ] Let the ditch 1 s interior circumference at the top be m r exterior circumference at 
the top M r interior circumference at the bottom m 2 , and exterior circumference at the bottom 
M r Let J ~2 = 1.4, it = 3, then the diameter of the interior circumference at the top is J~2 L,. 
The interior circumference at the top m, = 3 ilL 2 = 3 x \AL r The diameter of the exterior 
circumference at the top is /TL, + 2 b r The exterior circumference at the top M , = 3(/T L, 
+ 2b y ) = 3 x 1.4/,, + 6 b r The interior circumference at the bottom is equal to the exte¬ 
rior circumference. That is, m, = M y . The exterior circumference M y - m y + 6 b y = 3/T L y 
+ 6 b y Chi di ting zhou M = ( m, + M ? ), and chi shang ting zhou m = -A- ( m, + M , ). 

Let the ditch ’ s depth be h v According to the chu tong method in The Nine Chapters of 
Mathematical Procedures , V y = -i- [ ( 2m + M ) b { + ( 2M + m ) b 2 ] h y Therefore, h } can 
be solved by taking V, as shi, and ~^[(2m + M)b [ +( 2 M + m ) b 2 as fa. ( G ) 

[ 10 ] Let w be the number of all the bricks, u the amount of digging done by one 

man and v the number of bricks that one could make in one day. Then, the number of the 

(V+V, ) x 2 , 

needed days is-. ( G ) 



( u + v ) x 50000 
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3. 

[JS*] 

W-^AfSirtARi'io KS: #±, 

£, ¥Ar7TXl, »». MT_tr, iP-5±, Trills], 

Xto&Hfrt-o ±. Tr^Ko 121 ^^^®^, ±T ®&WL% 

m&o K-am [il iAtfcHRo |BJ: ±, rr , *, 

«: ±r-i-R, TrzLi-fcR; 

±*-*AR, TfHtAR: 

~ Alim-b^-fcW “ ■t R, i-WAflA- t-fc ft XZ- 
-!£; 

“/HUm-T-bUziR, 

*0: &^7n-2j6_tr, ftPa^o^-^A-T-t'S'-t+lzg^^^, 
-fcWnfcifcfr, HH^L+-^iA±0, H+A37&TJ*, -*iEI», 
[ -‘ #±r 0 *“*3IMR*H: in 

tj:#, &, ^±ffia#Mr 0 ±£Mn*br, 

*h£& 0 x, Tr«TT«, &, ¥*., %rmm&ttzro rm\H 

jjB*hr, zjrw&myz&o f&±&, tor&, u±rmz, f±o 

xflmfc, 2ra±&, wrri^o w±, vmmz, ia\/\M~ , #- 

*«2#o to$A#m£, #ffi^o [sl «:/J'«SW, to 
huAA£, gpt# 0 •o’foJc 


ia#j 

«»*&«#«, ±. rr. n> 

mttmiv, a,. a 2 , b,. b 2 , h, «*<*,***>. 

V =|-[( 2a, + a 2 ) fc, + (2a, + a,) b 7 ] h = 18528, ( $S ) 


3. The volume of an observatory is 18528 chi 1 . It is said that the square root 
of the sum of the lengths of the upper and lower bases is less than the width of 
the upper base by 13 chi, equals the difference between the upper and lower 
lengths, and is one-third of the length; the difference between the widths of 
the upper and lower bases is 6 chi. 2 It is required to enlarge the observatory 
into a circular form using the diagonals as the diameters of the bases and to 
complete the work in one day 3 . The rate of one man's work is 27 chi. How 
many men shall be employed for the work? Find also the widths and lengths 
of the bases and the heights and volumes of the arcs. 

Ans. Upper base: 

width, 21 chi; length. 28 chi. 

Lower base: 

width, 27 chi; length. 36 chi. 

height, 24 chi; 

Volume of each of the great arcs: 

25 

7720 c/ii;men needed for the work, 285 2 =? • 

Volume of each of the small arcs: 

2 

2702 chi; men needed for the work. lOO^y. 

Process. Let the element tian be the width of the upper base. From the 
statement we have 18774 for the negative shi, 702 for the negative fang, 
391 for the positive first lian, 36 for the negative last lian. and 1 for the 
positive yu, an expression 14 - of the fourth degree whose root is the width 
of the upper base. The other dimensions required can be obtained from the 
addition and subtraction method. The method for Finding the volumes of 
the two great arcs is as follows:One-half of the difference between the 
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1 


(#) 


f 21 jifcBP: a, -fb~Tb= 13, Jb, + b 2 =b 2 -b,, J A, + b 7 = fh a a, - a, = 6 0 


[3] W6BP<****>£«« R±iSMfigept£4, W±mmt1M8L, T 


8PTW»»fA«o (# ) 


[ 4 ] TFarsSWSMWBa:*: X 4 - 36X 3 + 39 lx 2 - 702*: - 18774 = 0 o ( ) 

[5]±5&BPWjR^±ieM^^, ^BPia±r^, ic^c,„ 

*p&, w&aifcirsM, = j-( c, - fl , >, ±raa#*h£K*/B 1 = *, + -±-( e, - a,x, 
TKHPW«6T*iW*r*lft. g^BPWTr^, T*^KW*. ie*c,o sp*. w 

= y ( c 2 - fl : >• ±mtrftZK*i b, = b 2 + ±(c 2 - a 2 >„ «>c5m 
£#13/ y [( 2fl, + b 2 ) A, + ( 2fl, + B, ) a 2 ] ho ($P ) 


[*»] 

18528X. J o T^S^, 

^y 0 _h N Tr-^J.^6^0 ***#, HI £ „ 

T «£R-fc^ TjLfco FH-a 

A27X.O R: _t. T/*\ £, A, 

fe&xZ'y? 

%-: W*fL4sXt2ii 1 X., Tr-23t7X.i 
Ji|L 23L8^, TH35t6X.; 
i^2i4^; 

—*.*#•# 7720 X., ffl44 285yf/v; 

—'MMMR2702*. £)<& 100y7^ o 

3frW*.£RJi/\ -18774# 

15-1st*31, -702#-;*.^*4fc, 391 #-=.*#*&, -36#-=-*«&, 



hypotenuse and the width of the upper base is the altitude of the segment of 
the upper base; and the sum of the altitude of the segment and the length of 
the upper base is the length of the arc of the upper base. One-half of the 
difference between the hypotenuse and the width of the lower base is the 
altitude of the segment of the lower base; and the sum of the altitude of the 
segment and the length of the lower base is the length of the arc of the 
lower base. Add to the product of the twice the sum of the arcs of the lower 
and upper bases by the altitude of the segment of the lower base, the prod¬ 
uct of twice these same arcs by the altitude of the segment of the upper 
base; multiply their sum by the height and divide by 6. This gives the vol¬ 
ume of the great segment. Divide the volume of the great segment by the 
rate of work of one person and we have the number of workmen for the 
segment. 15 The method for finding the small segments is similar to the 
above. 

[ Notes ] 

1 I The observatory is the chu tong in the chapter shang gong of The Nine Chap¬ 
ters of Mathematical Procedures. Let the observatory ’ s volume be V , width of the up¬ 
per base a , width of the lower base a 2 , length of the upper base b r length of the lower 
base h ,, and height h. According to The Nine Chapters of Mathematical Procedures , 

[( 2a t + a 2 ) b, + (2a, + a, ) h 2 ] h = 18528. ( G ) 

[ 2 I That is, , - J b~+ b~ = 13, / /?, + b 2 = b 2 - b r J ^ + b~ =-j h Q a : - a t = 
6 . (G) 

[ 3 J The enlarged observatory is called yuan tai. It is yuan ting in The Nine Chap¬ 
ters of Mathematical Procedures. The diameter of the upper base is shang xie, that is, 
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&i±fa-£&4Lik 0 >X_tr;£f -±&, 

±, ^Jn*$i4-MMLr 0 ±^S-4h^tr, o X., 

ar/-£f-r», &--&£■&&}, T*>£-*h 

Z-t, jbTft3&*4hZ.& 0 

4l*. *«,h« 14^4 l/-, Ifi; X#T ft&£#■£.**> 2-f£, 
^Jiftii-MM^-fc, 3*.>aTfti4£-*MLr, 34*4t>-f_L, jpL«A, 
Ffc-^6, *t 

^*&4MRA/f|.fcA.*fc t #$|_L*, &p# 0 #£- 

#T H o 


4. 

[«*] 

4-WJS*Mil-W I,] o Ks: i$£±r_R, iuTr^r. i$i# 
hr, gm, *&^A+ARo [2j §ABg#^-+AR 0 

Hrai'Ao n-0«¥c (si: *±, "Fra*. 

^h : ±r-3t, Tr-3tAR; 
i^-3t-R; ^EIAtRo 

AH: ft^TG—ftilffi, WsA^c #H7J “ + .«£, “+£#& 
A, S3/&TH. -AMJ1, =*!##;£, 

&o £(5J 0 


the upper diagonal. The diameter of the lower base is xia xie, that is. the lower diagonal. 

(G) 


[ 4 ] The expression in modem form is the equation: x* - 3b* 3 + 391.x 2 - 702x - 
18774 = 0. (C) 

[ 5 ] The upper hypotenuse is the diagonal at the upper base of the observatory. 
The hypotenuse ’ s gou and gu are the width and the length at the upper base, respectively. 
Use c, for the hypotenuse. Then, the altitude of the segment of the base is as follows: A, 
= -j ( c, - a, ). The length of the hypotenuse of the upper bases: 0, = 0, + -j (c, - 
). The lower hypotenuse is the diagonal at the lower base of the observatory. The 
hypotenuse’s gou and gu are the width and the length at the lower base, respectively. 
Use Cj for the hypotenuse. Then, the altitude of the segment of the base is A, =-j( c 2 - 
a ; ). The length of the hypotenuse of the upper bases: 0, = b 2 + -j( c 2 - a,). The prod¬ 
uct of the two great arcs is [ ( 20, + 0,) A, + ( 20, + 0, ) A 2 ] h. ( G ) 


4. The height of a dike 1 exceeds the width of the upper base by 2 chi , and is 
two-thirds of the width of the lower base; the square of the sum of the height 
and the width of the upper base is less than the length by 96 chi. 2 The con¬ 
struction of the dike is completed by 1840 workmen, and the rate of work of 
one person is 29 chi. And it must be finished in one day. Find the widths of 
the upper and lower bases, and the height and length of the dike. 

Ans. The width of the upper base, 10 chi; 
the width of the lower base. 18 chi; 
height, 12 chi; length. 580 chi. 

Process. Let the element tian be the height of the dike. From the statement 
we have 40020 for the negative shi , 25 for the negative fang, 52 for the 



[&»] 

[i ] &mmp (a##*) zt&o ±r\ rr\ £, jx&m%v, 

«,, a 2 , b, h, (ft***) V «■£(«, + fl 2 ) bh 0 «g («* 

*> ^th^HSL^m±Z^4 : 3, m *»*(*«* |-( a, + a 2 ) 6*. ( IP ) 

[2] itfcSP: A - a, = 2, A =j« 2 , A - (a, + A) J = 96«, (IP) 

[ 3 ] *FtrSCM3Mt»5C5&: lx 4 - 5-r 5 + 52^ - 25* - 40020 = 0 o ( Rfc ) 

[*«] 

**: JL/-2*, f fTf tf)y o 

*t|LA96X.o *A40££jfctt#*A3^MMr29 
X., 1840/^0 FH-0X#&#„ H: fcttJi* Tf, 2ti*i. H-S-^7 

2 A? 

&: 1 3t. T/-I £8 A; 

A 1 3t2X., 41 580 X. 

A: lit **■*#<, -40020 

-25#—****, 52^—2##.$* 

**4fc. 


5. 

[/Si* 1 

He: ±, TtSH-jtHRo #±> TH', iM“, 

%m, a*mj5t, -mss, ^kz, ^&±rAx. ±£^±r 

zLftZ—c i# J ^T : ^'bRot | '^HfflfcW-+-bA, #A0€#m- 

+P 9 M, ih^o N-. rr\ 

£H: ilrtKR, T*=3tAR; 

±r-A-R, rr-AAR; 


positive first lian , 5 for the negative last liatt , and 2 for the positive yu , an 
expression ' 31 of the fourth degree whose root is the required height. 

[ Notes I 

[ 1 ] The dike is long wei di in Chinese. It is the dike in The Nine Chapters of Math¬ 
ematical Procedures. Let its volume be V , width of the upper base a,, width of the lower 
base a 2 , length b, and height h. Its volume in The Nine Chapters of Mathematical Proce¬ 
dures is as follows: V = y ( + a 2 ) bh. According to The Nine Chapters of Mathemati¬ 

cal Procedures , the ratio of chuan di to jian tu is 4 to 3. Therefore, the volume of chuan di 
isy ( a t + a,) bh.{ G ) 

[ 2 ] That is, h - a, = 2, h =y a 2 ,b- ( a t + h ) 2 = 96. ( G ) 

[ 3 ] The expression in modem form is the equation: 2x* - 5x' + 52x : - 25* - 
40020 = 0. ( C ) 
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5. The difference between the upper and the lower bases of an observatory 
which is to be constructed is 14 chi. If we place the sum of the widths of the 
upper and the lower bases increased by 2 for the positive shi, 6 for the posi¬ 
tive fang, and 1 for the positive yu, we have a quadratic expression whose 
root is less than the width of the upper base by 8 chi; the length of the upper 
base exceeds the width by one-half of itself; and the height exceeds the length 
of the lower base by 7 chi. 11 The work can be done by 227 men in 5 days, 



mmttRo 

*H: law&to n-tjj' 

SW0+A*&±0|, H+-ftM. YM, 7\ 

*mis, BP^±r 0 

raw] 

[ i ] iew«L6;t±, rr\ £, «^»j*a,. a 2 . &,, *> 2 , /», itteP: * 2 - *>, = 

14, w- 3 + 6 h'= (a, + a 2 ) +2, <2, - w- = 8. b t - a, = y£ |t h - b 2 = 7 0 ( ) 

[2] d* 4 + 31* 1 - 546x 3 - 1813* - 77604 = 0 o ( ) 

[4-i?] 

X *: Ji % TH#UU*4X. 0 J:, T/■#*«», # 

*»2, 4t*7&, l#******, 7T-f^, *4f4fc>b 

-h/-^8X. e jL$LtbJL/-£±$L¥j± 0 fit£T$L.*7K 0 #0^227 
A, 4Mw-0tt#*i#«.24X., FH5 0X#£.£ O |SJ ; 

T/\ $.&%£-*> Z 1 ?? 

&: fl»*H£JifL2 3t4X., TH33t8X.; 

Ji/- 1 *2*., T/" 2 i.6X.; 

^43t5X.o 

ft*l-77604# 

-1813 %—£.*$&4£, -546 %—<£**&#., 31 #-2.*** 
It, 6#******, Pp£-f‘P*IL6tf_t/ 1 - 0 Mf»lo 


6. 

NBA] 

K5: T/^, A, *U:«» 

a ^±, rmmm a a ^? f ^ [,) -^- 0 121 numm—vx 


and the rate of the work of each man is 24 chi. Find the lengths and the widths 
of the upper and the lower bases and the height of the observatory. 

Ans. Upper base: 

length. 24 chi; width, 12 chi. 

Lower base: 

length, 38 chi; width. 26 chi;- 
height, 45 chi. 

Process. Let the element tian be the width of the upper base. From the 
statement we have 77604 for the negative shi, 1813 for the negative fang, 
546 for the negative first lian, 31 for the positive last lian, and 6 for the 
positive yu, an expression 2 of the fourth degree whose root is the re¬ 
quired width. 

[ Notes ] 

[ 1 ] Let the observatory ’ s width of the upper base be a r width of the lower base 
a,, length of the upper base b r length of the lower base b„ and the height h. That is, />, - 
b t = 14, w J + 6w = ( a, + a, ) + 2, a, - w = 8, b, - a, =-j b r h - b, = 7. ( G ) 

[ 2 ] The expression in modem form is the equation: 6 c 4 + Six* - 546.r 3 - 1813c 
- 77604 = 0. ( C ) 


6. A round terrace is to be constructed, such that the square root of the sum of 
the circumferences of the upper and the lower bases and the height equals the 
weak-half of the circumference of the upper base; the height of the terrace 
equals the difference between the circumferences of the upper and the lower 



A, fAHME+zRo N: TJW|# 

^B: ±^0tAK, T^AAAK, ^-AWKo 
AS: ^A^-AtfAfA »s*£ 0 ^-tH^-fEW"+y^j 
rtAMr*. AMHI, -AM. MATT^, f 3 M# 

+-A?FA&o fg£, EP^o -S-No 


IttH] 

[ 1 ] 7FA&EP h, TJSI. ( l&) 

[ 2 ] iltlSlnEP < AA#A> M1MIA, iCK-±. TJ3, i?WJ*/,. / 2 , A, CA 
SW*> ^tBK^A v A^v=i(/,/ J + A + P 2 ) he fiSffl 

A>»&*. Pt&®&BP: fl~n~Th = A/,, h = / 2 - /,, h -JJ i + , 2 + h=±h 0 ( % ) 
[ 3 ] ff AiSMS.r 5 - 8^ + 28* 3 - 131328 = 0 o (l& ) 


[£A¥] 

^awi^-^o X*: As fft, -&« 

£A$tf{„ Sf-AA, #0/fm 

19A, PM2 9&X, ^A-0^#Ai#i:^.32Ao H: B) £<K>SA 

A, 

A^4st8A, T^7t2A, &2A4X. C 
A: «*»** **.*#«, ##]-131328 A 

28A=-A^£&, -83frW«fc#*ifc, 1 Tf-AA 

A, #12;fc*bfr-ft*fc 0 Ate, *■$£*«$£*£ 

iiA;AteAife 0 WlA 


bases and exceeds the square root 1 by one-half of itself. 2 The work must 
be finished by 19 men in 12 days; the rate of work of one person is 32 chi. 
Find the height and the circumferences of the upper and lower bases. 

Ans. The circumference of the upper base, 48 chi; 
the circumference of the lower base, 72 chi; 
height, 24 chi. 

Process. Let the element tian be the square root of the sum of the circum¬ 
ferences of the upper and lower bases and the height of the terrace. From 
the statement we have 131328 for the negative shi, 28 for the positive sec¬ 
ond lian , 8 for the negative third lian , and 1 for the positive yu, an expres¬ 
sion 31 of the fifth degree whose root is 12. The twice of the root is the 
height. The other dimensions can be found from the addition and subtrac¬ 
tion method. 

[ Notes ] 

[ 1 ] The square root of the sum of the circumferences of the upper and lower bases 
and the height. ( C ) 

[ 2 ] The round terrace is yuan ling in The Nine Chapters of Mathematical Procedures. 

Let its circumference of the upper base be /,, circumference of the lower base /,, and 

height h. Its volume formula in The Nine Chapters of Mathematical Procedures is as follows: 

V =-L < /./, + P.+ P.) h. The Jade Mirror of the Four Unknowns uses the formula. The 
36 1 - 1 1 

statement is J f + l 2 + h h = l 2 - /,, h - J f + f + h =-^h. ( G ) 

[ 3 ] The expression in modem form is the equation: x 5 - 8X* + 28x’ - 131328 = 


O.(C) 





206 


7. 

[JIA] 

a 0 rs: aa&at, -#iep, y-hkZo pmmj 

&, KY-lTfoZ, 'Mnffi A&AAo ±^iW3b?F^r«t»¥o ±> T 
^fPHHtAR„ [21 SA0St«-+AKo A 
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ft 0 0+--AS# A Z=.M~. 1-ramHHffl+AA'fc^A 
£E; 

= 0 A+HAS#A £-, f^AtAf AW At AAt#A 
£H; 

A0-ITA+AAS#A;A-, ^ -iHf-tlHIA+A 
A+frA^Ao 

AS: ImWLZo »AfIIIt-M^, 

£fAI-tM±I, -twra+-^ii=ll, -t+AAJASJ*, 0 
A&IP5, ap^ir#c 0 

£, AA±Ao £|5Jo 


law] 

[ l ] jttAaBP <A$**> AWT*. ifi» t« TA. b, h, {% 

$**> v =A-(ai> + a 2 + V) h 0 « 07 C 5 S) (Wl 

A> »&5to (») 



7. The construction of a square terrace will cost 257622 y cash 11 1 If we place 
the height of the terrace for the positive shi, 10 for the negative/ong, and 1 for 
the positive yu, the square root of the root of this quadratic expression is less 
than the latter by one-half of itself; a side of the upper base exceeds the root of 
the expression by its strong-half; the sum of a side of the upper base and a side 
of the lower base is 38 chi l2) . The rate of work of one person is 28 chi, and 
the rate of pay for three persons is 2477y cash. The number of workmen is 
increased each day in a geometrical progression whose ratio is 2. The work 
must be completed in four days. Find the height and the sides of the bases, the 
number of the workmen employed each day, and the rate of pay per day. 

Ans. A side of the upper base, 16 chi', a side of the lower base, 22 chi; 

height, 24 chi. 

4 

First day, workman employed. 20 — . 
payment, 17174 y cash; 

Second day, workman employed, 41y. 
payment, 34349 y cash; 

Third day, workman employed, 83y. 

3 

payment, 68699 — cash; 

2 

Last day, workman employed, 166y. 
payment, 137398 y cash. 

Process. Let the element tian be the square root of the root of the given 
expression. From the statement we have 6552 for the negative shi, 3610 for 
the positive first lian, 741 for the negative third lian, 78 for the positive 



[2] itt&SS&EP: w, - 10w + h = O^iBo 

W - JW=\w o a - W =-j-a, + b = 38o /w" ^jlaffTTlSCo (IP ) 

4 4 

[ 3 ] -4^ + 78x* - 741^r* + 3610* 2 - 6552 = 0 o ( Rfc) 

[4-ff] 

^-£-i£*£-0r, 257 It 622yilo **: tf&iij'ft 

-10 .#-****, i #*»*#**, *--¥■*» #ja£4f4sHt 

-t, 38 a 4A-EJ^#.;#x>ft*^28 

X-o ^3 AjL4H.2f 477ysio fl.f*ife0;M£, PM 0 Sfcx, « : :*& 
T * , A, *A0ffl*t, i^^'? 

Ji3rljt6X., T^2jt2X., &2jt4A; 

^ 1 B 20JA, 17-fl74yi:^; 

# 2 0 4l|-A, 34'ft 349 4*^; 

# 3 0 83jA, 68 IT 699 

*0 166 jA, 137 -JT 398y^o 

^ , 3610 &•&, -741 78 ^7rT7/:^ *4ffc, 

-4 %&$, >k*fi *4fc, ft^>£*, ft$2JL, MjJsft*ft4t 0 Mi ft* ft 

4k i 13d, sfc£& ft*ft4k 0 MAH*., T 7TZL&&5 


*jj£.4L, «„ 



fifth lian, and 4 for the negative yu , an expression 131 of the eighth degree 
whose root is 2. The square of this root is the root of the given expression, 
and 4 times the root of the given expression is a side of the upper base of 
the terrace. The number of workmen employed and the rate of pay per day 
can be found according to the rule. 

[ Notes ] 

[ 1 i The square terrace is fang ting in The Nine Chapters of Mathematical 
Procedures. Let its side of the upper base be a, side of the lower base b , and height h. Its 
volume formula given by The Nine Chapters of Mathematical Procedures is as follows: 
V = ( ab + a 2 + b 2 ) h. The Jade Mirror of the Four Unknowns uses the formula. 

(G) 

[ 2 ] What the statement means is as follows: Let the the number of former square 

root be w which can be extracted by the equation w 2 - 10 w + h = 0. w -fw = y w\ a - 

w = — a. a + b = 38. fw is the number of latter square root. ( G ) 

4 

[ 3 iThe expression in modem form is the equation: -4 a* + 78a 6 - 741a 4 + 3610a 2 


- 6552 = 0. ( C ) 


h-tt wswaisB 
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1. 

[®3t] 

ft: £JLfa? 

^S: 

*0: iBJlR^^o^—WS^AWn+E^il^, - 

=FEW*AMW, ¥#?F;£, [23 *#£o -a-ffiJo 

[tt»] 

[1]«43TOW43. K. £#8'J*7a. ft. C, JttlBP: a = 3^j , ft=5^- 0 (?M 
[ 2 ] 2500r 2 - 105625 = 0 o ( «5) 

[*»] 

«.5^ 0 R : 

^•: 6-j ^ o 

*,• M*fc7r&>%&tf-J$i'}-\05625%*4i*%, 2500 

ff■+*, m'\fro if -***■, & 4 *. R-&**-£• 


2 . 

[**] 

^^-^>^-o (l1 (HJs ^lilM? 

^0: 

*0: ^7C-^, i-f.EI-+-^/££, 

JAJS, ^(6]o C21 

[ft*] 

[ 1] ittBP: ft =5j, c=6jo (US) 


He Fen Suo Yin ( Problems on Equa¬ 
tions with Fractional Roots ) 

13 Problems 


1. The gou is 3-^y bu and the gu5jbur 1 Find the xian. 

Ans.6 ^bu. 

Process. Let the element tian be xian. From the statement we have 105625 
for the negative shi and 2500 for the positive yu, a quadratic expression 12 
which solved by the lian zhi tong ti method gives the required xian. 


[ Notes 1 

[ 1 ] Let the right triangle s gou be a. gu b. xian c. That is. a = 3— . fe = 5 — . ( G ) 
[ 2 ] The expression in modem form is the equation: 2500-r - 105625 = 0. ( C ) 



2. The gu is 5-=- bu, and the xian is 6-i- bu. 1 Find the gou. 

9 

Ans. 3-^q bu. 

Process. Let the element tian be gou. From the statement we have 1521 tor 
the negative shi and 100 for the positive yu, a quadratic expression. Solv¬ 
ing by the zhi fen method we have the required gou. 2 

[ Notes ] 

[ 1 ] That is. b = 5 j . c =6y • <G> 



[ 2 100* 2 - 1521 = 0 o ( Bfc % ) 


ra 

7t 

$ 

£ 

* 

± 
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14-if J 

*: 3-^o 

*■: it*.*,—3&*J, &*>&*&4L&W- 0 ***1-1521##*#, 100 

4?f'J43o *-**>*-, 4*J!M^***^*t 


3. 

[«*] 

q=&-t-ft#ZJLo [,] ft: M) LH? 

^Fl: 

*0: ai^TC-*®, 4P^^o »-"H:Wraftifc&, -IMPH, 
w ^. [21 Mo w, mzft&AZo -pisjo 

[ttfil 

[1] lit BP: c = 6 ±. a = 3-^ o (*> 

[ 2 ] JF^TJCWaftJBS*: 10Q* 2 - 2704 = 0 o ( gfc ) 


14-ii] 

^MT?*6-±-^, fl: Uta**? 

*■: i&*>L-ifrJtt. &££■&» ft$-2704MrtM, 100 

*■-*■*, mm, *-**>*-, 

ffMRo 

4. 

[Jl^c] 

&%LWfrZ~, 1MH# 

£-, 2/#, in^-+-t^-+Ao [2] |5J: T#^M? 


[ 2 ] The expression in modem form is the equation: 10(k : - 1521 =0. ( C ) The 
zhi fen method is also called lian zhi tong ti method. ( G ) ' 


3. Given the xian 6y bu and the gou 3 bu- 1 ’ Find the gu. 

Ans. bu. 

Process. Let the element tian be gu. From the statement we have 2704 for 
the negative shi and 100 for the positive yu , a quadratic expression 2 1 
Solving by the zhi fen method we have the required gu. 

[ Notes ] 

[ 1 ] That is, c = 6y =3^ • (G) 

[ 2 ] t he expression in modem form is the equation: 10Ux- - 2704 = 0. ( C ) 
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4. The zhi ji is 18-jy buv 1 and the sum of three-fourths of the length and one- 

third of the width is -jy of the length/ 2! Find the length and the width. 

2 1 

Ans. Length. 5y bu\ width. 3y bu. 



0 

7L 

3£ 

'& 
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*H: iPlR^^o *#^F-fcW£-H:2l&£, -w- 

i-t%km, ¥JjTf-z, [3] mto &mo 

s 

Itt»] 

[ 1 ] idSWWWR. IB#»J*S. 6. a. itfcBP: S = afo = 18^ „ ( $P ) 

[2] “--hfc ftZ” ISfcfci m "-+-fc$Hfc£\ *M*ttjEo JtkBP: 2fe + 

ya (IP) 

[3] JF«WaW«»: 1 12 a: 2 - 3757 = 0 o ( |5fc ) 

[*»] 

*■: ifc*./L-Xrfc, *J*J-3757 # iMMS, 117 

Mflo 


5. 

[J1S;] 

H5: fc, ¥*0-+-*£-+-# 

^2 l2] 0 N: ¥&AH? 

^0: jZ^tc-W, , -IE 

+-trn^f, ¥-^r^, [,1 »¥o 

£o cHrJo 


[awl 

[ 1 3 jitfiP: S = ab= noi- o ($P) 

[2] ilfcBP: a + fc=21-2„ (») 

[ 3 ] -12* 2 + 257x - 1326 = 0 o ( Bfc ) 


Process. Let the element tian be the length. From the statement we have 
3757 for the negative shi and 117 for the positive yu y a quadratic expres¬ 
sion [ 3 1 Solving by the zhi fen method we have the required length. 

[ Notes ] 

[ 1 ] Let zhi ji' s area be 5, length b 9 width a. That is, S = ab = 18-~ .(G) 
f 2 ] Shi qi fen zhi was mistaken for shi qi fen bu zhi in the original text. According 
to the statement’s meaning, I revise it. That is, b +y a =( G ) 

[ 3 ] The expression in modem form is the equation: 117* 2 - 3757 = 0. ( C ) 


5. The zhi ji is 110-j bu ; 11 the sum of the length and the width is 21-j^- bu 2] . 
Find the length and the width. 

Ans. Width. 8-j hu\ length. 12-|- bu. 

Process. Let the element tian be the width. From the statement we have 
1326 for the negative shi, 257 for the positive fang, and 12 for the negative 
yu, a quadratic expression 3; . Solving by the zhi fen method we have the 
required width. 

[ Notes 1 

[ 1 ] That is, S = ab =110y • (G) 


H 

7L 

3. 
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[**] 

4^fiL*U10y# o X*: -fc, «: -Jfe, -f-^2 

,y? 

&: ^8-|#, * 12-|-#c 

*■: #*.*,—*7-f, #*] -1326 ^7 1&&, 251 

-12 #***#**, ft**, ftHfto ft 
4*JR4Lfrfcjjl*dHMP$-o ^l«lo 


6 . 

[J^3t] 

4-M*R-W-+#-^£-o Rs: fc, fiE^-trm-o [ ' ] 
(51: Kv ¥-#/lf-J? 

£0: fc-+Zl#0*Hfc2:= o 

*b : w&Zo n-ftEM-**%&%, m*x 

mar, -+-m«, w^, 12 Mifo mzft&xz o 


ia»] 

[I]»: S = a*=MO-±-, A-«=4-^ 0 ( SP ) 

f 2 ] 12*> + 49* - 1326 = 0 o ( Rf;) 


[4-if ] 

liol j^„ X*: *> 4-jL^o «: *, -f^ $ 

'>'? 

*: * 8-|#, -^12|#c 


[2] That is, a + b = 21-^ . (G) 

[ 3 ]The expression in modem form is the equation: - 12jt + 257x - 1326 = 0. (C ) 


6. The zhi ji is 110-^- bu , and the difference between the length and the width 
is4-p^- bu! 11 Find the length and the width. 

Ans. Width, 8-j bu\ length, 12— bu. 

Process. Let the element rian be the width. From the statement we have 
1326 for the negative shi, 49 for the positive fang, and 12 for the positive 
vu, a quadratic expression 2 . Solving by the zhi fen method we have the 
required width. 


[ Notes ] 


[ 1 ] That is, S = ab = 110-j-, b - a = 4 -pj • 1 G ) 


[ 2 ] The expression in modem form is the equation: 12r + 49.r - 1326 = 0. ( C ) 



7. 

[HA] 

Ho 111 N: K, 

&0: 

A0: W,£Zo l#-f^At^L>jM, 

if, -t-M^, Wff£, l2] mcc ^1o 

l a#] 

[ 1] iftBP: S = ab =110^-. 3a - 2b =-| 0 (3?) 

2 o 

[ 2 ] 12r’ + 3* - 1989 = Oo ( 1$ ) 

[*»] 

4“*TJUr110-£*o **: + #3 4*. aSU"fctf2te, 1-1: 

S: +8|^, *12^* 0 

A: i£JUL-*/*, »3l:MR3frtfrJM-Jlfo 4^ f!] -1989 Mjifc4t ^, 3% 
-ifc^HMfc, 12 #*$****. *■¥■*, -Jfeo * 


8 . 

[**] 

4^£«-w-+£:i4Hfc£-«Ks: «a#£h, K&Afr^pq, 

f 5 ): 

g0: ¥A#H##£A, K—l'A^pq^^Ao 
A0: tt7i-%j&, mm&Zo WH^E^AWzi^M^, -t^-t 
g-pgs/iur, =WA+ia*£W, ¥;*#£,' 2 M#fc„ 

[tt»J 

[l]jttBP: S = afo = 110-j .ja +jb = 8 jj „ ( IP ) 


7. The zhi ji is 110^- bu. If from 3 times the width we subtract twice the length 
the remainder is -g- bu. 1 Find the length and the width. 

Ans. Width, 8-j bu\ length, 12^ bu. 

Process. Let the element tian be the length. From the statement we have 
1989 for the negative shi, 3 for the positive fang, and 12 for the positive yu, 
a quadratic expression 2 1 Solving by the zhi fen method we have the re¬ 
quired length. 

[ Notes ] 

[ 1 ] That is, S = ab = 110-j, 3 a - 2b =-g .(G) 

[ 2 ] The expression in modem form is the equation: 12* 2 + 3x - 1989 = 0. ( C ) 
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8. The zhi ji is 110^- bu\ the sum of | of the width and ^ of the length is 
8-|y bu-'' Find the length and the width. 

Ans. Width, 8^ bu\ length, 12-J bu. 

Process. Let the element tian be the length. From the statement we have 
35802 for the negative shi, 7704 for the positive fang, and 384 for the 
negative yu, a quadratic expression ;2 Solving by the zhi fen method we 
have the required length. 



[ 2 ] -384a 2 + 7704* - 35802 = 0 o ( Bfc ) 


[ 4-i? ] 

84i^o H: 

*,+****? 

+8^, *12f^ c 

*: ftfj -35802#, 7704 

t, - 384 #******, 


9. 

[JI£] 

-o R-K-: -¥•, HflK W&, 

h-^^.A 0 t'l fa]: fc. 

^H: ¥A#=##;£-, ^-tr^iaM^Ho 
*H: 5:^7U-^¥, ilP^^o H-^nA>jI$, -T-^W- 
+AMi>, ¥;/?r^, l2! m¥o 

£o ^No 

[am 

[I jltfcBP: 5 = a/> =110-j . b + 2a + 3(a + b) +4 lb- a) =110-^ a (W ) 
[ 2 ] - 12* 2 + 1328 a: - 10608 = 0 o ( Bfc ) 

[4-if ] 

^Mf-MallO^o **: -fctf H£, •f^)2'fg-, 3^, -fc, 

-f £<Kj4te, *4fll0-£# o R: *A«:>'? 

*: «.*.*,— #•¥■, JSt*»*^r*jM-Af 0 -10608#$■*#, 1328 
#-*#**, -12#*$*.#**, fffj-f-o Tf-^rAA, 

#^«rn 0 


[ Notes ] 

[ 1 ] Thai is, S = ab =110-^-. -|a + ^b = 8-[j. (G) 

[ 2 ] The expression in modem form is the equation; -384r J + 7704* - 35802 = 
0. (C) 


9. The zhi ji is 110-j bu; the sum of the length, two times the width, three times 
the he, and four times the jiao, is 110-^- bu. 1 Find the length and the width. 
Ans. Width. 8-j bu; length, 12-|- bu. 

Process. Let the element tian be the width. From the statement we have 
10608 for the negative shi, 1328 for the positive fang, and 12 for the nega¬ 
tive yu, a quadratic expression 12 . Solving by the zhi fen method we have 
the required width. 
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[ Notes ] 

O 

[ 1 1 That is, S = ab = 110^- .b + 2 a + 3 ia + b)+4(.b-a)=\ lOyj • ( G } 
[ 2 ] The expression in modem form is the equation; -\2x 2 + 1328* - 10608 = 0. 


(C) 


m-H 
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10 . 

[JI£] 

*k =«, «-f-^Ao [21 N: ¥&)i 

M? 

¥A£=4Hfc£^, 

*0: «7n-W, 1#-T^+A#&£, if-tM 

m, W7F;t, m flKFo -nNo 


[tt»] 

[1] ifeEP: a<> +i-a = 112^-0 ( W) 

[2] ittlBPs [<« + M + 5a] - \4b + 3 (6 - a)] = 1-^. (SB) 

[ 3 ] 27-r 2 - 2028 = 0 o ( fa ) 


[♦*] 

4Mfll2-f# 0 A* : 1 feM-f'&J 5 

te, 4te-5-fc*JLtf3te, **7 lA^ 0 pq. * N + £-*)* 

'}'? 




#■: If fj -2028 3ht*t *, 27^7 

******, ***. flW + o tf***-. 


If^Wo 


11 . 

[ JM£ ] 

W, «&, M-t5^-t-^-o lll Rs: H 
K, £S-t-^A„ |2i N: ¥#/U6J? 

^0: fA^H^^-, 

*0: «7C-3jK, *n8t*£o Wf-WH-t——hA 

-tKMB. W?F£, [3 M#Ko 

"n No 


10. The sum of the zhi ji and one-fourth of the width is 112-^- bu; 1 ' the sum 
of the he and 5 times the width, exceeds the sum of 4 times the length and 3 
times the jiao by 1 -jj bu. 12 Find the length and the width. 

Ans. Width, 8 -jbu; length, 12 ^bu. 

Process. Let the element tian be the width. From the statement we have 
2028 for the negative shi, and 27 for the positive yu, a quadratic expres¬ 
sion 3 1 Solving by the zhi fen method we have the required width. 


[ Notes J 

[ 1 ] That is, ab +-^-a = U2j. (G) 

[ 2 ] That is, [ ( a + b ) +5 a . - ! Ah + 3 ( b - a ) ] = 1 -yj . ( G ) 

[ 3 ] The expression in modem form is the equation: 27x J - 2028 = 0. ( C ) 


11. The zhi ji plus the width minus the jiao is equal to 1 15-jy 1 the sum 

of 3 times the length and 2 times the width exceeds the sum of 2 times the he 
and 3 times the jiao-bu. [2 Find the length and the width. 

Ans. Width, 8-j hu\ length, \2^bu. 

Process. Let the element tian be the length. From the statement we have 
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4131 for the negative shi, 18 for the positive fang , and 24 for the positive 
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3. 
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[am 

[ 1 ] jifcBP: ab + a - (&-a)=115-jyo(lP) 

[2] jit BP; (2a + 3b) - [2 (a + b) + 3(£»-a)]=yj 0 (SP) 

[ 3 ] 24* J + 18* - 4131 = O 0 ( MO 

[♦*] 

4MTJL*. *>*, -fil, £ 115-^-#o x*: 

tt2te*b*-?-*»tt2teJ**-f-£tt3te* -jy# 0 l‘"l: 

!>'? 

&: -f-8-J*. ^12|# 0 

*: it*.*,-#*, *M'J-41313&lMfc*, 18 3& 

-jfc^li&lfc, 24 3>£iSi If-f*. ****-, 4* JR 

4l^*******. o ^«r«o 

12 . 

[JR*] 

4^M*, flllfc, »-^A+A^A^^:-o ll] Hij: - 

ft, -icrtPSHT, 2 l 8!, &A#A4H££-o [21 N: &, WAft? 
^b : ¥A0=$Hfc£-, K-+-^ra##£Ho 
*B ; *nft*£o 1#-7 jZ11V^-+A;*j&£, H 

=+-ft&JR, JfcfrJfcfc. 1 ’ 1 #*. * 

&£#&*£=> ^-(SJo 


[am 

[ 1 ] jitEP: (ab + b)a = 1068-g-o (IP ) 

[ 2 ] iifcBP : [2 (a + b ) + b] - [3a + 5(b -a)] =9-g-= (IP) 
[ 3 ] ■. 24^ - 31* 2 - 55* - 12818 = 0 S ( MO 


yu, a quadratic expression 3 . Solving by the zhifen method we have the 
required length. 


[ Notes ] 

[ 1 ] That is, ab + a - (b - a) = 115—. (G) 

[ 2 ] That is, (2a + 3b) - [2 (a + b) + 3 (/>-<, )]=A. ( G ) 

L 3 The expression in modem form is the equation: 24.r + 18* - 4131 =0. ( C ) 




12. The sum of the zhi ji and the length multiplied by the width is equal to 
1068 ^ bu'} 1; the sum of 2 times the he and the length less the sum of 3 times 
the width and 5 times the jiao is 9-g- bu. 2 ' Find the length and the width. 
Ans. Width, 8-jfcu; length, \2-^hu. 

Process. Let the element tian be the width. From the statement we have 
12818 for the negative shi, 55 for the negative fang, 31 for the negative 
lian, and 24 for the positive yu, a cubic expression 13 . Solving by the zhi 
fen method we have the required width. 



[ Notes ] 

[ 1 ] That is, (ab + b) a = 1068 ( G ) 

[ 2 ] That is, [2 ( a + b ) + b . - [3a + 5 ( b - a )] = 9-^-. (G) 
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[4-if ] 

*51**41, #1068^# o X*: *. **»tt2te-l** 
*Hfr4L*», ;A**<H>3tei?**jltf5'f|-^*’, **9-^*o R: 

«■: -f-8-l^, * I2|*„ 

*: tfcJUt-**, fffj-12818 *#*:#, -55 

* —-31*—&#*4fc f 24*4tft***#t, # 

*>]*o ***>*-, Mflo 

13. 

[«*] 

6^, $*n¥, 

A+Ho [1, KS: ♦--$)#;£•£ {Jl « fal: JJ F#/LM? 

&B: *A#=##£-, fc—t--£0*Hfct=o 
*0: tum&Zo ff-WA+A^E^-WEit-—* 

££, =T-iiWA+m^, -HlrtiLMlJ. 

+%&rm, 2 I-L- t-A*MBI, =*#*£, 111 #¥0 tt£ 

o #1#- S’ ra 7 j “ T A-1 rafcS^f 1 —W A-+—77 “ : f-ATT * 

1^-I^L+rM*, M-'§'ilt 
7jrfI3z+A»lt*, -7T5: : T-tMA+-^RT0, -*IE 
pb, =m;fr*F£. t41 *#HWA+ra. 5#m*]Zo £ra [5] „ 


ia-»i 

[ 1 ] jltBPs (a*) 1 - (a + M* = 1'751-j^- . (») 

[2] ittEP: a - (6 - a) = 4-^0 ( W) 

[ 3 576** - 2640r’ + 1729* 2 + 3960* - 1695252 = O 0 ( f& ) 

[4] If frftMmWjK.*!: / + 15792/ + 91902528/ + 233700360192y - 
104208452812800 = 0 o ( fifc ) 


. 3 ] The expression in modem form is the equation: 24*’ - 3 lx 3 - 55* - 12818 


= 0. ( C ) 


13. The difference between the squares of the zhi ji 
1175 bu j 1 the jiao is less than the width by 4-j^r bu 2 1 
and the width. 


and the he is 
Find the length 


Ans. Width, 8-j bu\ length, 12-^ bu. 

Process. Let the element tian be Ihe width. From the statement we have 
1695252 for the negative shi, 3960 for the positive fang, 1729 for the posi¬ 
tive first lian. 2640 for the negative last tian, and 576 for the positive yu , an 
expression 11 of the fourth degree. Solving we have the integral part of the 
root. The fractional part can be obtained by applying the zhi fen method by 
which we have the following expression: 104208452812800 for the nega¬ 
tive shi, 233700360192 for the positive fang, 91902528 for the positive 
first lian, 15792 for the positive last lian. and 1 for the positive yu, an 
expression 4 of the fourth degree whose root is 384. After reducing the 
fraction to its lowest terms we have the whole root required 5 1 
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[ Notes ] 

[ 1 ] That is, (ab) 2 - (a + b) 2 = 11751 
2 1 That is, a - ( b - a) = 4 . (G ) 
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[ 5 ] agiPT: 




576 -2640 

+ 1729 

+3960 

-1695252 (8 

4608 

+15744 

+139784 

+1149952 

1968 

17473 

143744 

545300 

4608 

52608 

560648 


6576 

70081 

704392 


4608 

89472 



11184 

159553 



4608 




15792 





576a 4 + 15792a 3 + 159553a 2 + 704392a - 545300 = 0, ( 1 ) 

t%»\- -+#8 , em t>mm %mim 

o Witt;. GMittmt, W576**iS^(i W576 2 

W576 3 ^WJjJj, 4$$ 0 W576l^llt*ii^;. 

»@l: 

/ + 15792y 3 + 91902528}- 2 + 233700360192}- - 104208452812800 = 0 

«fnws'j384, x*0r*««576«o», §?£jS# J-sisy/ 

mmiMMWfroim) 


[4-if ] 

tl*. + *»4 l* . £ 11751^ #0 -f-Jl 

^ 4-^ 0 j»|: + -£*;£:>-? 

*-: ^7 +, o^*l-1695252^ . 3960 

#—<fc35i&4fc, 1729 #.&, -2640#^;fc«&, 576#H 

#*'J + o Jf-TTX^, 

M$'\ -104208452812800 233700360192 % — M &•&, 

91902528# —It, 15792 #-H.*# 1# **fc, tf 

W<fc>3r t #*1384, Jt^*576jtettJ*, 8t#*J$*4Mpa‘o 


[ 3 ] The expression in modem form is the equation: 516.x 4 - 2640r x + \129x 2 + 


3960* - 1695252 = 0. (C) 

L 4 The expression in modem form is the equation: y 4 + 15792y' + 91902528y 2 
+ 233700360192V - 104208452812800 = 0. (C) 


[ 5 ] The process is 

as follows: 



576 -2640 

+ 1729 

+3960 

-1695252 ( 8 

4608 

+15744 

+139784 

+1149952 

1968 

17473 

143744 

545300 


4608 

52608 

560648 

6576 

70081 

704392 

4608 

89472 


11184 

159553 


4608 



15792 




Forming the remainders into a new expression we have 
516x* + 15792Lr 3 + 159553* 2 + 704392* - 545300 = 0, ( I ) 
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The zhi fen method is the same as the modem method of transforming an equation 

into another whose root is m times the root of the original equation. Thus in solving this 

problem we multiply the second term of expression ( 1 ) by 576, the third term by squared 

576, the fourth term by cubed 576, and so on. Dividing this expression by 576 in order to 

simplify the problem we obtain the expression: 

y» + 15792V 3 + 9!902528r + 233700360192y - 104208452812800 = 0. 

Solving this expression we obtain the root 384 which is 576 times the required root. 

Therefore or is the fractional part of the required root. ( C ) 

576 3 
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[** 1 

W*. Ei*£—R, ^«H+--t£^ST“W^+ra5J-t 
,itS -#-+/r-+-W—hAt* 

BBiP^EBB—■+» £■««*». ttHfflffift*. 3EMM.«*. -t.S 
--fiW-+A^, IS#—-tS—h—WAf*, &,&ij-tz.mwn ?<*&*> 
** -tB-fcWo ««»*.*>tto 111 (5|: =BB££H\ £3-JU*J? 

£0: £B«rtrt, #1—f-Et-EA##£H, S-+ra/f-+ 
ERffl^A^-t; 

BBBA-t, «■ -+-+-W£-ht;*H*;iH+, Itfr-t 

EBB-tr*, ^A#=WE+“#-*£-WA+#, M—/f 
-tiw-ttftiatiBi^iB i—o 
A0: tt^E-fc&BB, fcJSijfcto l#EW=+A#A^-W-+ 

-^jlT/\WAiC^SI, 
-H+-MB, £#E£R 3 M#£llIBo X: ^Etc-AM 
B, SPfR^^lo »EWH+H3fA s F“WA+*££, r3fril+ 

-#E-f—*MJR, £#JF£, [ « ] i# 
IBBBo X: 3 l3oc-#E®B, IIEUHtl-fcfS 

WE#&£, EE-EHTO+A^#, HEAW “+0^*, - 
^E+-Mffi, £#»£.'*> BSBB. ^o 



BOOK n 

Ru Yi Hun He ( Mixed as You Please 

[ or Various Figures ]) 

2 Problems 


3 


1. The sum of the volumes of three balls, one of gold, one of silver, and the 
other of jade, is 32 552 ^ 4 " ( Cub ‘ C )inches ’ Their combined weight is 1 cheng 
10 jin 11 Hang 18 j ^ zhu. 11 It is said that the circumference of the gold 
ball exceeds the circumference of the silver by one inch, and the circumference 
of the silver exceeds the circumference of the jade by one inch. It is required 
that we use the ancient value ( of it ) for the gold ball, Hui s value for the 
silver, and the mi value for the jade. According to Zhang Qiujian , a cubic inch 
of gold weighs 15 liang 18 zhu , and a cubic inch of silver 12 Hang 6 zhu. 
According to The Nine Chapters of Huang Di , a cubic inch of jade weighs 7 
Hang. ! 21 Find the circumferences, volumes, and weights of the three balls. 

Ans. Gold ball: 

circumference, 9 inches; 
volume, 15 yjr ( cubic ) inches; 
weight, 14 jin 15 liang 4 J zhu. 

O 

Silver ball: 

circumference, 8 inches; 
volume, 10 ( cubic ) inches; 

weight, 7 jin 12 liang 20 zhu. 



231 


Jade ball: 


[ 1 ] fS. v 2 , v 3 , itfcBP : v, + v 2 + v, = 


11031 


32 55264 *#«**#*!**,, 8 t . *,. iifcBP: *, + g 2 + if, = 1 ff 

lojf (%) 

[2] id£, «, / 2 . /,. itfcBP: /,-/,= 1, / 2 - /, = lo 

*ftSJil3gi, ttc «*.#£*> ffaBO*. 

■=&<''• *+-f;WMM£S. wy v, --j%- =-;%-<3-'• * 1 = 48"^• ''>■•&<'!- 

JL ( 50 / ) 3 _ 140625 m y _ _9_ j3 _ _9_ ( J> \ 3 _ 3087 n ( ® ) 

16 157 2 ' " 7739786 - 3 16 3 16 22 3 170368 30 (W ' 


[3] 


1005 lx 5 - 29682* 2 + 49464* - 5368113 = 0 o ( Bfc ) 


[ 4 ] WT&ttmftm&xi: 



1005 lx 3 + 47 lx 2 + 20253* - 5338280 = 0 o ( Bfc ) 


5 ] 
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1005l* 3 + 30624*' + 51348* - 5307505 = 0 o (Bfc ) 


[4-iSl 

4fU^ *7 32t, 

111 ^ 18 138 1 6 It, 

2 1 -to &ia «#.«•£-&, «auq4*jK**. *»«**♦.., £■ 1t 3 1r 15 ft 18 
4{l 1 t 3 i 12i*56i*., *. «Li-t>«**##<*AitJM*X i 1 t 3 i-bi$o 


*»(*+**>****. *&#£:>'? 
lr®^9t, 4MKl5-j|-* s . S: 14t 15ft4^-4*. e 
4U»fl8t, 4M*10^t 3 , $7tl2^j20^^ o 
iM7t, **6§§t 3 , £2/f 15^17 |±&o 


circumference, 7 inches; 
volume, 6^> ( cubic ) inches; 
weight, 2 jin 15 liang 17 ^ zhu. 

Process. Let the element tian be the circumference of the gold ball. From 
the statement we have 5368113 for the negative shi, 49464 for the positive 
fang , 29682 for the negative lian, and 10051 for the positive yu, an expres¬ 
sion 131 of the third degree whose root is the circumference of the gold 
ball. Again let the element lian be the circumference of the silver ball. 
From the statement we have 5338280 for the negative shi, 20253 for the 
positive fang, 471 for the positive lian, and 10051 for the positive yu, an 
expression |4] of the third degree whose root is the circumference of the 
silver ball. Again let the element tian be the circumference of the jade 
ball. From the statement we have 5307505 for the negative shi, 51348 for 
the positive fang, 30624 for the positive lian. and 10051 for the positive yu, 
an expression' 5 'of the third degree whose root is the circumference of the 
jade ball. 





[ Notes ] 

[ 1 J Let the gold ball’s volume be V,. the silver ball’s volume V,, and the jade 
ball’s volume P,. That is. V t + V, + V, = 32 ( cubic ) inches. Let the gold 

ball's weight be g r the silver ball’s weight g„ and the jade ball’s weight g y That is, 

g, + g 2 + g, = 1 chen 8 l0 J in 11 lian 8 zhu ■ ( G ) 

[ 2 ] Let the circumference of the gold ball be /,, the circumference of the silver 
ball /,, and the circumference of the jade ball l y That is, /, - /, = \J 2 - / 3 = 1- The 
ancient value ( of it ) is 3. Hui ’s value ( of it ) is ^ , and mi value ( of tt ) ^ • 

According to the kai li yuan method in The Nine Chapter of Mathematical Procedures , 


m 
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*■: M-fv ft .*#*'] -5368113 ^7 tit 

49464 % — '£.*% %■*&L, -29682 fr , 10051 ^^.^^^ 

«*>**#& 

jji-JtHfo *M'J -5338280 20253;$ —;&.3f£*t, 471;$—;*. 

***fc, 10051 #*$*#**, if-3L7T, X: i£*. 

tL—4?*'J -5307505 51348 

%—*.*$&&, 30624;$ —10051 **t, *■£ 

2r. MRo 


2 . 

[** ] 

TO, ¥BS, ABIg, ¥;W, & 
A'ffi. g£##-0r, ^-^SIAtAJo 111 ^: 

OT2fffi3I#£-o *Mg:£H 

flWH-hH^o ¥®e£T-fflfc/&ffi-fc#;t0o [2] N: I? 

gR: E^/^T-+A^; 

¥0^13+—R, 4®g-tARi 
¥3r®H+£R, £2fffi—f-HR; 


*H : Ws#Zc #ZlA+0^Af AWH 

+ £*IE£, A^AWA+S* 


Q 

the volume of a ball is as follows: V = —— <P. The d is the diameter of the ball. Therefore, 

16 

V = — 1 / 3 =— ( —iy= —P V = —d> = -2-( -52 _/ y - _i40625_ /3 y 

1 16 1 16' 3 ' 48 16 1 TT 157 2 ^ 7739786 2 ’ 3 16 3 

= -2-( JL/ )3 - - 3087 /3 (G) 

16' 22 l> ' 170368 J< l J 

f 3 ] The expression in modem form is the equation: 1005lx 3 - 29682r + 49464c 

- 5368113 = 0. (C) 

[ 4 ] The expression in modem form is the equation: 1005 lx 3 + 471x ; + 20253* - 
5338280 = 0. ( C ) 

[ 5 I The expression in modem form is the equation: 10051* 3 + 30624* 2 + 51348* 

- 5307505 = 0. ( C ) 


2. There are two piles of fruit, one with a triangular base and the other with a 
square base; two bundles of arrows, one round and the other square; a circle, 
a sphere, and a pile of hay. The sum of their volumes ( and areas ) is 10589 
suan. 11 ] It is said that an edge of the cube is less by 1 than a side of the trian¬ 
gular base but is two-fifths of a side of the square base; a side of the base of 
the pile of hay exceeds a side of the base of the triangular pile of fruit by 1 and 
equals the diameter of the sphere; the circumference of the round bundle of 
arrows equals the great-half of a side of the square base of the pile of fruit and 
equals also the middle-half of the perimeter of the square bundle of arrows; 
the sum of the sides of the triangular base and the square base is 33; and the 
diameter of the circle exceeds a side of the square base by four-sevenths ( of 
itself ). 12 J Find the nine dimensions. 

Ans. Side of the triangular base, 15; 
side of the square base, 18; 
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hkm. £EE£, l3 M#H&Ji£Ho X: AEA-E 

mn^T, zm*z 0 ^n^iaEA+AEnEHEra+ra^iEg, 

E&A, ^EATEWA+HfcMJfc, A 
EH3/&PB, 5:^rff^:, C4: #pq^ii-?o X: ttyt-ttmm, 
mm*Zo *#A^f AEA-pHEAE-W—PH^/JE^, Aliltl 
E-E-fc-pnA&E, - PAE^E-En+lzgmif, AE3W- 
mpk, hea^, 151 bp*#eu5W3o X: ttTt-j-mmm, 
mmxt. o *#-ahe-peaaee-+a>jie£, nwra-P-tE 
iifMH+T-NM^, —PEEET-E“Awm)t, -fAW 
AE&PB, j/:A^, [6: ^[Sl^mo X: ^7C-^ia^, £n 
IR#£o *#Afc£AnE-+EraAAWA-pA3/IE£, HAnES 
A-tEET-HW-pAA&E, E+IBEA^AW=+0*MJ?, - 

"PAWAfc&H, £AE£, (71 *#¥®l£o X: ^Etg-E&ISI 
S, *#HW0+4;EHAEEH+AEIE&, A-PEEK 

AHWA-pA&E, AEHEJAPB, A.AA 

£, t81 n^mn 0 x : i^tc-w^i, *nm*£o ihis 

AAT-AW“+AAiE^, -t-p-E-A-'&H-pESj&A, -EH 
IHt-tM*. —W“-pK l9] AAAiAPB. 4#JFi, *S¥A 
ffio tl01 X: ^Atg-E^A®, H-intmf 

AEA+KEIE&, E+AEAAAEE&A, “EAE-fc-praEJA 

It, AIHMffl, £AE£, t,,] l#AAffic X: AAA-E3£ 
*«*£» WHW0+'tEHEEEH-pAAiE£, A-pP9 
E0AHWA-PE&A, -EtTE-pAEiUt, AEHEMPB, A 
AE£, [,2] ^isjo 


perimeter of the square bundle of arrows, 24; 

circumference of the round bundle of arrows, 12; 

diameter of the circle, 42 chi', 

diameter of the sphere, 16 chi; 

side of the square, 35 chi; 

side of the cube, 14 chi; 

side of the pile of hay, 16. 

Process. Let the element tian be a side of the triangular base of the pile of 
fruit. From the statement we have 2846835 for the positive shi, 608439 for 
the negative fang. 18865 for the positive lian , and 603 for the positive yu. 
a cubic expression 3 whose root is a side of the triangular base. Again 
let the element lian be a side of the square base of the pile of fruit. From the 
statement we have 24982344 for the positive shi, 2606652 for the negative 
fang, 78562 for the positive lian, and 603 for the negative yu, a cubic ex¬ 
pression 4 'whose root is a side of the square base. Again let the element 
tian be the perimeter of the square bundle of arrows. From the statement 
we have 88826112 for the positive shi, 6951072 for the negative fang, 
157124 for the positive lian, and 904 j for the negative yu, a cubic expres¬ 
sion 5 'whose root is the perimeter of the square bundle of arrows. Again 
let the element tian be the circumference of the round bundle of arrows. 
From the statement we have 22206528 for the positive shi, 3475536 for the 
negative fang, 157124 for the positive lian, and 1809 for the negative yu, a 
cubic expression 6 whose root is the circumference of the round bundle 
of arrows. Again let the element tian be the diameter of the circle. From 
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Hfc#£«#ai*l' 1 . v 2 , #*?, « 2 . T-Hfi, ABfi 

rf 2 . W/®. a 2 , JttlBP: V, + V 2 + m, + 


«, + </, + d 7 + a, + a 2 + v = 10589;, (IP ) 

[2] m c 2 , 

f 3 , /,, / 2 , iHlHP: c, - a 2 = 1, a 2 = ja,, c 3 - c, = 1, c } = d 2 , l 2 = yc 2 , / 2 = 
y/,» c, + c 2 = 33, t/, - c 2 = y d {0 (IP ) 

[3] JF^iWft»St3ll: 


603X 5 + 18865x 2 - 608439x + 2846835 = 0 o ( Pfc ) 


L 4 ] JF2rSCWSEtt»5**: 

-603x 3 + 78562x 2 - 2606652* + 24982344 = 0 B ( BS ) 


[ 5 ] 

-904-i-x 3 + 157124x 2 - 6951072* + 88826112 = 0 o ( flfc) 

x, “BP” Xifi*. (IP) 

[6] 

-1809x 3 + 157124x 2 - 347553d* + 22206528 = 0 o ( B ) 

[7] 

-I809x 5 + 549934x 2 - 4257531 dr + 952104888 = 0„ ( Bfc ) 

[s] 

603x’ + 17056x 2 - 644360x + 3473536 = 0„ ( Bfc) 

[9] "-w-+*r. mxiffi u k" t -*$r, 

BP 0.6 R. (IP) 

[ 10 ] KjfXMmiWtt: 

120.6X 3 + 10337R - 711125x + 7055825 = 0 o ( Bfc) 


the statement we have 952104888 for the positive shi, 42575316 for the 
negative fang , 549934 for the positive lian, and 1809 for the negative yu, a 
cubic expression- 7 whose root is the diameter of the circle. Again let the 
element lian be the diameter of the sphere. From the statement we have 
3473536 for the positive shi, 644360 for the negative fang, 17056 for the 
positive lian, and 603 for the positive yu, a cubic expression 8 whose root 
is the diameter of the sphere. Again let the element lian be a side of the 
square. From the statement we have 7055825 for the positive shi, 711125 
for the negative fang, 10337 for the positive lian, and 120 chi' 9 6 fen for 
the positive yu, a cubic expression 10 ‘ whose root is a side of the square. 

Again let the element tian be a side of the cube. From the statement we 
have 2257864 for the positive shi, 568900 for the negative fang, 20674 for 
the positive lian, and 603 for the positive yu, a cubic expression' 11 whose 
root is a side of the cube. Again let the element tian be the base of the pile 
of hay. From the statement we have 3473536 for the positive shi. 644360 
for the negative fang. 17056 for the positive lian, and 603 for the positive 
yu, a cubic expression 12: whose root is the base of the pile of hay. 

[ Notes ] 

[ 1 ] The units of some dimensions are different. There are ge, zhi, chi, and shu. 
Therefore, we can use suan for the sum of the volumes ( and areas ) of all dimentions. Let 
the volume of the pile with a triangular base be V,, the volume of the pile with a square 
base V 2 , the arrows number of the square bundle w,, the arrows number of the round 


603-r’ + 20674a 2 - 568900a + 2257864 = 0 o () 

[ 12 ] XttttlJmMA*: 

603x' + 17056 a 2 - 644360a + 3473536 = 0 o ( Bfc ) 
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HH5\ -f-HMi, -f-*iftx -A 

#T, 10589 $ro X*: 

1>N £**.*• Jfcijli A* $ 1 *, 4AB«#fo HI 

if, w Hi 33 

*Mk HHWflx -f-HI«, AHI»x -f-^rBx -A^Bx 

£-i<7 2 *>? 

&: 15*. W#A^18^; 

24 X, H!tf*Ma 12 * ; 

-f HI M 42 X., .AH14S 16 X.; 
ft7r &35 X., -A^TiSj 14X.J 
£#Af- 16^o 

*: 2. ft &*, *■**&*£:&&#* #*J 2846835 # UN* 

-608439 Mr—*.* &4t, 18865#—*#**, 603 Ml&&*.&& 
Si, ft5-7} , ftAA-AwBAf, ***** 

^ Hf o flM'J 24982344 # *$*It *$1 , -2606652 # - M. & 4fc, 78562 

& &, -603^ &&&*$&&, ftJLft, Ifcftfi] Wftjkfto *: 

ffA>J 88826112 

-6951072# — A#*it, 157124#—-904y # 

**fc, *f\A;fr, ftftAjjfrtffhflo X: «*.*,-# Hltf*hfl, **» 


bundle w,, the diameter of the circle d,, the diameter of the sphere J,, the side of the square 
a i , the cube a, , and the base of the pile of hay v. That is, V, + V, + m, + u, + d { + d 2 + 
n. + a, + v = 10589. ( G ) 

i • 


[ 2 ] Let the triangular base be c,, the square base c 2 , the base of the pile of hay c 3 , 


the perimeter of the square bundle of arrows /,, and the circumference of the round bundle 

2 2 1 

of arrows /,. That is, c, - a, = 1, a 2 = y a,, c 3 - c, = I, c 3 = rf 2 , / 2 =— c 2> / 2 = — , 
c,+c 2 = 33, c/, - c 2 =y rf,. ( G ) 

( 3 . The expression in modem form is the equation: 603* 3 + 18865.r - 608439x 


+ 2846835 = 0. ( C ) 



[ 4 ]The expression in modem form is the equation: -603* 3 + 78562x 2 - 2606652x 
+ 24982344 = 0. ( C ) 

[ 5 ] The expression in modern form is the equation: -904 y x 3 + 157124* 3 - 
6951072* + 88826112 = 0. (C) 

And it is unnecessary that Luo Shilin deleted the following character ji. ( G ) 

[ 6 The expression in modern form is the equation: -1809x 3 + 157124* 2 - 



3475536* + 22206528 = 0. ( C ) 


[ 7 j The expression in modern form is the equation: -1809* 3 + 549934x 2 - 
42575316* + 952104888 = 0. (C ) 

8 J The expression in modem form is'the equation: 603x 3 + 17056* 2 - 644360* 
+ 3473536 = 0. ( C ) 

1 9 ' The original text is 120 bu. It is a mistake. Now 1 revise it according to the 
calculation. The following 6 fen is 0.6 chi . ( G ) 

1 10 ]The expression in modem form is the equation: 120.6a' 3 + 10337* 2 - 711 125* 



22206528 # ITM, -3475536 # —*3* %.4£, 
157124#—-1809#&^^^ jfclfc, Tf-i^r, ft^f'jDSI# 
Mo i£#.>C—#-f-HI4£, »5t***^*jJt*llf o fff!|952104888 

-42575316549934#—<fc# jfclfc, -1809 

#*$&***, tfc*>L-#.£HI£, 

4**13473536#•£**, -644360#— ^ 
17056#—603 #*$&***, W]iB]S 0 

*- : iS:*.#,-#^*®, «*»#R38rj*jjt**f 0 7055825 # #& 

-711125#— 10337#— &3f$4t, 120-j^#&i$<fc. 

Tf-iL^r, ft-ffsj-f-janfto x.: i4#./t— #i#'i&, M-kafc 

TTik^ffto ft$ 2257864 # , -568900#-*^ **t, 20674 

#—<fc#jMfc, 603#*A<fc^^it. 

**.*.-#£*&■?■, «*»<R^*jjC*)if,^ij3473536#15'&^ f - 
644360#-;*.** &-&, 17056#—*.***■&, 603#&4t, Tf 


+ 7055825 = 0. ( C ) 

[ 11 ] The expression in modern form is the equation: 603-r 3 + 20674r : - 568900a 
+ 2257864 = 0. ( C ) 

[ 12 ] The expression in modem form is the equation: 603x 3 + 17056a 2 - 644360a: 
+ 3473536 = 0. ( C ) 
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1. 

[ISX] 

0M*feo “-^2IT-EW¥.+—^o [,) 

Rs: m~#o l2i (sj : ^ 7 mr. im#/usj? 

^R: MffiH+A^o 

*H: 3A^7C-^fflffi, «^£ 0 *#-7j'till'= - 

2/jEPB, X: mtit-tm 

mm, tom#2.on-‘'8?s-\-t7ihT*T \—+*&&£, -m ebb, 

[am 

[ i ] iaarawisw. mKftmjs,. a, was, = <r ; HBftiift, 

s 2 , l, W^M.A7fcffl3« I. Wljs 2 =j 2 p° lit BP: S t S 2 =J 2 ^P = I5552„ ( $JS) 
[ 2 ] iltBP: / T fl = 3 o(») 

[ 3 ] TFarStttaftJfc**: ** - 20736 = 0 o ( PH ) 

[4] x* - 1679616 = 0„ ( Bfc ) 


[4-ii] 

0SJ.&-—Afeo 15552^0 X*: 

#3 0 R: 3r®i&-£ N 
jjrWii-fc 12^, 0]37$-fc36^ o 
*Jfc*.>L—-20736 3/# 

M, ^fJ^TWii-Jfe 12# 0 iSL 

-16796161 


Fang Yuan Jiao Cuo ( Containing 
Squares and Circles ) 

9 Problems 

1. The product of the areas of two farms, one in the form of a circle and the 
other a square, is 15552 bu. 1 It is said that a quotient of the circumference of 
the circle and a side of the square is 3 bu. 21 Find the side of the square and the 
circumference of the circle. 

Ans. Side of the square, 12 bir, 

circumference of the circle. 36 bu. 

Process. Let the element tian be a side of the square farm. From the state¬ 
ment we have 20736 for the negative shi, and 1 for the positive yu , a bi¬ 
quadratic expression 13 whose root is the required side. Again let the 
element tian be the circumference of the circular farm. From the statement 
we have 1679616 for the negative shi, and 1 for the positive yu, a biqua¬ 
dratic expression 4 whose root is the required circumference. 
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[ Notes ] 

[ 1 ] Let the area and the side of the square be 5, and a, then, 5, = a 2 . Let the area 
and the circumference of the circle be S, and /. We take the ancient value ( of ir ), 
namely, 3. Then, 5 2 = P. That is, 5,5, = a 2 P = 15552. ( G ) 
l 2 ] That is, / * a = 3. ( G ) 

[ 3 ] The expression in modem form is the equation: x 4 - 20736 = 0. ( C ) 

[ 4 ] The expression in modem form is the equation: x* - 1679616 = 0. ( C ) 
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2 . 

US*] 

4-4'^r. ifflMo bamr*. &m=:wiH+4:#—wsi-bfcSHfctz: 
Ho [,] Rs: 3r®&*. rtAnTO, ^-iai-^o 121 Ns m> 

^0: ®/SlH+A^, 

*0: *^7G-^ISffl^, lam&Zo h 

ir-+w*is*, -+£^jhbi, Wff^. f3] , mbb^ q x : a 

^-fc+H^-^HWyV+H^iE^, A 
^WA+A*iS±*. “+3 l*IEM, 

^No 

IttW) 

[lllBl^M*^! SI 157 & 50, »js 2 =^/*, iJfcBP: 

s > + s > = a2+ ji4 p = 241 T§f° ( ® ) 

[2] itfcBP: a 2 + /= 180a ( % ) 

[ 3 ] 25x 2 - 314a: - 21096 = 0„ ( Bfc) 

[ 4 ] 25** - 86S6* 2 + 732384 = 0„ ( fa ) 


[4-if ] 

M+IMUK*.,, — &***.£.*»# 247-^#- 0 a*: 
5fQ7i£-£f=n|t, ***180* o R: 

&: II] W $ * 36 # , 35TWi4-£12# 0 

*: &*>£.-;$ Wwfl*, 4*^-21096#** 

**, -314 %—>£.*& &&, 25 %&&*.*%&4£, ft^TT, ft$'\ 0)W$ 
-Jfco A: ft*.*,—ifrtWii.*, «*t4R^r*jj£.*lfo #*'J 732384 
-868625 if-v9tk.Hr, ft 

*J*Wi&*„ 


2. The sum of the areas of a circular and a square farm is 247-j^ry bu! 1 ‘ It is 
said that the area of the square farm increased by the circumference of the 
circular is 180 bii 2 1 Find the circumference of the circular farm and a side of 
the square. 

Ans. Circumference of the circular, 36 bu: 
side of the square, 12 bu. 

Process. Let the element tian be the circumference of the circular farm. 

From the statement we have 21096 for the negative shi, 314 for the nega¬ 


tive fang, and 25 for the positive yu. a quadratic expression 13 whose root 


is the required circumference. Again let the element tian be a side of the 
square farm. From the statement we have 732384 for the positive shi, 8686 
for the negative upper lian and 25 for the positive yu, a biquadratic expres¬ 


sion 4 whose root is the required side of the square. 
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[ Notes ] 

[ 1 ] Hui’s value ( of ir ) is taken, namely , n = . Then, S, = P. That is, 

s ' +s - = o! + ^' ! = 241 #- <0) 

[2] That is, a 2 + / = 180. (G) 

[ 3 ] The expression in modem form is the equation: 25x 2 - 314r - 21096 = 0. 


L 4 ] The expression in modem form is the equation: 25x* - 8686x 2 + 732384 = 0. 
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3. 

[JS£] 

IMfl. ^HaW^iaEB^, (SFHlRrt^^rEBffi, 

l-M-t-^-o 1 ^ Hi: & 

-fiiAtra^ 121 N: jm, 

^S: H^H+ANi^, 

^7C-*MBaW, 

-W*IE£. A+A*£2r t -+-E*^A+Eft£±3g, A+A 
3HEPB, =**#;£.'« fcWJSL £ta\ 0 

mm] 

[1] H*Mtt*: /si 22 S 7. W'j5j = -^- Z 2 itfcBP : 

oo 

(5,-/) + (S 2 - a) = (a 2 - l) + ** - * > = 199 -jJ o ( W ) 

[2] lltKP: P - a = 1284. (9*) 

[3] 

88X 4 - 226065-r - 88* + 145177200 = 0 o ( K ) 


[*t*] 

Ml-fto ■**«.*♦. ® w® 

***£ *«&■£, — 4t4k.4Uf*W 199jj-#o **: 

#-1284 # c ft: >SrWii-Jfe % B] t*» $-fc 2 :>'? 

iJt*.*.-#®®®*, »»*i#3jrafJM-Afo ***J 145177200^71 
M, -88#—-226065#—88 %&&>*.*&& 
it, mflo 


3. There are two farms, one circular and the other square . From the area of the 
square farm take the circumference of the circular and add to this difference 
the area of the circular minus a side of the square. The sum is 199-jy bu. ' - It 
is said that subtracting the side of the square farm from the square of the cir¬ 
cumference of the circular farm gives 1284 bu. 2 Find a side of the square 
farm and the circumference of the circular, using the mi value of it . 

Ans. Circumference of the circular farm, 36 bu ; 
side of the square, 12 bu. 

Process. Let the element tian be the circumference of the circular farm. 
From the statement we have 145177200 for the positive shi, 88 for the 
negative fang, 226065 for the negative upper lian , and 88 for the positive 
yu. a biquadratic expression whose root is the required circumference. 


[ Notes ] 


22 7 , 

[ 1 Mi value ( of it ) is taken, namely, tt = — . Then, S 2 = — I 2 . That is, 

7 ~ oo 

(S, -/) + (S 2 - a) = (a 2 -/) + (-^P-a) = 199-jy . (G) 

2 1 That is,/ 2 - a = 1284. (G) 


[ 3 ] The expression in modern form is the equation: 88 a 4 - 226065a: 2 - 88a + 


145177200 = 0. (C) 


4. 

[!%*] 

m, rt«±, ^a+^ 0 [i) re: mm. :*m*afnra+A£ [2] o i°j : m 
m. XM&Jlft? 

^P: B0J3H+A#, 

7 t^R: ;fl 3 £ 7 G—#®|fflJSI, ittBUfcto t#-^^=W£+-^lE$, 
-T—tf- fAfcifcfr, -+-*iEHI, Wff^, l3 M#PS3^ 0 -A-f5]o 

[a#] 

[ 1 ] JtfcCP: ($,+/) - (S 2 + a) = (a 2 + / ) - (j^P + a) = 60 o ( 9J5) 

[2] lltBP: / + a = 48- (SR) 

[3] WtfStWJlMtJfc**: 

Ilf - 1128* + 26352 = 0 o ( Bfc) 

[4-iil 

^^19, 0)gj.§.—Jfc 0 [84».M.**o W»d&#RA».t^Wi&-Jfc, 

^60^, X*: B] BJ/S] *ij 2TBJi£ 

48^-0 «: 2 :>'? 

£ : Hi ro $-fc 36-£, ^wi4-fci2# 0 

fc: iSl^TC— % m BJflHfc, ff*I 26352 ^IIFIfc 

J3S, -1128^11#******, 4f*JflQwfl 

*o MRo 


5. 

[ JM3C 1 

!#5fAIt+-t^-I2t-t^AtH 0 [1] Rs: ;fr[flffi$nlllffl 
^H#£- [2] o N: 


4. Subtract the sum of the area of a circular piece of land and a side of a square 
piece of land from the sum of the area of the square piece of land and the 
circumference of the circular. The remainder is 60 bu. ' 1 It is said that the 
circumference of the circle added to a side of the square equals 48 bu 2 1 Find 
the circumference of the circle and a side of the square using the ancient value 
of TT. 

Ans. Circumference of the circle. 36 bu; 
side of the square, 12 bu. 

Process. Let the element tian be the circumference of the circle. From the 
statement we have 26352 for the positive shi, 1128 for the negative fang, 
and 11 for the positive yu. a quadratic expression !3 ’ whose root is the 
required circumference. 

[ Notes ] 

[ 1 J That is. ( S, + /) - ( S, + a ) = ( « 2 + /) - (-yj P + a ) =60. ( G ) 

[ 2 ] That is. 1 + a = 48. ( G ) 

f 3 j The expression in modem form is the equation: 1 \jt - 1128* + 26352 = 0. 
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(C) 


5. From the area of a square farm subtract the area of a circular farm and multiply 
the remainder by the area of the square farm. The result is 5877j^y bu - 1 It is said 
that a side of the square is one-third of the circumference of the circle : 2 1 Find a 
side of the square and the circumference of the circle, using Hui ’ s value of it . 
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V-0, imh+a** o 

^0: Sn^^^lo W^fcA^ftTJ^+IBTjWT 

-W“+A2j&&, —7jHT Am: t-H^IEPR, H^5F£, l3 M# 
traffic pii 
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[&»l 

[ 1 ] jtfcBP: (S, - S } ) 5, = ( a 3 P ) a 2 = 5877-^ 0 ( % ) 

[2] ittBM: a =|/o (») 

■ [3] fftfSCIJWMWIfcSfc: 1 3973 jT* - 289744128 = 0 o ( Rfc ) 

[4-W] 

£-&, VAira ^5877-j^^o x*: B?$ 

0 : 

EH W $ * 36 # 0 

*: ***.*.-#*«&*, »5t*»<R^r*Jj£.*lfo -289744128 *} 

13973 $ 48t, ftW'tTT, #4 

#T R o 


6 . 

USA] 

—&IMBIII, »AfAIItA^o l,3 Ka8 2r®*&M“-f-0^ [2, o 
|5j : M&JUST? 

gB: |Bffl = +A#, 3rffl-+Z# 0 
*B : tiam&z. o #AI2+'h^" : fAlA^ 

SfA^AI^ii^, A7 jH^AWH+-*j^±II, 
4N+-37&T££> t+-tMIS, £i^, i3l ll®lio 4-No 



Ans. Side of the square, 12 bu; 

circumference of the circle, 36 bu. 

Process. Let the element tian be a side of the square. From the statement 
we have 289744128 for the negative shi and 13973 for the positive yu, a bi¬ 
quadratic expression f 3 whose root is the required side. 



[ Notes ] 

[ 1 ] That is, (5,-5,) 5, = (a* - F ) a- = 5877-^. < G )) 

[ 2 ] That is, a = /. ( G ) 

[ 3 ] The expression in modem form is the equation: 13973T* - 289744128 = 0. ( C ) 
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6 . The product of the difference between the area of a square and its side by 
the difference between the area of a circle and its circumference is 8856 bu. 1 
It is said that a side of the square is less than the circumference of the circle by 
24 bu [2] . Find a side of the square and the circumference of the circle using 
the mi value of tt . 

Ans. Circumference of the circle, 36 bu; 
side of the square. 12 bu. 


-a-# WsW^isB 


[tt*] 

1 1 ] JifcBP: (S, - a MS, - /) = (a 2 - a)(j£p - I) = 8856 0 ( & ) 

[2] itfcBP: I - a = 24, ( & ) 

[ 3 ] 

77.x 4 - 474 lx 3 + 93632X 2 - 580800x - 8572608 = 0 o ( Bfc ) 
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B|® 4 — j) w & i&-£, ®Wi& 

sJ/SJ-fc, — ^4ffc4a3fL, #8856# 0 3rwii-fcttBI 

^^'24^ 0 « s 

&: ®0J$-fc36-£-, TrmiLK \2f 0 
*•: i£*>L-*7®sJ«, tt***#***#,, flM'J -8572608 
M, -580800 &4t, 93632# —-4741 


7. 

I JM£) 

&, laBoem*. 

£o t2] |5J: ^fSfs 

&H: B^H+A^, -f-Zl^o 

*H : ^tc—#BH fi, inSfcdfcto +!!>&££, E 

TJ-fc+A^M.#, raWA+*^±B, —WH+A^M.—0, -+>J 
iSTB, —^iepr, mrniiffz, l 3 'nmm^o =£, 


[£M*1 

tnutW: (s, - s 2 ) y^-= (« 2 x y= 4 * 2 » <*> 

[2] jtfcBP: |-/^TT = 5o t$P) 

[3] 

x 5 - 20X 4 + 136* 3 - 480x 2 + 57&r - 6912 = 0 o ( Bfc ) 


Process. Let the element tian be the circumference of the circle. From the 
statement we have 8572608 for the negative shi, 580800 for the negative 
fang, 93632 for the positive upper lian, 4741 for the negative lower lian, 
and 77 for the positive yu, a biquadratic expression 3 whose root is the 
required circumference. 


■= 3 ? 
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[ Notes ] 

[ I ] That is. ( S, - a ) ( S, - I ) = ( a 1 - a ) (-^ F - I) = 8856. ( G ) 

[ 2 j That is, / - a = 24. ( G ) 

[ 3 ] The expression in modem form is the equation: llx* - 4741a: 3 + 93632x ! - 
580800 a: - 8572608 = 0. ( C ) 


7. The product of the difference between the area of a square and a circular 
farm by the diameter of the circular is 432 bu. 1 It is said that the square root 
of the perimeter of the square farm increased by 1 is less than the diameter of 
the circular by 5 bu . 2 Find a side of the square and the circumference of the 
circle using the ancient value of tt . 

Ans. Circumference of the circle, 36 bu; 
side of the square, 12 bu. 

Process. Let the element tian be the diameter of the circular farm. From the 
statement we have 6912 for the negative shi, 576 for the positive fang, 480 
for the negative upper lian, 136 for the positive second lian, 20 for the 
negative lower lian, and 1 for the positive yu, an expression 3 of the fifth 
degree whose root is the required diameter. This root multiplied by 3 gives 
the circumference of the circle. 
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[4-ii] 

® &&&., 

ttWWtf jL&3|k£., #432# 0 X*: ^3*, *#. 

ttljsjtf j[J2:>'5#o fl: 4-fc x 

&: Of] 87 $-fc 36 # , ;*07i&-£ 12 # 0 
*: ifciUL—ABB**#:, «*»«l^*^Jlfcff*|-6912^'l|f‘lfc^i, 
516 % — *.*&&&, -480*7 —Jfc***fc, 136Aiifc^^4ffc, -20*7 
e? l*7*ift<fc***t, *-£.*.$-, #*|H]87jU2 0 «3* 

41, ^R|M^ S Wf»lo 


8 . 

[IS*] 

4-W* - . i^]ffl#-®c hmji^o #fflmrt*0ifflft=#;£z: t &$E±; 

«..t, *-+£-ra+**Hfci-W- 
+A„ l,1 *g: Jfcfrffi, 0lft*M£, -%&*, $. -^W, 

r^: 01 ft, ^rifi&JLH? 

^H: 0|ft=+A*£, ^fffi—+“^o 
*0: AttR*;to *#-7j-nA+A2f&£, - 

^ AWA+BS*M.2f. —^raWA+A*M.±m, 

IS, “W--f-E*M=J*, roWE+ftiST*, EHI 

^, I 3 ) #M^o 0 £, BP^fflffio #(S]o 


[ttH] 

[1] JtfcBP: (S, -|/) - (S 2 + la) = U J -|i) - ( ^ / 2 + l‘ a) = 

10-Jlf o (IP) 

[2] ilfcBPr tv={flo + ( a + /) = 0W#L(*) 

[3] E^WSETO^^7: 

-75^ - 450* 3 + 225x* + 2072* 3 + 10488;r + 1884x - 10188 = 0 n ( W -) 


[ Notes ] 

[ 1 J That is, (5, - 5,) x = (a 2 - ±P) x ± = 432. ( G ) 

[ 2 ] That is, y - /^T+T = 5 - < G ) 

[ 3 ] The expression in modem form is the equation*-* 5 - 20* 4 + 136* 3 - 480* ? + 

576* - 6912 = 0. (C ) 


8. From the difference between the area of a square farm and two-thirds of the 
circumference of a circular subtract the sum of the area of the circular and 

128 f * . 

one-half of a side of the square. The remainder is 10 yyy bu. ' It is said that 
by taking the sum of a side of the square farm and the circumference of the 
circular for the negative shi, 2 for the negati vefang, 3 for the positive lian, 
and 1 for the positive yu, we have a cubic expression whose root is equal to 
the weak-half of a side of the square. 2 Find a side of the square and the 
circumference of the circle using Hui ’ s value ( of it ). 

Ans. Circumference of the circle, 36 bu; 
side of the square, 12 bu. 

Process. Let the element tian be the root of the given expression. From the 
statement we have 10188 for the negative shi, 1884 for the positive fang, 
10488 for the positive upper lian, 2072 for the positive second lian , 225 for 
the positive third lian, 450 for the negative lower lian. and 75 for the nega¬ 
tive yu, an expression 13 of the sixth degree whose root is 3. This root 



multiplied by 4 gives a side of the square. 
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] 

HJw-§-—& 0 ■ ♦*#.**. , 

3frWi4*J||l|Wfl4M8;MtA# £, -2## —*.***., 3'ft??; 

•=.***&, l^^jMS^jMfc, fts-Ti, jo 

R: fflWfl*, 3$-Wi4-fc£#$'>-? 

@] BJ $-fc 36 ^, ^BJi£-fcl2lto 

*-: &*.>£,—#*•**£, #*'J-10188;$^^, 

1884 3;10488;$—«fc#*4Sfc, 2072 ftS-til**&4t, 225 
*4t, -450$iL«fc*S & 4t, -75^ &ft<fc* $4ffc, 7T- A*., 
-M7M=.^ 0 vuw*4l, Ati^Wift-jfco Wl'lo 


9 . 

US*] 

^2i\ Pffl&-&o mam**. HfflfRrtto—>MHIfflffl, 

&&T±; *-«HlffllR, &» ±; W2r 

fflai'NMfct. »-^=WBg^o I,] R5: 

ey^iS#, HMI, -*iEPR, ZlrlfZ, t#», W 
+AJfc£, igiaffl^o 121 fnJ: M, P^&ilfa? 

§U: ««=+*£• 

*0: ft^TG-^JWgfc, E 

H+MHi, AMSI, 

JAPP5, 'oNo 


ltt»l 

[ 1 ] jttBP: 


[ Notes ] 


[ 1 : That is, (S, -4/) - (5, +4«) = (a 2 -4 /) - ( 


25 r- + ±a) = 


314 


10 


128 
157 ' 


(G ) 


T 2 1 That is, w = —a. iv is a root of the equation r' + 3.x 2 - 2* - ( a + l ) =0. (G ) 

4 

[ 3 ]The expression in modem form is the equation:-75.x'' - 450.x 5 + 225.x 4 + 2072x' 
+ 1 0488a: 2 + I884x - 10188 = 0. ( C ) 


9. Add to the area of a circular farm twice its circumference, then subtract the 
area of a square farm. Set the result thus obtained aside. Add to the area of the 
square farm 3 times its side and subtract the area of the circular. To this result 
add the result set aside and multiply by the small-half of a side of the square 
farm, then by one-sixth of the circumference of the circular. The product thus 
obtained is 2304 bu. 1 It is said that if we put a side of the square farm for the 
negative shi, 4 for the negative fang, 3 for the positive lian , and 1 for the 
positive yu, the root of this cubic expression multiplied by 18 will equal the 
circumference of the circular farm. 2 Find a side of the square and the cir¬ 
cumference of the circle using mi value ( of tt ). 

Ans. Side of the square, 12 bu\ 

circumference of the circle, 36 bu. 

Process. Let the element tian be the root of the given expression. From the 
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[(5, + 2/ - S.) + (S. + 3a - 5,)] xjflx j/ = [(-J-/ 2 + 21 - a 2 ) + 
2 11 3 o 88 

(a 2 + 3a - -^Z 2 )] x^-a x± l = 2304 o <*) 

[2] |fcBP: 18w = / 0 + 3* 2 - 4u- - « = 0M#U (») 

[3] fl^WSM****: 

x 7 + 6^ + 19X 5 + 3Q* 4 - 56.x 3 - 1152 = 0 o (fifc) 


[4-if J 

01®^ —3fco ■ ATT® 

fate, * 

«**«>&***-1*4:, *»5lB| # 

2304#o £, -4## — ifc# *4t, 3 ##•=•*# 

jfclfc, 1# Alt ft****, tfll 8 «: 

35TWi4-Jfe 12tf\ 0] ® $-fc 36-£ 0 

*•: la*”*******,, #*'J M152 # , 

-56 30 %&'&*&&#., 19 #-£.<fc.^i 6 37**31 

**fc, 1 #******, *-fc**, #*'J2#, 3;?f-*&<, 

Ho 


statement we have 1152 for the negative shi, 56 for the negative second 
lian, 30 for the positive third lian, 19 for the positive fourth lian, 6 for the 
positive fifth lian, and 1 for the positive yu, an expression 131 of the sev¬ 
enth degree whose root, 2 bu, is the required root. 


[ Notes ] 

[ 1 ] That is, [(S 2 + 21 - S,) + ( 5, + 3a - S,)] x ±a x ±1 = [( -^P + 
21 - a^) + (a 2 + 3a - -^P)] x ja x ■]■/= 2304. (G) 

[ 2 ] Thai is, 18vv = /. w is a root of the equation w 3 + 3 w 2 - 4w - a = 0. ( G ) 

[ 3 ] The expression in modem form is the equation: x 1 + 6x* + 19* 5 + 30.x 4 - 56x 3 


- 1152 = 0. (C) 


—hrafci 




i. 

us* i 

M? 

^H: -tl^o 

-+£27MW, T-^£^o' 2! ^o 

lain 

[i] = -^- a». jttBP: s =~/ J = 49 fr?° (?f) 

[ 2 ] ffttttmiW&Xi 25x* - 15625 = 0 o < MO 

[*»] 

49^*0 fl: WfttiZ-y? 

&: 25+o 

*■: «*>t—Blfl. 

JifW, 25 #**&***, ++J5-, 4f*JMo Wflo 


2 . 

USA] 

^•^ISmra + ^HW—|HJ: 

M? 

^0: 

+0: A^7C-27»®@, *&K*£«, l#-W£ f-A£-+£W2;^ 

£, -£FJ+^0+£27^, vm&mt* 

*Zo £No 


San Lu Jiu Yuan ( Reckoning Circles 
with the “Three Values of 'll ” ) 

14 Problems 

239 

1. The area of a circle is 49 ( square ) bu ■' \ Find the circumference 

using Hui ’ s value of it . 

Ans. 25 bu. 

Process. Let the element lion be the circumference. From the statement we 
have 15625 for the negative shi, and 25 for the positive yu , a quadratic 
expression 21 whose root is the required circumference. 


[ Notes ] 

[ 1 ] Use Liu Hui’s value of it to calculate, namely it = . That is, S = P 

‘ 4, 3M ' (G) 

[ 2 ] The expression in modem form is the equation: 25.r - 15625 = 0. ( C ) 
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239 • • * 

2. The area of a circle is 49 ^4 ( square ) bu. Find the diameter using Hui’s 

value of tt . 

a -7151 , 

Ans. 7 Yyj bu- 

Process. Let the element tian be the required diameter. From the statement 
we have 1562500 for the negative shi , and 24649 for the positive yu , a 


quadratic expression 1 whose root, a mixed number, is the required 
diameter. Obtain the integral part of the root by the usual method. For 


[£»] 


[ 1 ] 24649X 2 - 1562500 = 0 o ( &) 


[ 4 -ii] 


239 


~ -151 

«■! 7 1^7 ix u 

-156250024649i&iLA^^<t, Tf-f^o *Mr**-, •& 


3. 

[/^StJ 

4*W¥®IRia+E^-+-^^i , io (S): 3/&M/U5J? 
gB: -f0^ o 

* 0 : *#£W-t+*;*/&£, —%jlE 

m, VITKZ „ l2] -nlpjo 


ia»] 

[1] mHJH*ir =-^AJf, jfcBP: S=-^-/ 2 = 45-£- 0 (») 

7 oo 11 

[ 2 ] ff#5*W3Mt»5**: X 2 - 576 = 0 o ( & ) 

[4-i?] 

4^111 fls « 

£: 24# 0 

*: ifc*.*.—*M'J-576 

HS^i, 1 a******:, *-*■*, #fJ®^o mfl, 


obtaining the fractional part apply the lion zhi tong ti method. 


[ Notes ] 


[ 1 jThe expression in modem form is the equation: 24649x 2 - 1562500 = 0. ( C ) 


3 


3. The area of a circle is 45-^- ( square ) bu '■ 1 . Find the circumference using 


the mi value of t t . 


Ans. 24 bu. 



Process. Let the element tian be the circumference. From the statement we 
have 576 for die negative shi, and 1 for the positive yu , a quadratic expres- 2 65 
sion - 21 whose root is the required circumference. 


[ Notes J 


[ 1 J Use it for the calculation, then 5=-^-/ 2 = 45 -jy. (G) 

7 88 11 

[ 2 ] The expression in modem form is the equation: x 2 - 576 = 0. ( C ) 
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4. 

[«£] 

# 0 : -t&—t—ft&Z-bo 

*0: tt7L-%%M'&, inmtZo -W- 

+-m», W^, (,] fc-fc#o n(«]o 
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[aP] 

[ 1 ] 121JC* - 7056 S 0.(K) 

[♦*] 


*: ®42, y**>&*ik4L4Wo 4?£'J -7056 

#*■**, 121 #***«**, 4ffj7 4* 

MRo 


5. 

[/»*] 

4*W^HSmAW-t+-K l,, o (51: 

£ 0 : -i-Ro 

*0: ft^TG—fctfifclBI®, M2f5IE+rM 

£, *.ftMJR, iLftl f£, ft-Z-Ro 1 *' ^l'5] 0 


[am 

[ l ] IB&HttttSl, t&ftmftv, d, JRir = 3, 
aj v=tt<Po <*> 

lo 


4. The area of a circle is 45 yj- ( square ) bu. Find the diameter using the mi 
value of it . 

Ans. 7-jy bu. 

Process. Let the element tian be the diameter. From the statement we have 
7056 for the negative shi, and 121 for the positive yu , a quadratic expres¬ 
sion 1 whose root, a mixed number, is the required diameter. Obtain the 
integral part of the root by the usual method. For obtaining the fractional 
part apply the zhi fen method. 


[ Notes ] 

[ 1 ] The expression in modem form is the equation: 121.tr - 7056 = 0. ( C ) 


5. The volume of a sphere is 972 ( cubic ) chi- 1 Find the diameter using the 
ancient value of tt . 

Ans. 1 zhang 2 chi. 

Process. Let the element tian be the diameter of the given sphere. From the 
statement we have 15552 for the negative shi , and 9 for the positive yu, a 
cubic expression 121 whose root, 1 zhang 2 chi , is the required diameter. 

[ Notes ] 

[ 1 ] Let the volume of the sphere be V. and the diameter d, and use 3 for it . Ac- 


[ 2 ] 9** - 15552 = 0„ ( & ) 




[4-if ] 

4*#*tt*MR972* 0 R : AW# Jl«# 

£■: 1 *. 2 X.„ 

*: fltfjUS, tf****#.*#,, #*'J 

-15552*?1rM, 9**A<fc^SM4t, #*]liL2X. 0 

ftflo 

6 . 

[J 1 *] 

h-K : "o ft: JMrfcHfliLffl? 

^ 0 : H^aRo 

£, -suers, HEtA^ [ nr“]o 

[tt»] 

[ 1 ] id&HWJWfc*/. iRtt = 3, rfi (/l#**) M#ttlBI*#di: 

v ^ d ‘~k e ‘ {%) 

[ 2 ] IftJ&SSfc: -d - 46656 = 0 o ( Bfc ) 


[4-if] 

4^*M$*M*972X. 0 I 5 ]: -i|gI<H>$*:*7 2 :>'? 

3 £ 6 X.o 

-i®#, «*»*^r*^.**f 0 *f*l 

-46656 3/'$-M, 1 #***#**, TT-J-^t, *Mfl3*.6X.<, 

fltW o 


cording to the li yuan method in The Nine Chapters of Mathematical Procedures , 

V=-£r<P. (G) 

16 

[ 2 ] The expression in modem form is the equation: 9x* - 15552 = 0. ( C ) 


03 <— 
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6. The volume of a sphere is 972 ( cubic ) chi '■ 1 1 Find the circumference 
using the ancient value of tt . 

Ans. 3 zhang 6 chi. 

Process. Let the element tian be the circumference of the given sphere. 
From the statement we have 46656 for the negative shi, and 1 for the posi¬ 
tive yu, a cubic expression [2 ] whose root, 3 zhang 6 chi , is the required 
circumference. 
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, [ Notes ] 

[ 1 ]Let the circumference of the sphere be /, and use 3 for rr. According to the kai 

9 1 

li yuan method in The Nine Chapters of Mathematical Procedures , V = — cP = — / 3 . 
(G) 


[ 2 j The expression in modem form is the equation: x 3 - 46656 = 0. ( C ) 
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7. 

[JSS:] 

m-. mi®® 

JLM? 

^S: — jL—Ko 

^ 0 : ttymmatZo »-= n : w -+ a *&£, 
-^jliPR, jfcfrTfito [2] 


lap] 

[ 1 ] AH£*n. V=^|^, 

SKff < ft##*#) +m* 1 £ 5 ^*&#fraraa. ffi@ “WftttM" . (»> 

[2] *> - 1728 = 0 o (|$ ) 

[*» 1 

J|y Ac 0 : Jfctf *•&#*•*■? 

£-: 1 £ 2 X _ 0 

*-: M-ke&7T>k$.*r#o flM'J 

-1728 #*#■**, 1 #*$*.^**4:, 7fi^ 0 #^fl 0 


8. 

[®£3 

^*liimAW--f-AR-ini+-t^R^-Wrac. 13: 3 j«HUSJL 
M? 

^0: H5tARo 

A0: ^E^A^AWH+A^M 

£, -»IEM, ^7rJf^, [1 M#HiARo £13 o 


7. The volume of a sphere is 928 ( cubic )chi 1 . Find the diameter using 

Hui ’ s value of it . 

Ans. 1 zhang 2 chi. 

Process. Let the element tian be the diameter of the given sphere. From the 
statement we have 1728 for the negative shi, and 1 for the positive yu, a 
cubic expression 2! whose root is the required diameter. 

[ Notes J 

[ I ] From the statement we know that Zhu Shijie considered Liu Hui’s formula of 
the volume of a sphere V = 1 — cP. We do not know why he considered so . According to 
the existent Commentary of "The Nine Chapters of Mathematical Procedures ", Liu did 
not completely solve the problem of the volume of a sphere.And Liu pointed out that they 
must wait for the person who could solve it ( yi si neng yan zhe ). ( G ) 

[ 2 j The expression in modem form is the equation: jt' - 1728 = 0. ( C ) 
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104 

8 . The volume of a sphere is 928 ( cubic ) chi. Find the circumference 

using Ilui ’ s value ( of tt ). 

Ans. 3 zhang 6 chi. 

Process. Let the element tian be the circumference of the given sphere. 
From the statement we have 46656 for the negative shi , and 1 for the posi¬ 
tive yu , a cubic expression 1 whose root is the required diameter. 


Jade Mirror of the Four Unknowns 
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[*»] 

[ 1 ] x 3 - 46656 = 0 o ( Bfc ) 

[4-if ] 

*##*$** 928 X.o 1-1: Z'}'? 

3t6X.o 

*: iZJLH-tiUi&Kif&tfvl-ko&TT&jL&W* ft$'\ 
-46656 % tM , 1 MjjfL&j£. 3 $&4t, ftSL7>, #3i6X. 0 

1-1 o 


9. 

1/5*1 

4‘W*®IRAWzi+-tK—I— ftRZ1l ll] o (5]: fcfcfcHgllffl? 

^R: -3t-R 0 

* 0 : »= + -^A^E'S^L+Zl 

-WA+rtJWUB, *^r?f^.o [21 of n 1o 

[ttW] 

[ 1 ] mtir <*.$#*&#> =y ftfflftxjtftft&jgjl v = 

jf <fo jlfcfli+**r«. 189 = 9 X 21, *&j£«5H&-5*W«W£* 

($B) 

[ 2 ] fflrmmiwa&h I89x j - 326592 = 0„ < |fc ) 


[<^i$l 

4^#tt4MR927-^-Ao R: M$-&*}£•>'? 

&: 1 il 2 JL 0 

M-ko&Tr&Z&m o #fJ 

-326592 # Ur M, 189#&i£i*.3i&lt, #^m-1o 


[ Notes ] 


[ 1 ] The expression in modem form is the equation: x } - 46656 = 0. 


(C) 


9. The volume of a sphere is 927 -yy- ( cubic ) chi- 1 \ Find the diameter using 
the mi value of tt . 

Ans. 1 zhang 2 chi. 

Process. Let the element tian be the diameter of the given sphere. From the 
statement we have 326592 for the negative shi. and 189 for the positive yu, 
a cubic expression 12 ] whose root is the required diameter. 
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[ Notes ] 

[ 1 ] According to the extant Li Chunfeng’s Commentary of “The Nine Chapters of 
Mathematical Procedures" , the formula of a sphere given by Li Chunfeng is V = -^y d 3 by 
using tt — • There is a mistake in the problem. The positive yu 189 = 9 x 21 is the 

product of the denominator of the formula and the numerator of the volume of the sphere. 

(G) 

[ 2 ] The expression in modem form is the equation: 189.x 3 - 326592 = 0. ( C ) 


Jade Mirror of the Four Unknowns 


10 . 

[/£*] 

t-bK—|5J: %&3LmmJLW 

^H: H3tARo 

t£B : JnlR^^o Itra^/xf-AWS+A^itt 

£, -3/IEPS, ^^, [, M#H3tA^e 'bNo 


[ttW] 

[ 1 ] ?F2r*««tt»5*fc: ** - 46656 = 0 o ( Bfc ) 

[♦*] 

927-^-X. 0 H: 

3at6X . 0 

*»*»***#■*■#<» 4f*l 

-46656 Mrlfrit**, 1 #4tft&.£$!(:, 4**J3±.6X.«> #£- 

m«io 

ii. 

[«*! 

4 -^i-WAt 5 K [ll o | 51 s ^Wffi/U 5 !? 

^S: —+7nR— 

7^0: inSfcfcto iirlA+5M^. -*uE 

W?F^o l2! ^o l3] 

[ttm 

[ i ] **-*»¥#. bp : « 2 = 265, (%> 

[ 2 ] x 2 - 265 = 0 o ( Bfc ) 

[3]jfcii5S»8MM6J5, RJ**^^*^ - 32x - 9 = Oo 


10. The volume of a sphere is 927-^- ( cubic ) chi. Find the circumference 
using the mi value of tt . 

Ans. 3 zhang 6 chi. 

Process. Let the element tian be the diameter of the given sphere. From 
the statement we have 46656 for the negative shi , and 1 for the positive yu , 
a cubic expression • 11 whose root is the required circumference. 


[ Notes ] 


[ 1 J The expression in modem form is the equation: x 3 - 46656 = 0. ( C ) 


11. Find a side of the square whose area is 26 ( square ) chi 1 . 

Ans. 16“~ chi. 

Process. Let the element tian be a side of the square. From the statement 
we have 265 for the negative shi, and 1 for the positive yu , a quadratic 
expression 2 J whose root, a mixed number, is the required side 3 1 

[ Notes J 

[ 1 I The ping mi refers to the square of a side. That is, a 2 = 265. ( G ) 

[ 2 J The expression in modem form is the equation: x 2 - 265 = 0. ( C ) 
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m, nKMft “vmnijate&m*#" am-. = jj = rr ° ( m) 

1 0 -265 ( 16 

16 256 

16 9 

16 

32 

_ 1 _ 

33 

aitfc,i6^aR#i6-^-^jfi^(io (m) 

[*« ] 

U-: 16 -jy X- 0 

*■: o -265 

m, i ^-+^0 *-**>*-, >***»£- 

12 . 

US*] 

f51: 

£0: ZlAtSRo 

*0: W&Zo -"S’ 

-+-m^r, ±£, ™-o [,) ^ 12] o 

[ft#] 

[ 1 ] ?F**WaWt»**: 121* - 32065 = 0 o ( Bft ) 


[ 3 ] After extracting the integral part of the root 16, the jian gen equation is x 2 - 
32* -9=0. According to Liu Hui’s Commentary of "The Nine Chapters of Math¬ 


ematical Procedures'' , the fractional part can be solved by yi jie suan jia ding fa er ming 
9 9 3 

fen. that is , p- — = —. ( G ) The result given here is only the approximate 


value. It is found in the following manner: 


-265 ( 16 


Therefore 16 ^ or 16 -jy is the approximate root. ( C ) 


12. A side of a square is 16 -jy chi. Find the area. 
Ans. 265 chi. 


Process. Let the element tian be the area of the given square. From the 
statement we have 32065 for the negative shi, and 121 for the positive 
fang , a linear expression : 11 whose root is the required area 2 L 


il 
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[ Notes ] 

[ 1 ] The expression in modem form is the equation: 12lx - 32065 = 0. (C ) 



m 
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[2] KWWT -ft&mt 

16 x 11 = 176, ( 176 ) 2 = 30976, 1*J§. ± _l. = 3, 

3 x 3 x121 = 1089, 1089 + 30976 _ 2 65 0 ( &) 

121 

[*»] 

H: $rSL7rWbftW]$'}n 

265 X.O 

*: i**.*.—fff'J-32065, # 

13. 

[**] 

ioi : 2f£2r®/U5i? 

# 0 : 

*0: S:^7G-^.^rW, WEW-t+lsi^iS^, -#jE 

PS, ±Ll?KZ o C,] ^>o ^|HI [2] o 


[as] 

[ 1 ] jr» - 574 = 0 o ( Bfc) 


[ 2 ] awjtoT#***: 


1 0 0 
8 64 

8 64 

8 128 

16 192 

8 24 

24 1 


217 

Si«:, 8 s j- mmmuMo < m > 


-574 ( 8 
512 
62 


i 2 j The result given here is only the approximate value. It is found in the 
following manner: 

16 x 11 = 176, ( 176 ) 2 = 30976. — ■ ■■ * — — = 3 

3 x 3 x121 = 1089, 9 + 309 — = 265. ( C ) 

121 


13. The volume of a cube is 574 ( cubic ) chi. Find an edge. 

2 

Ans. 8y chi. 

Process. Let the element tian be an edge of the given cube. From the state¬ 
ment we have 574 for the negative shi. and I for the positive fang, a cubic 
expression 1 whose root, a mixed number, is the required edge t2j . 


[ Notes ] 

[ 1 ] The expression in modem form is the equation: r y - 574 = 0. ( C ) 

[ 2 ] The result given is only the approximate value. It is found in the following 


manner: 


0 0 -574 (8 

8_ 64 512 

8 64 62 


_8 

16 

_8 

24 


128 

192 

24 

_ 

217 


Therefore, 8^^ or 8 -y is the approximate root. ( C ) 
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[4-if ] 

574 A,, 0: £.&■£*}$'>'? 

8 | *„ 

*-: iit 5UL--*7-£:*#• tti4£, #S'J-574 *7 # 

4MI, U& lift *#**:, TT-Ji^o 
4^0 Mf»lo 
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14 . 

USA] 

^wai^iiiAR-fc^R^-o N: 

£0: EH-t+raRo 

*0: 5nm^^.o 1#-+A^7 ‘n1 1 AH7V+-^JE 

&, HWiatH^^, XIS, ¥^r^c" 1 ^f51 fll o 


[ttm 

[ I ] -343jt + 196882 = 0 ( fifc ) 

[ 2 ] lfc&£diM*SJ|i{X*7ififcU& : JfcjM&fctfjSfcl F: 

7' = 343. % ft , 

( 8 x 7 ) 3 = 175616, 8 x 3 = 24, 24 x 8 = 192. 

192 + 24 + 1 = 217, -yU 31. 2 x 31 = 62. 62 x 343 = 21266, 
21266 + 175616 = 196882, Tj&c 

12§g §L = 574 - < K;) 

343 


[4#] 

4 k #-£^Wi&-fc27 8yK. 0 0: it jfr •**.**■**.## 2 '>'? 

574 X.3 

#•: «•**#**£*#= 196882 Mj 

$4t&, -343*7 —;£*$&&, }£#&&&.&&4t, 


14. The side of a cube is 8y chi. Find the volume. 
Ans. 574 ( cubic ) chi. 


Process. Let the element tian be the volume of the given cube. From the 
statement we have 196882 for the positive shi, and 343 for the negative 
fang, a linear expression 11 whose root is the required volume 2 1 


[ Notes ] 

[ 1 ] The expression in modem form is the equation: -343.x + 196882 = 0. ( C ) 

[ 2 ] The result given is only the approximate value. It is found in the following 
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manner: 

V = 343, for the fang. 

( 8 x 7 ) 3 = 175616, 8 x 3 = 24, 24 x 8 = 192, 

192 + 24 + I = 217. ill = 31.2 x 31 = 62.62 x 343 = 21266. 
21266 + 175616 = 196882, for the shi. 

196882 = 574. ( C) 


343 
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1. 

[JS£] 

Hs^£*nA ^^ 0 |uj. •fcjMjLfpj? 

gS: -# 0 

*0: m\$Z, f#- + = *IE£, -+A^j|^r, 

HMI, -*MJB, ^No 

[tt#] 

t I ] , fc#®J %a, b, jJtHP: ab = 12» < % ) 

[2]«Fi«wr, KWPJiW.m. itten 

A + c = 8 0 ( $15) 

[ 3 ] HUiWMRMA.*]: X s + 4x* - 28x + 23 = 0 o ( |ft ) 

[*»] 

4^**#**®*12#-o «s «&#£:>'? 

£: 1 #, 

iliUt—#*'] 23'ft### 3 *, 
- 284t^-«fc^l*4St, 4##—***It, 1#*******., tf-A 

.To #MWo 


2 . 

USA] 

4*««-+-^o Ks4|2fPA^o N: £J$£&/IM? 

^0: -#A 

*0 : a^tc—*43®«s, irafRsfci, »•*:+—*;££, A+ram 
2f, —+A3WSJi, —*IEI¥$, Z-fiKZ, " &Wo 


Ming Ji Yan Duan ( Problems on 

Areas ) 

20 Problems 

1. The zhi ji is 12 ( square ) bu ' 1 , and the sum of the gou and the xian 8 
bu 2 1 Find the gu less the gou. 

Ans. 1 bu. 

Process. Let the element tian be the jiao. From the statement we have 23 
for the positive shi % 28 for the negative fang , 4 for the positive lian , and 1 
for the positive yu , a cubic expression 1 whose root is the required jiao. 

[ Notes ] 

I I ] Let the width of the zhi ji be a. and the length h. That is, ab = 12. ( G ) 

1 2 ] Let the width and the length of the zhi ji be the gou and the gu of a right 
triangle. Then, the diagonal of the zhi ji is the xian. That is, a + c = 8. ( G ) 

[ 3 ] The expression in modem form is the equation: x* + 4* - 28* + 23 = 0. ( C ) 


2. The zhi ji is 12 ( square )bu , and the sum of the gou and the xian 8 bu. Find 
the xian less the gou. 

Ans. 2 bu. 

Process. Let the element tian be the xian less the gou. From the statement 
we have 72 for the negative shi. 64 for the positive fang , 16 for the nega- 


[HU] 


0 

7C 

s 

£ 

$ 



[ 1 ] X s - 16-t 2 + 64.x - 72 = 0 o ( |& ) 

[❖if] 

12 #o 8 #o fl: £j £ :>'? 

2# c 

#*J-72##lj5*M, 

64-ft^-* J *&-ft, -16^-*^ *4fc, 1-ft ##$*«-&, ft 

3-7>o Ml»lo 


3. 

[]££] 

❖^TltfR- f -^-o l'"l: 

-# 0 

tRB: 7c-^k««, MUfct, m3/iE£, -+Afc&2r, 


[ttfl] 

f 1 ] + 20.T - 28.v + 9 = 0, ( Bfc ) 


[❖if] 

12 # 0 X*»it*M**»*8lfro A: 

&: 1 ❖» 

*•: #*>£,-#&?£&, tft-M r* **.*#, #*] 9 , 

-284t^—<fc#£4fc, 20^^—Tf- 


tive lian, and 1 for the positive yu , a cubic expression 1 whose root is the 
required number. 

[ Notes ] 

[ 1 ] The expression in modem form is the equation: x* - 16.x 2 + 64x - 72 = 0. 

(C) 


3. The zhi ji is 12 ( square )bu, and the sum of the gou and the xian 8 bu. Find 
the xian less the gu. 

Ans. 1 bu. 

Process. Let the element tian be the xian less the gu. From the statement 
we have 9 for the positive shi, 28 for the negative fang, 20 for the positive 
lian , and 1 for the negative yu, a cubic expression 11; whose root is the 
required number. 

[ Notes ] 

[ 1 i The expression in modern form is the equation: -x 3 + 2Qx : - 28.x + 9 = 0. 


(C) 
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4. 

[Jii] 

4-^IIP-tr.^o R5*3&*nA£ 0 N: mm ' ] JLM? 

gS: “#o 

^S: infRjfct, -k+z:*& 

2r, -+A*MJR, -^iepr, irJr?F£ 0 r 2 > ^ffi] 0 



[an] 

[ 1 ] 3ftttBP%-5*gjRfn;£&: (a + b) - Coin) 

[ 2 ] Iflr&MMiWtti *’ + 16-r 3 - 72x + 72 = 0, < fifc ) 

I4i3] 

4#-£4^<Kh&*R 12#- 8 4 o |“I; £ •}'? 

%-: 2#, 

*■: &*>£,->&#*»«, ***172 4 

-72 4*#-****, 16-ft#-*.**£&, 14*#**;****, ^ 

-i4 0 


5. 

[il^t] 

KsijKlUA^o (5J: 

*E3: &^7G--#S£««, JltfJUfct, -W- 

tAM^, -+0MI, -#iEPP5, £K. 

[am 

[i] c- ib-ann) 


4. The zhi ji is 12 ( square ) bu, and the sum of the gou and the xian 8 bu. 
Find the gu plus the gou minus the xian 1 . 

Ans. 2 bu. 

Process. Let the clement tian be the sum of the gu and the gou less the 
xian. From the statement we have 72 for the positive shi, 72 for the nega¬ 
tive fang, 16 for the positive lian, and 1 for the positive yu, a cubic ex¬ 
pression 2 whose root is the required number. 

[ Notes ] 

[ I ] That is. ia + b) - c. ( C ) 

[2] The expression in modem form is the equation: x i + I6x 2 - 72x + 72 = 0. 

(C) 


5. The zhi ji is 12 ( square ) bu, and the sum of the gou and the xian 8 bu. 
Find the xian less the jiao 1 . 

Ans. 4 bu. 

Process. Let the element tian be the xian less the jiao. From the statement 
we have 192 for the negative shi, 128 for the positive fang, 24 for the 
negative lian, and 1 for the positive yu, a cubic expression [ 2 whose root 
is the required number. 



[ 2 ] x 3 - 24x* + 128JC - 192 = 0 o ( l& ) 



m 
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[4-ii] 

12# 0 X-x*li*fr%S-Fo 0: *MsUfc#£^? 

*: tfcJUL—j&»4fc«L, 

128##-*.#**, -24##:=.***4fc, 1 ##******, 

6 . 

[HA] 

4-fSi-+r^o Rc^jilA^o N: JLfnJ? 

^0: —&o 

7f^0: mm$z, »a#je£, am^, a# 

iil, ->jiP.P, ^:A^ !2i ^Mo 

[as] 

[ 1 ] a - ( - a )o ( ft ) 

[ 2 ] x 3 - &r + 8* + 8 = 0* ( l$fc ) 


[4-if ] 

<<MMfc33r#<#i6*l 12 # D X*#J**»#8 jfro 0: 

4^o 

#..- iit*./L— M-kofcTr&jL&Wo mUttfttM, 8 
##—*#**, -8##—***4fc, 1##*.**#**, 
MRo 


[ Notes ] 


[ 1 j The xian less the jiao is the difference between the xian and the difference of 
the gou and the gu. That is, c - ( b - a ). ( G ) 

[ 2 ] The expression in modern form is the equation: x 3 - 24x 2 + 128* - 192 
= 0. ( C ) 


6. The zhi ji is 12 ( square )bu, and the sum of the gou and the xian 8 bu. Find 
the gou less the jiao 1 L 
Ans. 2 bu. 

Process. Let the element tian be the gou less the jiao. From the statement 
we have 8 for the positive shi, 8 for the positive fang , 8 for the negative 
lian, and 1 for the positive yu. a cubic expression 2 whose root is the 
required number. 

[ Notes ] 

[ 1 ] The gou less the jiao is the difference between the gou and the difference of 


the gou and the gu. That is, a (b - a). ( G ) 

[ 2 ] The expression in modem form is the equation: x 3 - 8*’ + 8* + 8 = 0. ( C ) 



7. 

I/SiSt] 

^H : -t^ 0 

^H: jzxtc-^m, mm#z, —b - # 

&2r, K^&ag, —^/TF.PS. 3.jjJfZo l,] ^r«i 

[an J 

[ 1 ] : x 3 - 4x 2 - lOOx + 553 = 0 o ( Mi) 

[4-W] 

4^Nfc##tta&*R]2#- 0 l-T: «**#£:>'? 

£: 7^ 0 

*■: tt-MR******,, #^ 553'ft*>'fMi, 

-100 ft Mj — &4t, -44fMr~X.*&4t, I #$&&*.* **, tf 
A*o 


8 . 

IE* J 

^^-+-^0 HS^lKfPA^o l»J: J&&ft/IM? 

*PJ: -W:*j£2f, “ 

-fc&PK, A^rff^o 111 -oi^io 


[am 

[ 1 ] JF2f5SW«ft«5*fc: -x 3 + 20x 3 - lOOx + 9 = 0 o ( W) 


7. The zhi ji is 12 ( square ) bu, and the sum of the gou and the xian 8 bu. 
Find the sum of the gou and the gu. 

Ans. 7 bu. 

Process. Let the element tian be the sum of the gou and the gu. From the 
statement we have 553 for the positive shi, 100 for the negative fang, 4 for 
the negative lion, and 1 for the positive yu, a cubic expression ; 1 whose 
root is the required number. 

[ Notes ] 

[ 1 ] The expression in modem form is the equation: x 3 - 4.v- - lOO.r + 553 = 0. 

(C) 
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8. The zhi ji is 12 ( square ) bu, and the sum of the gou and the xian 8 bu. 


Find the sum of the gu and the xian. 


Ans, 9 bu. 

Process. Let the element tian be the sum of the gu and the xian. From the 
statement we have 9 for the positive shi, 100 for the negative fang, 20 for 
the positive lian, and 1 for the negative yu, a cubic expression ; 1 - whose 


root is the required number. 
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[**] 

&: 9# c 

*-: &**.-#««**», yX-ipfc^ &#.£■$■ , 

-100##—;&***, 20 ##-=-;/:#**, -l ##**<£***, 
Tf-iAo Ml'»lo 


9. 

[«*] 

^Mm—t --#o Rs^«WAf 0 W: g&fll ' 1 ilfSJ? 

^0: A# 0 

^0: i:^3c-*®Ea:fp, inBUfci, »•£+-*££, -t:+-*-tt 

#, —-Mffi, ^ff^o :2] -&inj= 

[ &n ] 

[ I ] &t&ftW&5*iKk&ZlUi (b-a) + Co ( % ) 


l 2 ] 7fJitWaftHS: --r 3 + 16-r- - 72* + 72 = 0„ ( Mt) 


[4-if 3 

***!#*»# 8 * 8 0: 

£: 6#o 

*. : &*.*,—##&*», &*>&&&jH&Ht-o flM»j72#A*M, 

-72tf%—&*$£&, 16##—*.* **t, -i##|tiiiifc3Sjfc4fc, # 


[ Notes ] 

[ 1 ]The expression in modem form is the equation: -x 3 + 20jt - lOOx + 9 = 0. 

(C) 


9. The zhi ji is 12 ( square ) bu, and the sum of the gou and the xian 8 bu. 
Find the sum of the xian and the jiao ' . 

A ns. 6 bu. 

Process. Let the element tian be the sum of the xian and the jiao. From the 
statement we have 72 for the positive shi, 72 for the negative fang, 16 for 
the positive lian, and 1 for the negative yu, a cubic expression 12 whose 
root is the required number. 

[ Notes ] 

[ 1 ] The sum of the xian and the jiao is the sum of the xian and the difference 
between the gou and the gu. That is, ( b - a) + c. ( G ) 

[ 2 ] The expression in modem form is the equation: -x 3 + 16x 3 - 12x + 72 = 0. 



(C) 
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10. 

nssti 

0 Rc^SlPA^o N: imm ' ] JLfi J? 

^0: -+~#o 

*0: ftl1fR#£. 1#“'B71 +“ShBl£, -£“ 

+A*is^r, ~+wmti, -*/&[$, ^-fnic 

[a»J 

[ 1 ] SfnmBPS^Itt^fn: f + ( a + h )o ( 415 ) 

[ 2 ] KtfjtVmiWXtj: -x» + 24*’ - J28.r - J92 = O e ( RK) 

[<Hf] 

^T*^##** 12#* A**)#**# 8# 0 H: S*****^*#? 

£: 12# 0 

*: tit*.*.-##*’*’, tf-MR****#, 4*f'J-1924t#'lMfc*, 
-128 4t#-****t, 24##—*.«■&, -1 ##***«/&*, 


11 . 

[**] 

M^i5-;/^jw, i»ra+-^pi'J(5i: 

3r#/LM? 

gB: *3 A#, 3t#A# 0 

t^B: ^7G— %*3, W&Z, Elf— 

£ t m. HfcMJW, ^ 1#*3o X: 

lam&z, i#E73E£0+ra*fiE£, -^rawia+^±ii, —ft 

AUE, bN« 


[tt»] 

[ 1 ] HttrBP ( a + b ) -c „ jtfcBP: «/> = 120; (a + b- c)(b-a) = 42„ ( ) 

[ 2 ] 3* 1 - 517* 3 + 20800 = O c ( Mi) 

[ 3 ] Jf^TStWa-f* - 1440r + 50544 = O 0 (ift ) 


10. The zhi ji is 12 ( square ) bu, and the sum of the gou and the xian 8 bu. 
Find the sum of the xian and the he ' . 

Ans. 12 bu. 

Process. Let the element tian be the sum of the xian and the he. From the 
statement we have 192 for the negative shi, 128 for the negative fang, 24 
for the positive lian, and 1 for the negative yu, a cubic expression 12 Whose 
root is the required number. 

[ Notes ] 

[ I ] The sum of the xian and the he is the sum of the xian and the sum of the gou and 
the gu. That is, c + (« + />). ( G ) 

[ 2 ] The expression in modem form is the equation: -x’ + 24.r - 128* - 192=0. 

(C) 


11. The zhi ji is 120 ( square ) bu, and the product of the huangfang by the 
jiao 42 bu. '■' Find the gou and the huangfang. 

Ans. Gou, 8 bu\ huang fang, 6 bu. 

Process. Let the element tian be the gou. From the statement we have 20800 
for the positive shi, 517 for the negative upper lian, and 3 for the positive 
yu, an expression 2 of the fourth degree whose root is the required gou. 
Again let the element tian be the huang fang. From the statement we have 
50544 for the positive shi, 1440 for the negative upper lian, and 1 for the 
positive yu, an expression ! of the fourth degree whose root is the re¬ 
quired huangfang. 
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[♦*] 

&: *3 8#, #A6# 0 

£: iS:^7L-^i5, #*1 20800###**, 

-517## — ** * *, 3## ** $ *, # W <fc#, #f 'J # o X: 

«*»*#*j|£.*#o#*J50544###**, -1440 
##—****, l ##******, ft#*J*#o # 


12 . 

USA] 

^Jt^-Wzi+^c Hs««aiH3£«itt, ^A-+# 0 [li N: ftfr/L 
H? 

^H: A^o 

AH: £AtC-- f- 
yfjr-^o [2 ^Mc 


ia»] 

[ 1 ] Jtk KM: [c - (b - a)] [(a + b) - c J = 60, ( ?B ) 


[ 2 1 ft®A#: **’ - 36 = Oo ( Rfc ) 


[ 4" if 1 

l“1: it 

TTfiz-y? 

6#o 

*: «:MR#£■*.*#3 ft*J-36###**, 1 

##-****, #-f*o 


[ Notes ] 


[ 1 ] That is, ah = 120; the huangfang is ( a + b) - c, ( a + b - c) (b - a) 
= 42. ( G ) 

[ 2 The expression in modem form is the equation: 3x* - 517.r + 20800 = 0. ( C ) 
[ 3 ]The expression in modem form is the equation: x* - I440.r + 50544 = 0. ( C ) 


12. The zhi ji is 120 ( square )bu , and the product of the xicm less the jiao by 
the he less the xian 60 bu. 1 • Find the Huang fang. 

Ans, 6 bu. 

Process. Let the element tian be the Huang fang. From the statement we 
have 36 for the negative shi 9 and 1 for the positive yu , a quadratic expres¬ 
sion 2 whose root is the required Huang fang. 

[ Notes J 

[ 1 J That is, [ c - ( b - a ) ] [ ( a + b ) - c ] =60. ( G ) 

! 2 ] The expression in modem form is the equation: x 2 - 36 = 0. ( C ) 
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13. 

[ISA ] 

W-'&A^ot'ilRl: £j 

#B: —tAj^o 

^Q: **7c— mm#z, 

£, “WAt*-#A#3?3£±* f —>jIEPS, H*^o l2, ^» 


ia»] 

[ I ] lit BP: ab = 168. (c - a ) [(a + />) - r] = 108„ ( 9P ) 

[2] “0" T “A*F. BP0.6(«) *: 

jr 4 - 291.dr* - 10497.6 = 0 o ( ftf.) 

[4-if 1 

l68#o 108# o H: 

&: *J8#, 

i£Z.*L—%%##., flM'J-10497-^#;$ 

fM, HtA***#**, 


14. 

[JSA3 

tlM-TiA^ c K5435gttUI43K«, #—t-A#V ,j |SJ: ^O/Lfsj? 

^B : A0o 

T^B: 3L^7E— #£j, hltfRXZ, 


13. The zhi ji is 168 ( square )bu , and the product of the xian less the gou by 
the he less the xian 108 bu . 1 - 1 Find the xian less the gou. 

Ans, 18 bu. 

Process. Let the element tian be the xian less the gou. From the statement 
we have 10497 bu 6 fen for the negative s/ii, 291 bu 6 fen for the negative 
upper lian y and 1 for the positive vm, an expression 2 of the fourth degree 
whose root is the required number. 

[ Notes ] 

[ 1 ] That is, ah = 168, ( c - a ) f ( a + b) - c] = 108. ( G ) 

[2,6 fen following bu is 0.6 bu. ( G ) 

The expression in modern form is ihe equation: x 4 - 291.6.x' - 10497.6 = 0. 

(C) 
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14. The zhi ji is 108 ( square ) bu. and the product of the xian less the gou by 
the gu less the gou 18 bu. ' ‘ Find the gou. 

Ans, 9 bu. 

Process. Let the element tian be the gou. From the statement we have 
3779136 for the negative shi, 69984 for the positive upper lian. 207 for the 



m 

¥ 


zwtMHi, -mi®, 

[as] 

[ 1 ] ittBP: = 168, (c - a) lb - a) = 18 0 (?P) 

[ 2 ] -x 6 - 207.1'' + 69984.V- - 3799136 = 0. ( Rfc ) 



] 

18H^o l -i l: *J 

^7 ^ !>'? 

9# 

*: i&E>L-37*J, ^-3799136^ 

69984 -ft #—$ 4t, -207 -ft # e? &|fc, -1 if # & jtj ;&:$ $ 

&, 

15. 

USA] 

»-+A^ 0 J,: N: & 

fliflULM? 

^H: 

mi®, f-jfftZJ 2 1 ^|3Jo 


[%m] 

[ I ] IttBP: (c - b)(c - a) = l8o (») 

[ 2 ] Tflf&tfijnWtMtti x 2 - 3136 = 0. ( Mi) 

[4-if ] 

^-^^^^*^168^0 18^o «: # 

&: 56# 0 

tfc*>L—#»*»*», 1**4-3136#;$#**, 

I TM^, WHo 


negative third lian, and 1 for the negative yu , an expression 2 of the sixth 
degree whose root is the required number. 


[ Notes ] 

[ 1 ] Thai is ,ab = 168, (c ~ a)(b - a) =18. (G) 

[ 2 J The expression in modern form is the equation: -r 6 - 207x 4 + 69984x 2 - 
3799136 = 0. (C) 



o -< 
e 


o 


15. The zhi ji is 168 ( square ) bu , and the product of the xian less the gu by 
the xian less the gou 18 bu. 1 Find the sum of the xian and the he. 

Ans. 56 bu. 

Process. Let the element lian be the sum of the xian and the he. From the 
statement we have 3136 for the negative shi, and 1 for the positive yu, a 
quadratic expression 2 whose root is the required number. 



[ Notes ] 

[ I ] That is, (c - b) (c - a) =18. (G) 

[ 2 The expression in modem form is the equation: x 2 - 3136 = 0. ( C ) 


16. 

HR*] 

% 

;lh? 

£0: 

*0: ALX-Tt-wm®, inwtz. 1#.HT— - 

ffra+ra^MBl, ¥^rff^o 12] ^lo 

IttW] 

[ 1 ] JH: BP: [c- ( b-a)](c-a ) = 72o ( # ) 

[ 2 ] I44* J - 5184 = 0 D ( ffc ) 

[♦»] 

108 Hr„ «: » 

fr&Mj P ■>'? 

4: 6$o 

17. 

[«*] 

Wr. f-i^o ftrIA+A^o ri1 N: 

H^rJUaf? 

^•0 : Aifc 

tR0 : tm*z, misx^j 

m±h. -mis, =mirftz , [2] t&to 4No 


16. The zhi ji is 108 < square )bu, and the product of the xian less the jiao by 
the xian less the gou 72 bu. 11; Find the he less the xian. 

Ans. 6 bu. 

Process. Let the element tian be the he less the xian. From the statement we 
have 5184 for the negative shi, and 144 for the positive yu, a quadratic 
expression L 21 whose root is the required number. 

[ Notes ] 

[ 1 ] That is, [ c - ( b - a )] (c - a ) =72. ( G ) 

[ 2 ] The expression in modem form is the equation: \44x 7 - 5184 = 0. ( C ) 


17. The zhi ji is 120 ( square ) bu, and the product of the sum of the xian and 
the gu by the xian less the gou 288 bu. 11 Find the huangfang. 

Ans. 6 bu. 

Process. Let the element tian be the half of the huang fang. From the state¬ 
ment we have 3600 for the positive shi, 409 for the negative upper lian, 
and 1 for the positive yu, an expression 2 of fourth degree whose root is 
the half of the huang fang. The root multiplied by 2 gives the huangfang. 




[a»] 

[ 1 ] iitlHP: (c + b)(c - a) = 288 o ( IP ) 

[ 2 ] ^ - 409a-’ + 3600 = 0. (|$ ) 
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[4-if ] 

120 $r n 4^288^0 |»J: 

-ft* %£■>'? 

&: 6#, 

*■: jf*] 3600 'frlfc 

*, -409##—*#**, Mt #*$*** It, 

*tty«, *»te, «ff**J#3jr 0 MRo 

18 . 

[ISC*] 

4-*TfifR-W“-|-£o H2^&fn*|S«&« f #5 t-^o t,] N: fflfR 

nmnnn? 

^0: ifcfrA**, 43®fa-+Hi^o 
^0: £*t£- 2/#A, ftn*R*:£, -TA 

&‘HtA>jtt±i, -fciFJffi, =*##£, f»MSIfcfro X: 3: 
^7C-^«IP, influx, A+fc##, 

^PH^Ms^o 131 ^-ISJo 


[&m] 

[ 1 ] itfcBP: ( c + a)(c-b ) =50, (IP) 

[ 2 ] x* - 1636r’ + 57600 = 0 o ( fa ) 

[ 3 ] If -80* + 1840 = 0 o ( l« ) 



[ Notes ] 


[ 1 ] That is, (.c + b)(c - a) = 288. ( G ) 

[ 2 The expression in modem form is the equation: x* - 409^ + 3600 = 0. ( C ) 



C/9 


18. The zhi ji 120 ( square ) bu. and the product of the sum of the xian and 
the gou by the xian less the gu 50 bu. 1 Find the huangfang and the sum of 
the gou and the gu. 

Ans. Huang fang. 6 bu; 

sum of the gou and the gu. 23 bu. 

Process. Let the element tian be the Huang fang. From the statement we 
have 57600 for the positive shi, 1636 for the negative upper lian. and 1 for 
the positive yu, an expression 2 of fourth degree whose root is the huang 
fang. Again let the element tian be the sum of the gou and the gu. From the 
statement we have 1840 for the positive shi, and 80 for the negative fang, a 
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linear expression L 3 whose root is the sum. 
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[&&] 

A*T *!#*>5fSL&tiLZ-te* *F50 & 0 «: # 

*&*!&*>% *!?? 

&: #7T6lfr, *)J&.*>23 #„ 

*: *»*:*&#.•***,» £M>J 57600-ft# tM, 

-1636##.=-****, H-mkOr, ft#\1tjro 

5L : tfc*.*.—#*jjft*». ***4 1840##** 

*, -80##-****, *£ «■*•*,> 

19. 

[JSi*] 

^I«-IA^o Rs^jKWSIU, m^wra fA#o I,] |BJ: * 

£-&£#/ih? 

&E1: &-+£#„ 

*Q: l#E^£fEW-fyv^l^, 

AWPStAMffi. X: ftX-jc--# 

&, 1#-f-A+ftjE£, ±&. Tfeiffi-, 

1#& 0 [3] -S-No 

[a»] 

[ 1 ] iltBP: (c + a He + ft) = 648, ( IK ) 

[ 2 ] JfjT&MMtmAtJ: 648*-’ - 23328 = 0 C ( |$ ) 

[ 3 ] "72r + 1080 = 0 e ( W ) 


14-W ] 

4^-£/5tWi&# I08#o 648 #- 0 ft: 

#****«.# £ !>'? 

&: #:*6#, # 15^ 0 

*.: it*.*.-#*#-, tfl *»****■#■#c #*4-23328##«*, 

648##*$****, **#-, ***!*;*■ 6*o *-: it*.*,-#*, 

^*»«i38r*Ji£.**fo ***4 1080##*“**, -72##—****, t 

**##*)&*, —****##«**, Ifc^, ****4» 0 


[ Notes ] 


[ 1 1 That is, (c + a)(c - b) = 50. ( G ) 

[ 2 ]Thc expression in modem form is the equation: x 4 - 1636X 2 + 57600 = 0. ( C ) 
[ 3 ] The expression in modem form is the equation: -80* + 1840 = 0. ( C ) 


19. The zhi ji is 108 ( square ) bu, and the product of the sum of the xian and 
the gou by the sum of the xian and the gu 648 bu . ; 1 'Find the huang fang and 
the xian. 

Ans. Huang fang, 6 bu\ 
xian, 15 bu. 

Process. Let the element tian be the huang fang. From the statement we 
have 23328 for the negative shi, and 648 for the positive yu , a quadratic 
expression 21 whose root, 6 bu, is the huang fang. Again let the element 
tian be the xian. From the statement we have 1080 for the positive shi, and 
72 for the negative fang, a linear expression 3 whose root is the xian. 
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[ Notes ] 

[ 1 ] That is, (c + a)(r + fr) = 648. ( G ) 

[ 2 ] The expression in modem form is the equation: 648.r - 23328 = 0. ( C ) 
[ 3 j The expression in modern form is the equation: -llx + 1080 = 0. ( C ) 
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20 . 

NS* J 

^SSl-IA^o KsEfn. ^Hf-tlAt^o 111 R: 

5£JLM? 

^0: -fl^o 

*0= £Xtc-m. w-tr 

EEAW—+E*££,-fc: t-Ifc-frlA+ISrfAIMi 

It, AfS t*“E0 T AeJl+E^ilH0, 

JMB, E3fcfr7F£,' J > t#£o £M 0 


ia»] 

[ I ] iHlBP: 

I ( a + />) + (c + a) + ( c + b) + [c + (« + />)) + l c + (/? — «)]( x 
\(b - a) + ( r - a) + ( c - b) + [ c - (b - a ) ] + [ ( a + ft ) - c ]} = 3780,, 
(%) 


r 2 ] 

12636k 6 - 20524995* 1 + 7522842600*-’ - 797493650625 = 0„ ((ft ) 


14-if 1 

108-^0 X*i^4i«t4l<R4F"f-3780^o «: 

&: 15# 0 

*: ifcXit—»5t:MR33r>fc**Jlfo -fff'J -797493650625-ft 
M, 7522842600 -ft % — -&, -20524995 *4fc, 

12636 TT-^cX^r, 


20. The zhi ji is 108 ( square ) bu, and the product of the five he by the five 
jiao 3780 hu. : 1 Find the xian. 

Ans. 15 bu. 

Process. Let the element tian be the xian. From the statement we have 
797493650625 for the negative shi, 7522842600 for the positive upper lian, 
20524995 for the negative third lian, and 12636 for the positive yu, an 
expression 2 of sixth degree whose root is the required number. 

[ Notes ] 

[ I ] That is, \( a + b) + (c + a) + ( c + 6 ) + [ r + (a + b ) ] + [c + 

( b - a ) ] ( x | (b - a) + ( c - a ) + ( c - b) + [ c - (b - a)] + {( a + b) - 
c ] ( = 3780. ( G ) 

[ 2 ] The expression in modern form is the equation: 12636* 6 - 20524995AT* + 
7522842600* 2 - 797493650625 = 0. ( C ) 


